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I'maBa 1

BBeneHne B KBAaHTOBYIO MEXaHUKY

1.1 ®dopmaau3m

MsyueHnne KBaHTOBOI MEXAHUKU Mbl HAYHEM JIOCTATOYHO (POPMAJIBHO — & MMEHHO, Mbl IIOCTYJIUPYEM OCHOBHBIE ACIEKTHI ITOM
Teopun, u OygeM u3ydaThb (DU3MIECKUEe BHIBOJbI, CJIEAYIONINE U3 HIX. MaTeMaTHIecKyo eé OCHOBY COCTABJISIET AIlapaT JTUHEeNHON
aJIreOPhI; MBI IIPEIIOJIATAEM, ITO YUTATEIIO OH U3BECTEH, TIO9TOMY OCHOBHBIE TIOJIOZKEHUS Teopuu Oy1yT chOpMYINPOBAHBI KPATKO
U TE3UCHO.

1.1.1 TI'masbepToBO IMpocTpaHCTBO. Bbpa- u KeT-BeKTOpa

e CocrosiHUEe 3aMKHYMOT CUCTEMBI MOJHOCTHIO OIMCHIBAETCS BOJHOBOM (byHKIMEH (BEKTOP COCTOSHUS, KET-BEKTOP).
BoutHoBast (byHKIMS IPeCTABIsIET COBON BEKTOP — 3JIeMEHT I'MJIbOepTOBOro npocrpancrsa |¢) € H. BonHoBble GyHK-
AW, OTJIMIAIONIIECs Ha, IIPOU3BOJILHBIN KOMIIJIEKCHBIN MHOYXKUTE/Ib, OTBEYAIOT OJHON U TOM Ke pusndeckoii cucreme. CTpyK-
Typa ruib0epToBOro npocrpancTsa H (6a3uc, pasMepPHOCTD, U T.I1.) OLUPEIEJISIeTCs UCKIIIOIUTEIbHO (DU3MIECKON TOCTAHOB-
KOl 33/1aun — TOYHO TaK Ke, KaK B KJIAcCu4eckoil (usuke onpezesnsgercs Koudurypanuontoe (a3oBoe) MpoCTPAHCTBO.

T'uib6epToBO IPOCTPAHCTBO — 3TO OGODIICHNE eBKJIMJI0BOIO MIPOCTPAHCTBA HA GECKOHEYHOMEPHBIH CIydail; JJis IPOCTOTHI, MbI
OyJeM paccMaTpUBaTh KOHEYHOMEPHBIE TPOCTPAHCTBa. HAIIOMHIM, 9TO €BKJIMI0BO IPOCTPAHCTBO — 3TO JIMHEIHOE IIPOCTPAHCTBO
(maz kKomriekcabMu aucsamu C) ¢ OmpeesIéHHBIM HA HEM CKAJISIPHBIM TTPOU3BEIEHIEM.

CkasnsipHOe TIpOM3BeJIeHNe BOMHOBBIX (DyHKIWME |Y) 1 |[¢) mpencrasmisier coboit kommuiekcHoe umeso (x|¢) € C, n obmanaer
CJICAYIOIIUMU CBORCTBAMMU:

(XI¥) = W)™, @) 20, (YY) =0 ) =0 (1.1)

Besmmuuna (|1¢) upencrasisier coboii KBapaT HOPMBI BEKTOPa [1)); 4acTo Mbl OyueM paborarh ¢ BEKTOPaM#, HODMUPOBAHHBIMUI

yeaosueM (|ip) = 1.
ITycts B npocrpancrBe H BbIOpaH Kakoii-TO OPTOHOPMUPOBaHHBIN 6aszuc {|e,)}. [IpOM3BOJLHBII BEKTOD MOXKET GBITH

pa3JI0xKeH 10 HeMy, U OyeT HpeICTaBIIsSTh COO0H BEKTOP-CTOIOEL; U OTEIbHBIC SJIEMEHTHL STOr0 CTOJIONA IPEICTABIAIOT CO0OoM
[IPOEKIINU BEKTOpa |1)) Ha |ey,):

U1
) =D wnlen) = | 2|, wn = enlt) (1.2)

Bekrop (1| nocur nassanue Gpa-BEeKTOP; OH NPEACTABIAET COOON IPMUTOBO CONMPSIZKEHUE — TPAHCHOHUPOBAHUE U KOM-
nytekcHoe conpsixkenne — (Y| = (Jip))T = (|1/)>T)* Ero MOXKHO pejicTaBUTD B CIIEIyIONEM BHUJIE:

Wl => (el = (¥ ¢35 ...) (1.3)

?

IIpuBeenHas BbIIe cHCTeMa 00O3HAYEHMIT OKAa3bIBAETCs OUeHb y100HOi. B wacrtHOCTH, BUaHO, 9TO (X|1)) = >, X[ 1; HeiicTBu-
TeJIbHO IIPEJICTaB/IseT COOOM CKaJIIPHOE IPOU3BEIEHUE.
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1.1.2 Omnepatopbl 1 HabJIOJaeMble

e IIpoussosbHoil dhusndeckoii Besmunte O (Taknue BeJIMIMHBI B KBAHTOBOH MeXaHWMKe HA3bIBAIOTCs HAGJIIOJAEMBIMU (AHIVL.
observable); npumMepamMu MOXKeT CJIy?KUTH SHEPIUsl, UMILYJIbC, KOOPAUHATA, U T.II.) COOTBETCTBYET JIMHEHHbIH oneparop O,
JEWCTBYIOMNII HA 9TOM T'HJIBOEPTOBOM MPOCTPAHCTBE. DTOT OMEPATOD JOJKEH OBITH IPMUTOBBIM U CAMOCOIPSKEHHBIN
O = O'. Kak nmemnno CTPOUTCSI 9TO COOTBETCTBUE, 3aBUCUT OT KJIACCHIECKOTO CMBICIA BeIUINHbl () — IpUMepbI 00CYIIM
HUZKE.

Omneparop O massBaercss spMuToBO conpsikéHHBIM K O, ecim

V), 1x) € H = (O 9) = (6] O 1) = (OTxlw) « OF = (07" (14)

B ciryvae KOHEITHOMEPHOTO MPOCTPAHCTBA, SPMUTOBO CONPSI?KEHHE ITPEICTABIISIET COBOI TPAHCIIOHUPOBAHNE W KOMILJIEKCHOE COTIPSI-
JKEHIe CoOTBeTCTBYoMeH Marpuip: O = (OT)* O6bexTsl Buga (x| o} |1)) HAa3BIBAIOTCS MATPUYIHBIMY 3JIEMEHTAMU OLIEPATOPA
0.

OPMUTOBBI OIlEPaTOPhLI 00JIAIAI0T HECKOJLKAME 3aMevdaTe/bHLIMIA CBOMCTBAMM, KOTOPBIE OyIyT UIPaTh KJIOUYEBYIO POJb B
KBaHTOBOI MeXaHUKe:

¢ DDPMUTOBBI OLIEPATOPLI JUATOHAIN3YEMBL. DTO 03HAYAET, ITO BCEINA CYIIECTBYET KAKON-TO 6a3KC U3 COBCTBEHHBIX BEKTOPOB
{|on)}, B KOTOpOM oOllepaTop MMeeT JHArOHAJILHbIH BI/I O = diag({o,}). CobcrBennble Ymcsia SpMATOBOTO ONEPATOPA
BCETJIA BEIECTBEHHD

o) lon) = on |on), on €R (1.5)

Ha6op 13 coGCTBEHHBIX BEKTOPOB U COOCTBEHHBIX 3HaUeHNT {|0,) , 0, } IpezicTaBIsieT coboii ceKTp oneparopa O. st nmpo-
CTOTBI, MBI TIOK& OIyCTHM CJIydail BBIPOXKAEHUs (KOTJa OJHOMY COGCTBEHHOMY WHCJTy COOTBETCTBYET OJUH COOCTBEHHBII
BEKTOD).

e CobOCTBEHHBIE BEKTOPA, COOTBETCTBYIONINE PA3JIMIHBIM COOCTBEHHBIM YHCJIAM, OPTOIOHAJBHBI. JTH COOCTBEHHBIE BEKTODA
MOYKHO BBIOPATH OPTOHOPMHUPOBAHHBIMI, ¥ OHM 00Pa3yIoT MOJIHBIM HabOp — To ecTh 6asuc. JIBa MocIeIHNX yTBEPIKICHIST
BBIPAXKAIOTCSI B COOTHOIIEHUSIX OPTOTOHAJIBHOCTH U TIOJTHOTHI, COOTBETCTBEHHO:

<0n‘0m> = Onm, Z ‘0n> <0n| = ﬁ (1.6)

Bamernm, aro P(0,) = |on) (0n| upencrapisier coboii MPOEKTOpP Ha COOCTBEHHBIN BEKTOD |0,), U OH TOXKE IPEJCTABISAET
€000t SPMUTOB OIIEPATOP — TO €CTh TOXKE HAOJIIOIAEMY0 BEJIMINHY.

o I[TpousBOJIbHYIO BOJHOBYIO (DYHKIMIO MOXKHO PA3JIOKUTh 110 9TOMY 0a3ucy (HCIOJIb3ysi COOTHONIEHHE IIOJHOTHl — MHEMO-
HUYECKH 9TO HA3BIBAETCH «BCTABUTD €JUHUILY» — T.€. PA3JIOKEHUE TOXKJIECTBEHHOI'O OLepaTopa [0 KAKOMY-TO 06a3ucy):

) =3 Jou) 0ul [0) = 3 calon) s cn = {oult?) (L.7)

=I

B Takom ciygae nabop Besuuun {c,} npeicrasiser coboii BosHoBy0 byHKIWMO 1)) B O-npeacraBiaeHun (B 4aCTHOCTH,
FOBOPAT O KOOPJIMHATHOM, UMITYJIECHOM, SHEPTETUIECKOM U T.II. TIPEJICTABJIEHUSX ). BRIGOD KOHKPETHOTO MPEJICTABIIEHNs], B
KOTOPOM IIPEJICTOUT PabOTATh, JOJKHO JUKTOBATHCA UCKJIIOUUTEILHO BOIIPOCAMH YI00CTBA PEIEHU TON UM MHOH 3a1a491.

1.2 I3mepenHue

O/1HO U3 KJIIOYEBBIX TOHATHI B KBAHTOBOM MEXaHWKE — ITO Mpolecc n3mepeHusi. Jlayibine B Kypce Mbl OyzeM GoJtee o ipoOHO
006Cy2KIaTh, YTO HA CAaMOM JieJjie (PU3UIECKH IIpecTaBiser coboil aror nporecc. Ceiiuac »Ke HaM JI0CTATOYHO OYJIET 3HATH TOJIBKO
HECKOJILKO €r0 CBOMCTB:

HloHATHS 9PMUMOBOCTIU U CAMOCONPANCEWHOCTIAU FACTO COBIAJAIOT, HO WHOLAA MOTYT Da3JIMYaThCs; W MHOTJA TO IPOSIBISETCS P DPEHICHHH
KOHKPETHBIX 3a/a4. Ha camMoMm niesie, 1OCTATOYHO CYIIECTBOBAHHE CAMOCONPAAHCEHH020 pacuwuperus. 1logpobuee MoxkHO rpounTaTh B Gal

206parure BHIMaHWE, TYT MPUBEISH YAOGHDIH ¥ 9aCTO TPUMEHSIEMBIH CrToco6 0603HAYATH COGCTBEHHBIE BEKTOPA, COOTBETCTBYIOIAMI UM COGCTBEH-
HBIMH 9nc/IaMi. JIeHCTBUTENLHO, €C/In U3 KOHTEKCTa IIOHATHO, O KAKOH HABJII0ONAeMON Mbl ceifdac TOBOPHUM, TO (€CJIM OTCYTCTBYET BBIPOXKIEHUE) 3a/1aB
COBCTBEHHOE HHCIIO, MBI MOYKEM OJIHO3HAMHO IIOHATH, K O KAKOM BEKTOPE MbI TOBOPHM. CKasKeM, et y MaTpuibl O ecTh COGCTBEHHOE HHCIO 5, TO
COOTBETCTBYIONIHI 3TOMY YUCJTy COGCTBEHHBINA BEKTOD MBI Oy/eM 0603HAYAThL MPOCTO |5).

3970 CBOHCTBO COOTBETCTBYET TOMY, YTO (PU3MYECKUE BEIMIUHBI — SHEPIHsi, KOOPIAMHATA, UMIIYJIbC — TOXKE BEIIECTBEHHBI
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L] I/IBMepeHI/IG MO2KHO CHHUTATH MI'HOBEHHBIM IIPOIIECCOM.

e ll3Mmepenue SIBJISETCS CAYYAMHBIM IPOIECCOM. Pe3yabraroMm namepenus BeJunIuHbl () MOXKET OKa3aThCs TOJIBKO KAKOEe-TO
u3 e€ cOOCTBEHHBIX 3HAYEHU 0,. OHAKO, 171 COOCTBEHHBIX cOCTOsTHUI oreparopa O, pe3yJIbTaT H3MepeHusT (DHKCUPOBAH.

EcrecrBeHHO 0XXM/1aTh, 9TO €CJIM B PE3Y/IbTATE U3MEDPEHUS KAKON-TO BEJIMYMHBI OBLIO IIOJYyYEHO 3HAYEHUE Oy, TO PE3YIbTAT IIO-
BTOPHBIX U3MEPEHUH, IPOBEIEHHBIX CPpa3y Ke 32 MEePBBIM, Oy/IeT TOYHO TAKUM K€ — TOBOPSIT, YTO COOTBETCTBYIONIAs (DU3UTECKAST
BeJIMYMHA TIOCJIe U3MEPEHUsI CTajia ONpeJieieHa. DTO PacCyKIeHne IPUBOIUT Hac K npuHnuny peaykKiuu ¢pou Helimana:

e llIzmepenune Momuduupyer BOJHOBYIO (GYHKIMO. Kcau B pesy/abraTe u3MepeHusi ObLIO MOJIy9YeHO COOCTBEHHOE 3HAUYEHME
On, TO BOJIHOBag (DYHKIIUS CACTEMBI MCHOBEHHO M3MEHSETCs Ha |0y, ).

B dusuke HeT cMBICTIA TOBOPUTD O CJIyYAHOCTH, €CJIU HET aHCAMOJISI — [MO/IPa3yMeBaeMOT0 OOJIBIITOrO KOJUIECTBA, OINHAKOBBIX
cHucTeM U dKCIepuMeHTOB. 110 9T0i mpudmHe BaXKHO MOHUMATDb, YTO B KBAHTOBOI MEXaHUKe MbI BCErJa PabOTaeM ¢ aHCAMOJISIMU.
YTBepKieHne 0 TOM, YTO JaHHAs KOHKPETHAS CUCTeMa OIIMCHIBAETCsS KOHKPETHOI BOJIHOBOIT yHKImeid |1)), B 06I1emM-To, He HecéT
CMBIC/IA.

e B pesysibrare ycpejHeHnst u3MepeHuil 1o TaKOMy aHCaMOJIIO (MMesi B BUJLY IIPUTOTOBJIEHHE GOJIBIIONO KOJMYECTBA OfUHA~
KOBBIX CHCTEM W IIPOBeJIeHNs] HaJl HUIMU U3MEPEHNsl), Mbl IOJIyInM CpeJHee 3HadeHue Haburoaemol O:

(0) = (W] O ) (1.8)

TIpesnosoKuM Terepb, 9To Mbl MHTEPECYEMCsI He TOJIBKO CPEJHIM 3HAYeHMeM, HO U Beell (DyHKIMell pacipe/iesieHnst — CKaxKeM,
XOTUM Y3HATh, ¢ KAKOH BEPOSITHOCTHIO MBI MOYKEM HOJIyYUTh JAHHOE KOHKPETHOE COBCTBEHHOE YHCIIO 0p7 JIJist 3TOr0 MBI MOXKEM
[PUJyMATh CIEIUATIbHYI0 HAOIIOAeMYI0, KOTOpasi paBHA €JIMHHUIIE JIJIsi COCTOSHUS |0y,), M HYJIIO JIsi BCEX OCTAJBHBIX BEKTOPOB.
C TaKoil HAGIOKAEMOM MBI y2Ke CTAIKHBAJIICH BBIIIE — 310 IPoeKTop P(0,) = [0p) (0p]. Taxum 06pasoM, BEPOSTHOCTH TOrO MK
MHOI'O UCXOOa HAETCH:

P(O = o) = (| By [$) = [{oul)]” (1.9)

BeposTHOCTD TeM camMbIM Ja8TCsd KBAIPATOM MO/ KOMIIOHEHTHI BOJIHOBOM dyukiuu B O-upeacrasienun (cM. (1.7). B cBasu
C 9TUM BEJIUUUHBI C,, HOCAT HA3BAHHE aMILJIATYJ] BEPOSITHOCTU. DTO YTBEPKICHNE YACTO BLIHOCUTCS B Ka9ECTBE OTIEIHLHOIO
TOCTYJIaTa.

1.2.1 O cayuaitHOCTH

CiIy4aifHOCTh SIBJISIETCSI OJJHAM U3 KJIOYEBBIX W (DyHIAMEHTAJIbHBIX CBONCTB KBAHTOBOM MexaHI/IKI/ﬂ B kiraccuueckoit dusuke
CJIy4ailHOCTH BO3HUKAET, KAK ITPABUJIO, JIJIsI OIMIUCAHUS HAIIETO He3HAHUA KAKIX-TO CBOMCTB CUCTEMBI — K IIPUMEDPY, IIPU OIMCAHUN
CHCTEM € OYEeHDb GOJIBIINM KOJUIECTBOM CTEIeHEH CBOOOJILL; IIPK 9TOM N0MEHUUAALHO ITO HE3HAHUE MOYKHO YCTPAHUTD (CKazKeM,
YUY 9IIUB SKCIEPUMEHTAJILHBIE METOIUKHU ), U B TAKOM CJLy4ae MOBOPIT O JemepMuHu3Me KIACCUIECKOl (bU3UKU.

[Ibrrarnest 06 BACHUTD TPUPOLY KBAHTOBOM CIy9IailHOCTH, UCIIOJIB3Ysl NHTYUIMIO, OCHOBAHHYIO HA KJIACCHYECKOil (usnke, bec-
CMBICJIEHHO — TOYHO II0 TOU Ke IIPUYNHE, ToYeMy OECCMBICIIEHHO IIBITATHCS OMUCATDH JIEKTPOMATHUTHOE U3JIydYeHHe, UCIOIb3Y s
JIMIIb MEXaHUCTUYECKHUE IIPE/ICTABJICHUA.

EjunaCcTBEHHOE, UTO MBI MOXKEM CIejIaTh — CKA3aTh, YEM 3Ta CAYIANHOCTH He ABAAEMCA, 8 TAKXKE IMBITATHhCsI BHIPAOOTATH
HOBYIO MHTYUIIAIO, OCHOBAHHYIO Ha HOBBIX IPEJCTABJICHUAX. B 9acTHOCTH, SKCIEPUMEHTAJbHbIE ITPOBEPKU HepaBeHCTBa besna
7 TO100HBIE OMBITHI JEMOHCTPUPYIOT, YTO 3Ta CIYIANHOCTD — He KAACCUYECKas, HO DyHIAMEHTAIbLHOE CBOMCTBO mpupoansl. O6-
Jafasi NoAHbLM 3HAHHEM O CHCTEMEe — 3HAHMEM €€ BOJIHOBOH (DyHKIMH, B KBAHTOBOI MEXaHUKE — HEBO3MOXKHO IIPEICKA3ATH
JIOCTOBEPHO Pe3yJIbTaT n3MepeHus. Bosiee Toro, cam akT CyIIeCTBOBAHUS KAKHX-TO CBOWCTB CHCTEMBI, KOTOPBIE OIIPEIEIsIIN
OBbI 3TOT PE3yJIbTAT JOCTOBEPHO, IMPOTUBOPEUYUT KBAHTOBON MexaHWKe. BO3MOXKHO JIMIIb MPEJCKa3aTh BEPOSITHOCTHOE PACIIPe-
JIeJIHNE PA3/IMIHbIX UCXOIOB U3MEPEHU (B 3TOM CMBICJIE, JETEPMUHU3M TEOPUM He UCUYE3AET, OH JIUIIh IIPOABJISIETCH MHATIE —
JIETEPMUHUPOBAHO BEPOSTHOCTHOE PACIIPEIEJICHUE).

1.2.2 O penykmnuu ¢on-Heiimana

[TonbITKY JyMaTh 0 BOJIHOBOM (DYHKIIMN KAK O HEKOEM CYIIECTBYIONIEM B IPOCTPAHCTBE «IIOJI€» HEM3MEHHO BLI3BIBAIOT TPY/IHOCTH,
cBsI3aHHbIe ¢ peayKimeit dpou-Heiimana n mpuunnnocthio. B gactHoCcTH, peaykims ¢on-Helimana yTBepKaeT, ITO BOJTHOBA
GbYHKIS U3MEHSIETCST M2HOBEHHO U 80 6CEM NPOCTPAHCMEE; B YACTHOCTH, U B TeX 00JIACTAX IPOCTPAHCTBA, KOTOPBIE HE CBSI3aHDI

4 Tocrarouno moapo6GHOe 0BCY K IEHIEe ITHX BOIPOCOB MOYXKHO HaiiTn B Kuure Banks
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IPUYMHHO CBS3bIO ¢ TOYKON [IPOCTPAHCTBA-BPEMEHH, IJie [IPOBOIUIIOCH U3MepeHHe (T.e. HaXOISTCs BHE CBETOBOIO KOHYCA). DTO
OYEBHUTHBIM 00pPa30M BXOJUT B NMIPOTHUBOPEUNE C TEOPpHEH OTHOCUTETLHOCTH.

Ha camom sene, HuKakoro mapajiokca TyT HeT. B camoil peaykiuu jake HET HUYEro KBAHTOBOT'O, 3TO SIBJIEHHE C TOYHO
TaKUM K€ yCIIEXOM IPUCYTCTBYET U B KJIACCUIECKOIl (bu3mke. Brimre Mbl 06CyKIa/M, UTO KBAHTOBAsT CIyIailHOCTh HeE sIBJISETCSI
pEe3yILTATOM HaIero He3HaHNsT O CUCTEMe; HO caMa peayknusa ¢gpou-Helimana BCE-TaKn ABISIETCS PEe3yJIHLTATOM TOIY Y€HUsT HOBOT'O
3HaHusd, u He Oojee TOro.

IIpojieMOHCTPUPYEM STO Ha CJleyromell aHaaoruu. [IpeooKuM, 9TO Mbl OIMCHIBAEM CJIOXKHOE JIBUYKEHUE KaKOW-TO KJIACCHYECKOM
YaCTHUIBl — HAIpUMep, B pedyibrare nuddys3un. B TakoM cirydae [j1s OlUcaHusi COCTOSIHUS YaCTHIIBI Mbl IPHIMEHsIEM KJIACCUIECKYI0 (DYHK-
uio pacupenesenusi, P(x,t). IIpeamnosnoxum Tenepb, 4To B KAKONH-TO MOMEHT to Mbl IPOHAGJIIONAIM HAIILY YACTUILY B KAKOH-TO KOHKPETHOI
TOYKE [IPOCTPAHCTBA, To. OYEBUIHO, YTO JIJIsl JIAJIBHEAIIIErO ONIMCAHUS JIBUYKEHNS HAIIEH JACTUIBI HAM He00X0auMo MoauduInpoBaTh OyHK-
IIUIO PACTIPE/IEJICHHsI, ITOObI OHA yYUTBIBAJIA 9TO HOBOe 3Hanne — P(x,t0) = d(x — xo). XoTh MogudmKanusa 3Ta MTPOUCXOAUT MTHOBEHHO,
HUKAKOTO IIapaJIOKCa TYT HET — Be/b (DYHKIUs PACIPEESIeHUs] He SIBJISIETCA OObEKTUBHOM CYIITHOCTBIO, & OTPAXKAET JIUIIb CTEIEHb HAIIETO
3HaAHUS O cucreMe (B 9TOM CMBICJIE, OHA CyIECTBYET JIUIIb «y HAC B TOJIOBE> ).

MozxkHo GbLTO OB yYeCTb 3HAHIE O TOM, YTO YaCTUIlA ObLIa OOHAPYZKEHA B TOUYKE T( BOBCE He MOMUMPUIMPYsT (DYHKIIUNA PACIIPEIC/ICHHUS.
Heckosbko mazke 6oJjiee TPUBBIYHBIN CIIOCOO — 9TO MCIOJIB30BATH [TOHATHE YCJIOBHOM BEPOATHOCTHU. /151 onvcanus ABUKEHUST IaCTHUIbI
npu t > to Hy»KHO 3aJIaBaTh HE IIPOCTO BOIPOC <«KaKas BEPOSTHOCTh, YTO YacTHIA Oyaer OOHAPY’KEeHA B TOYKE T B MOMEHT BPEMEHU
t» (Besmamna P(z,1)), HO JOGABIATH TAKXKE <IIPU YCJIOBHH, IYTO B MOMEHT BPEMEHH fo OHa ObLTa OOHADY?KEHA B TOYKE To» (BEIMIMHA
P(z,t|zo,to)). B Takom citydae, «peayKipun» (QYHKIUU PACIPEIEICHNs MOXKHO HOJHOCTHIO N36eKaTh. MUHYC 9TOro moIX0/a 3aKIII0IaeTCs
B TOM, YTO B Pe3yJbTaTe ONUCAHHE IIOJIyIaeTCsl HECKOJIBKO 0Ojiee IPOMO3IKHUM, €CJIM KOJIMYECTBO TAKUX U3MEDPEHWH, W, COOTBETCTBEHHO,
ycsioBuit, pactér. KBaHnToBasg MeXaHWKa TOYHO TaK K€ JIOIyCKaeT MO00HOe ONHMCAHME, B KOTOPOH HET HEOOXOIMMOCTU BBOIUTDL OHSITHUS
Py KITHH.

B kakoM 2Ke CMBICJIE TOI/Ia KBAHTOBAs BEPOSITHOCTh yCTpoeHa uHade? /leJsio JIunib B TOM, YTO CAM¥ BEPOSITHOCTU B KBAHTOBOIA
MeXaHUKe He MOIUHSIIOTCS MHTYUTUBHBIM U IPUBBIYHBIM HaM 3akoHaMm. K npumepy, eciin A u B — B3aUMOUCKJIIOYAIOIINE UCXOIIbI
citydgaifHOro KBaHToBoro nporecca, ro P(AV B) # P(A) + P(B).

Hakomer, ormMeTnM, 9T0 KOPPEKTHBIN CIIOCOD OMUCAHMS MPOIECCa N3MEPEHMSsI, a TaKKe MOJTHOIEHHOM KBAHTOBOM CTATHUCTUKM
(koTopas BKJIIOYAET B cebs B TOM YHC/IE U OIIUCAHUE HAIIErO YACTUIHOIO 3HAHUS O CHCTEME) — JTO allllapaT MaTPUIL JIOTHO-
CTHU, KOTOPBIA OyIeT 00CYKIAThCs Ha CJIEAYIONEM ceMUHape. TaM Ke Mbl U IPOIOIKAM 00Cy KIeHre BOIPOCOB, CBA3AHHDBIX C
U3MEPEHUEM.

1.3 SBourtonua

O6cy M Terepb BPEMEHHYIO JIMHAMUKY BOJHOBOM (DYHKITHIH.

e DBoJIONUsI B KBAHTOBOW MEXaHUKe YHUTAPHA: €CJIM B MOMEHT BPEMEHH to BoJHOBas (hyHKImst Obwia |1 (t)), TO B moce-
JIYIOIMUIT MOMEHT BPEMEHU OH BBIPAYKAETCHd KaK

(1) = U, to) [¥(to)), t>to (1.10)

Oueparop U (t,ty) HOCUT Ha3BaHKE OMEPATOPA IBOJIIOLIUKA OT MOMEHTa BpeMeHHu to 10 MoMeHTa Bpemenu t. Oueparop
9BOJIIONUU — JIMHEHHBII OIepaTop, YTO BbIpaXKaeT coboil MPUHIMH cylepno3unuu. J[onosHnTebHO TpedyeTcs, ITOObI
9BOJIIOIMs] COXPAHsLIa HOPMUPOBKY BoJHOBO# dyukimu (¢ (t)|1)(t)) = const, uro o3uadaer, uro oneparop U — yHUTAPHBIIL:

Ut =00t =1 (1.11)

Kpowme Toro, on obirajjaeT TpuBrHaIbHBIM CBoﬁCTBonﬂ

U(t,tl)U(tl,to) = U(t,to), t>t; > 1o (112)

Juist Toro, 9T00BI BBIIIEHAIINCAHHOE CBOMCTBO MMEJIO CMBICJI JJIsl IPOU3BOJILHBIX BPeMEH (t,t1,tp), yA00HO J00NpPeeInTh
OIlepaTOpP IBOJIOINN «HA3a BO BDEMEHU»

Ulto, t) = UT(t, to) (1.13)

e Pacemorpum nudunnTesnManbuyo ssosmouuio |(t + dt)) = U(t + dt,t) [i)(t)). B obmem ciydae, pasiozkeHue onepaTopa
i

9BOJIIOIUU UMeeT BU]L U(t + dt,t) = I— Eﬁ (t)dt, uro mpuBOAUT HaC K HeCcTaMOHapHOMY ypaBHeHuto IITpénunrepa:

LI TON0) (1.14)

5I/Il\/IGHHO U3-3a 9TOTO CBOMCTBA OKA3BbIBAETCS y,ILO6HbII\/I YKa3bpIBaTh BPEMEHHbIE apryMEHTHhI OllepaTopa 3BOJIIOIIUU B 06paTHOIVI IopdaaKe
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Oneparop H naspiBaercst raMUIbTOHMAHOM. V3 YHUTAPHOCTH SBOJIIOIIN CJIELYET, 9TO Oneparop H — SpMUTOB, a 3HAMHT
— COOTBETCTBYET KaKOW-TO HabsromaeMoil Benutunne. KOHCTaAHTHBIT MHOXKUTEIbL h OBLT BBIHECEH TYT JJIs TOTO, UTOOBI
3apUKCHPOBATD PA3MEPHOCTD olepatopa H — OH MMeeT pasMepHOCTb SHEPIHH; Jajee Mbl YBIIUM, uTo H jeficTBuTeIbHO
COOTBETCTBYET JHEPTUU.

Kak mMbI BU UM, OII€PATOP 3IBOJIIOIMU U I'aMUJIBTOHHAH HaXOJATCA BO B3aMMHO-OJHO3HATHOM COOTBETCTBUU. B YaCTHOCTH, €CJIN
TraMHWJIbTOHHAH OT BPEMEHHU He 3aBUCUT, TO OIlepaTOp 3BOJIIOIIMN HMEET BUJL ManH‘{HOﬁ 3KCHOH€HTBﬁ (HOJIO)KI/IM JJId IIPOCTOTDI
t() = 0)

z‘hag—f) = HU(t) = U(t) = exp (—zflt/h) (1.15)

OYHKIIIO OT OIIEPATOPA MOXKHO IOHUMATDH CJIEYIOIM 00pa3oM:

o JIna anaymuruueckux (yukuuit f(O), npumenenue HyHKIUE K OIEPATOPY MOXKHO BOCHPUHUMATH Kak pay Teitiopa:

(@}

. () .
70) = roi+ 3 o (1.16)

e Jljist 5pMUATOBBIX OmepaTopoB O, MbI MOXKEM IepeiiTu B 6a3uC U3 ero cOOCTBEHHBIX (DyHKIUI 1’ ¥ OIPEJEeUTb (DyHKITUIO
OT OTIepaToOpa CJAEIYIONINM 0Opa30M:

F(O)lon) = f(on) lon) (1.17)

Hecnoxuo BUeTh, YTO 9TH ONpEIEJIEHIS BO BCAKOM CJIydae He IMPOTHBOpEYAT JAPYT JAPYry B ciydae, eciau (pyHKius f —
aHajauTU4IHa, 8 O — SPMUTOB OIIEPATOP.

Hakomner, moxxuo 3amerutb, uro pemykiust (hon-Helimana He siBisiercst yauTapHOii oneparueit. Ha mepBeiit B3ryis 9T0 KarXKeTcst
CTPAHHBIM — B€J[b MbI TOJIGKO YTO IOCTYJIMPOBAJIH, YTO JIO0AsT IBOJIONNS B KBAHTOBON MEXaHUKE YHATAPHA; & aKT M3MEPEHUsI
caM 110 cebe TOXKe MOKHO PacCMaTpPUBATh B PAMKaX KBAHTOBOW MeXaHUKHU. B JefiCTBUTEILHOCTH K€, aKT U3MEPEHUs — ITO aKT
B3aUMO/IEHCTBISI KBAHTOBOI CHCTEMBI U KJIACCHIECKOI0 M3MEPUTELHOIO IIPUOO0pa; B 9TOM CMbBICJIE HAIIIA CUCTEMA, IIEPECTaET ObITh
3aMKHYTOM, 9YTO U IIPUBOJUT K KaxKyIelicss HEYyHUTaPHOCTHU JBOJIIOIIHH.

1.3.1 DHepreTruveckKoe IIpe/ICTaBJIEHIE

B ciyuae, ecniu raMusIibTOHHNAH HE 3aBUCHT OT BpeMeHU, 0coboe 3HAUEHME JJTsT PEIIeHus 33124 KBAHTOBON MeXaHUKN UMeeT Oa3uc
ero cobcTBeHHBbIX (DYHKIMI — (DYHKIWI, KOTOPBIE Y/IOBJIETBOPSIOT cTalimoHapHoMy ypaBHenuto IIIpéaunrepa:

H |yg) = E|¢g) (1.18)

BpeMeHHaH 9BOJIIOIT A COOCTBEHHBIX COCTOSHUN MaMUIETOHUAHA, TpuBUaJIbHa, CBOAUTCA K «HaKPYYIUBaAHUIO (ba3b1>>l

[We(t) = Ut) [be) = e T/ pg) = e B0 ) (1.19)

D10, B CBOIO 0YEpEJIb, O3HAYAET, YTO CUCTEMA, Oy/Lydr IPUTOTOBJIECHHON B TAKOM (PU3MYECKOM COCTOSTHUM, B HEM M OCTAHETCH —
Be/Ib CHCTEMbI, OTJINYAIOIINECsT Ha MHOYKHUTEJIb, (PU3MYECKH HEOTIMIUMBI. [109TOMy TaKme COCTOSIHUSI Ha3bIBAIOT CTAIMOHAPHDI-
MU COCTOSTHUSIMMN.

Ecam MBI yMeeM HaXOIUTh BCe CTAIMOHAPHBIE COCTOSTHAA — a UX Habop obpasyer 6asuc! — To MbI, B AEHCTBATEILHOCTH, YMEEM
pemars YIII. HeiicrBurensro, nmycrs Mol pemaeM YIII ¢ Hadanbabiv yeaosueM [10(0)) = [¢). Pazinoxkum BeKTOp cocTosHUS 1O
6asucy CTAIMOHAPHBIX COCTOAHUI (C/Ie/Tyst TEPMUHOJIOTUH, U3JI0XKEHHOM BbIe — NepeiiiéM B onepzemuneckoe npedcmasaenue)
In) (H[n) = Ey |n)) :

W)= nln). (1.20)
n

JluneitHocTs ypaBHeHus IllpenunHrepa 1mo3BoJisieT 3alliCaATh PE3YJIBTAT IBOJIIOINNA BO BPEMEHHU KaK JIMHEWHYIO KOMOMHAITUIO IIPO-
9BOJIIOIIMOHNPOBAHHBIX KOMIIOHEHT € TeMU 2Ke Ko durueHTaMu:

(@) =T ) =Y wal @) In) =Y e /" |n). (1.21)

6B ciryuae HaMuUMs ABHOM 3aBUCHMOCTH FaMIJIBTOHHAHA OT BpeMenu H = H (t) pelenne MOYKHO 3aIIiCaTh B BUJIe TaK HasbiBaeMoil T-yrnopsioueHHol
N N T
skcnonentst U (t,to) = T{exp (—% f to H (T)dT) } Omna nosyvaercst pa3bueHreM MHTEPBaJIa BPEMEHHM Ha OECKOHEYHO MaJleHbKUE KYCOYKU U B3SITUEM

IIPOU3BEICHUEM OOBIYHBIX MaTPUYIHBIX 3KCIIOHEHT Ha KazK/IOM TaKOM KyCOYKe.
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Takum 06pa3oM, MBI HAYIUINCH ITOJTHOCTHIO PeraTh Hecrarmonapuoe ypapuenne IIpénurrepa:

W) = In) e P {nfy) (1.22)

1.4 Ilpumep: mosekyna ammvuaka N Hs

ByseM paccMaTpuBaTh MOJIEKyITy aMMuaky | (IIpe/ICTaBIIAIONLyI0 cOG0il HePABMIBHBII TETPAs/IP ¢ TPEMsl MOJIEKYJIAMH BOJOPOJA
H B ocHOBaHWMH, W MOJIEKyJI0i a3ota N B BepimHe) 3a0bIB Ha BpeMs O €€ IOCTYHATEIHHOM WM BPAIATEIHHOM JIBUXKCHHM.
Dra MOJIEKYIIa JIOIyCKAET JIBA PA3INIHBIX COCTOSHUA, KOTOPBIE HOIyYaloTCsA APYT U3 Apyra ollepalueil 3epKaJIbHOrO OTPasKeHUs
MOJIEKYJIBI OTHOCUTEJIBHO IIJIOCKOCTH aTOMOB BOJIOPOJA; MbI OyzieM WX HasbBaTh |1) u ||), u oHM GyxyT obpasoBbBATH Gasuc
HAIIIero TUJIb6EePTOBA IPOCTPAHCTBA JIJIs JIAHHOM 33/ 1a4H.

VI3 CHMMETDHII 38,1441 eCTECTBEHHO, YTO SHEPIHsl STHX CocTosHui omunaxosa: Ey = (1| H |1) = (}| H ||); B cury spmurosocTu

raMUJIbTOHHUAHA, OOIIUI ero B, — CJIeIyIONTNii:
- Ey, -A
H = (—A* E0> (1.23)

(ms ymoberBa TyT M HUXKe MbI OygeM caurarb A € R u A > 0, ar0oro Beerma MOXKHO J0OUTHCS, nepeo6o3HatH/nﬁ Ty — e [1)).
CobCcTBEHHBIE YNC/IA JAIOT CIEKTDP BOSMOXKHBIX 3HAUEHUH SHEPIUK:

1 /1) 1

Bi= - A= 11 =5 (1) = 50 + 1) (1.24)
1 /1) 1

Ba=E+a == (1) = S -1 (1.25)

Bynem pemars cieayronyto 3amady. B HaUaabHbIA MOMEHT BPEMEHHU cucTeMa Oblia IpuroTosieHa B cocrostaun [1(0)) = |1).
MpbI mHTEpECYEeMCsI BEPOSTHOCTBIO OOHADPYKUTDH €€ Yepe3 BpeMs ¢ B KaxkJIoM u3 cocrosuuii |1) u |}). Cnemys moruke uz abzana
«3HEPTeTHIeCKOe MPEJICTABICHUE», HaM Hy?KHO Pa3JIOKHUTh HAMATLHOE YCJIOBUE MO CTAIMOHAPHBIM COCTOSHUSM:

[9(0)) = [1) - (1[5(0)) +[2) - (2[4(0)) = 12(|1> +12). (1.26)

S

3HAYNT, JaJbHEHIIass IBOTIONNAS CIeIYIONAST:

[9(#)) = 1 () [1) + 2(t) [2) = %(eﬂ'w/ﬁ 1) + et E=tR]2)). (1.27)

Hakomerr, 9To0bl HaifiTH MCKOMbIE BEPOSITHOCTH, HAM HeOOXOAMMO BepHYThCs K basucy {[1), |])}:

1

(1) = 5 (7B e B ) 4 5 (T B = eTIER) |1 = eTEM (cos(At/R) 1) + isin(AY/R) 1) (1.28)

2

9T0 ﬂaéT HaM HCKOMBIEC BEPOATHOCTH:

Py(t) = cos?(At/h), Py(t) = sin®(At/h) (1.29)

Taxum o6pazom, 3a cI6T cyiecTBoBaHus 0hdINArOHAIBHOIO MATPUIHOIO 3JIeMeHTa A, «[IepeMeInBAOIIEero» COCTOSHUsI | 1)
u ||), BO3HHKaeT TYHHEJIUPOBAHUE MEXK]Ly STHMHA JIBYMs COCTOSHUAME B BUJIE KOT€PEHTHBIX OCHMUIAIMi (Besmanna A B 9T0i
CBSI3U HOCUT HA3BAHUE TYHHEJIBHOTO MATPUYHOrO 3JIEMEHTA). DTO sBJEHUE HOCUT Ha3BaHue ocuuiuissiuii Pabu.

"Dra KIaccuuecKas 3ajata 06CYKIACTCA B HE MeHee Kiaccuteckoi kuure FLF

8Ha caMoM fieJie, 9TO CBS3aHO HE TOJILKO C yJ06cTBOM. B momoBHBIX ABYXypPOBHEBBIX CHCTEMAaX OCHOBHOE COCTOSIHHE SIBJISIETCS 4ETHOMN (byHKIMeil 1Mo
OTHOIIEHUIO K HHBEPCHH — 9TO CBA3ZAHO C OCYUAAATNOPHOLU TeoPemoti U yTBEPIKICHAEM O TOM, ITO OCHOBHOE COCTOSIHHE HE CONCPIKHUT HYJICH.

Ecau 6a3uc BbIGpaH Tak, 4To oneparop uusepcun umeer Buz I |1) = |]) u I [4) = [1), To BosHOBast dyHKIWA li NEefCTBUTEIHLHO ABJIAETCS IETHON
U COOTBETCTBYET OCHOBHOMY COCTOSTHHUIO.
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Marpurist Ilaynn

JByXypOBHEBasI CUCTEMAa — ITO MPOCTEHIIAs CUCTEMA, ¢ HETPUBUAIBHBIM TMJILOEPTOBBIM ITPOCTPAHCTBOM U raMuJIbLTOHHAHOM. [o-
TOMY OHU ITOCTOSTHHO BO3HHUKAIOT B TEOPETUIECKOH (PU3MKE BO MHOXKECTBE PA3HBIX KOHTEKCTOB, 3a9aCTYIO B BHUJE PUOJIMAKEHU
KaKnX-TO 60Jjiee CJIOKHBIX cucTeM. VMeercs cTaHmapTHBIN 0a3uC B TPOCTPAHCTBE SPMUTOBBIX MATPUIL, COCTOSINNAN U3 eIMHIIHON

marpunsl 1 MaTpur Ilayman
o (0 1 y_ (0 —i . (1 0
6% = <1 0), Y = (z 0 >, 6° = <0 _1>. (1.30)

Jlerko BUAETH, ITO JIIOOOI TAaMUILTOHUAH 2 X 2 PACKIAIBIBACTCS 10 eIUHUYIHON MaTpuile u Marpuram llaymu:

H=c-I+4+b,0"+byo?+b,0°=c+ (b,0), (1.31)
rJe B [IOCJIEIHEM BBIPAXKEHUU TIOJ[ ¢ TIOJIpa3yMeBaeTcs ¢ - 1.
ITpocreiimmit npuMep JBYXYPOBHEBOI cucTeMbl — CIKH 1/2 B HePeJITUBUCTKON KBAHTOBOI MexaHuKe. B aToMm ciaydae b umeer
CMBICJI MATHUTHOTO TOJIsL (¢ TOYHOCTBIO JIO MHOMKHUTEIS).

1.5 I'mapbepToBO MPOCTPAHCTBO OObEIMHEHMUS IIOJCUCTEM

Ecnu mmeercs fBe TOACHCTEMBI ¢ THJILOEPTOBBIME TPOCTPAHCTBAMEH Hi U Ho, TO BCS CHCTEMa OMUCHIBAETCS THILOEPTOBBIM
IIPOCTPAHCTBOM H, KOTOPOE SIBJISETCs TEH30PHBIM IIpou3BerenneM Hi u Ho:

H=H1 X Hs. (1.32)

OTH CJI0BA 03HAYAIOT, YTO €CJIH UMeIoTCst 6a3uchl {|11) , [2), ...} B Hi u{|p1),|p2), ...} B Ha, To 6a3uc B H MOXKHO 3a7aTh,
KaK MHOZKECTBO IOIapHbIX npoussezennit {|11) (1), [¢1) [p2) , [2) [¢1) , [¥2) [p2) - .. }, pasmeprOCTH TPOCTPAHCTS IIPH 9TOM Iie-
pemuoxkaiorcst. Tensoproe nponssesenue omeparopos OOy (re Kazkipiil AefiCTBYeT B CBOEM MOMIIPOCTPAHCTEE) ONPE/IeIseTCs]
neficTBueM Ha Gasucuble s1ementsi: O Oy (J1) lp1)) = O, [1)1) O, lo1)-

DJIeMeHTHI [OJIHOTO I'HJILOEPTOBa IPOCTPAHCTBA H, KOTOpBIE NpeJcTaBUMbl B BUJE |1)) |¢) (rae ) u |p) He obsaszarenabHO
3JIEMEHTBI 6a31Ca) HA3BIBAIOT PA3JIOXKUMBIMU. OCTATBHBIE SBIAIOTC KBAHTOMEXAHIIECKH 3aILy TAHHBIMH.

IIpumep Pacemorpum asa crmaa 1/2 B cocrostHum |1)) = % ()1 Mo + )1 [4)5). Oneparop 410,02 meiicTByeT Ha [t)) Tak

_ L S
V2 V2

BusiHo, uro oueHb yi06HO paboTarh B 0603HaUeHUsIX MaTpul [layiam, He BbIIUCHIBast siBHO MaTpuity 4 X 4 (miu 6osbie). Ho
unorga (manpumep, mig pacderos B Wolfram Mathematica) 6piBaeT Hy2KHO 9TO0 Bee Ke ¢uesarb. Keau 6a3uc Jjisi 0JHOTO CIuHA,
6611 TakuM {|1), |J)}, To Teneps paceMoTpum 6asuc {|1), ‘T)? AN e )1 ey 1)1 e} Hrobsr TOCTPOUTH MATPHILY OTBeYa-
orryio passoxkumomy oreparopy OOy HykHO 7eMenTsl O cienarh 6aokamu 2 X 2, noMHOKeHHBIME Ha Oz, DTO yTBEPKICHIE
Jierde MOHATH HA [IPUMEpaX:

6163 |¥) (07 1163 N)g + 671165 1)2) = —= ()1 [ = 1)1 [)2) - (1.33)

0 010 1 0 0 O 0 0 1 O

o we o001 e a0 =10 0 o |0 0 0 1

67 =67l = 100 ol 65 =165 = o o0 1 ol %=1 o o o (1.34)
01 00 0 0 0 -1 0 -1 0 O

1.6 IIpumep: mbiciiennblii 3kcriepumenT Greenberger — Horne — Zeilinger — Mermin

JlaHHBIN MBICJICHHBIH SKCIIEPUMEHT OB IIPEJJIOZKEH KAK YJIyIIIeHre SKCIIEPUMEHTa BeJiia 1o ompoBepKEeHNI0 40KAAbHO20 DEANUS-
M@ — Pa3JIMYHBIX aJIbT€PHATUBHBIX TEOPUii, BKJII0Yas TEOPUU CKPBITHIX 11apAMETPOB, YTBEPZK/IAIONINX, YTO KBAHTOBAs MeXaHUKa
HeBEPHA, a 3aJI0’KeHHAas B Hefl CIyvaifHOCTh sSIBJISIETCS] PE3YJIBTATOM HE3HAHUs (BO3MOXKHO — IMPUHIUITHAIBLHOTO) KAKUX-TO CKPBI-
TBIX CBOMCTB CUCTEMBI. /Ipyrumu cJioBaMU HU OJIHA CKOJIb YTOJIHO CJIOYKHAS KJIACCHIECKas TeOpHUs He CIIoCcOOHa JTATh MIPEJICKA3aHNEe
s sxcnepumenta GHZM, cosmajaroree ¢ npejickazanneM KBAaHTOBOI MeXaHUKU. B oTyimame o sxcrepumenTa bejiia, KoTopbrit
HOCHUT BEPOATHOCTHBIA XapaKTep, 3TOT IKCIEPUMEHT OJIHO3HAYHO OIIPOBEPraeT JIOKAJJIbHBIN pean3M.

Paccmorpum TpexcnmHOBOE CcOCTOSTHIIE
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) = % (M1 M2 (15 =1 o 3) - (1.35)

1 5pMUTOBBI oneparopbl O1—0y CJIeAyIOIero BuIa;

O1 = 616464 = O1[¥) = +1 1), (1.36)
Oa = 615564 = Oz [9)) = +1 1), (1.37)
O3 = 616365 = Oz |p) = +1 1), (1.38)
O4 = 676565 = O4|v)) = —1[1h). (1.39)

Kaxk BusiHoO, |1)) siBisiercst COGCTBEHHBIM BEKTOPOM JIJIsl BCEX OIIEPATOPOB U IIPU U3MEPEHUN 01—03 Bceria OyJIeT MOy IaThCs
«+1», a mpu U3MepeHUN 04 «—1».

[IpeacraBum, Kax OBI BBITJISAE 9TOT IKCIEPUMEHT C TOUYKH 3pEHNS Kiaccuiaeckoi pusuku. IlycTs y Hac mMeercs Jaboparopus,
KOTOpasi IPUTOTABJIMBAET HEUSGECMHO YMo. JTa JIAbopaTOpus OJHOBPEMEHHO OTIIPAB/SET TPU YACTH HEUSGECTHO 4e20 TPEM
PA3JIMYHBIM 9KCIEPUMEHTaTOpaM (HA30BEM UX B LEJsX KOHcOuparuu 1, 2, 3), KOTOpble PACIOJIOKEHbI Ha JOCTATOYHO GOJIBIIOM
PACCTOSTHUM JPYT OT JApyTra (Tak 9TO WX IKCIEPUMEHTHI HE MOIYT OBITh CBSI3aHBI IPUUIMHHON CBSI3bI0). Y 3KCIEPUMEHTATOPOB
UMEIOTCS Y4E€PHble AUUKU, HA KOTOPBIX IMEETCS JIOMOJTHUTETbHBIN TEPEKITI0UATENb, C TOMOIIBIO KOTOPOTO OHU UMEIOT BO3MOXKHOCTD
BLIOPATH OJHY U3 ABYX BesmdnH (Ha30BéM ux X u Y'), KOTOpbIe OHU U3MEPSIIOT. DKCIEPUMEHTATOPHI BHIOUPAIOT TIOJIOKEHHIE ITOIO
[EPEeKJII0YUATE]Isl CIIyYailHbIM 06pa30oM (C IIOMOIIBI0 GPOCKA MOHETDI ), & 3aTe€M IIPOBOJAT aKM USMEPEHUS, B PE3YJIbTaTe KOTOPOro
KasKJIbII SIMUAK BBIJIAET UM OJTHO U3 JBYX duces — +1 winm -1.

IIpoBouTCS MUIIMOH TAKUX IKCIIEPUMEHTOB, U UX PE3Y/IbTAThI OTIPABJSIOTCS 00paTHO B J1aOOPATOPHUIO, TJe BCE JAHHBIE
[IPUBOJSITCS B HEKOTOPYIO CBOJHYIO TabJIAILY JJisl JAJIbHEAIIEero aHaInu3a.

Tabauna 1.1: IIpumep pesysibrara SKCIIEpUMEHTa,

’ Ne ‘ Benmunna 1 ‘ Pesynprat 1 ‘ Benmunna 2 ‘ PesynbraT 2 ‘ Benmauna 3 ‘ PesynbraT 3 ‘

1 X +1 Y -1 Y -1
2 X -1 X -1 X -1
3 Y -1 Y +1 Y +1
4 X +1 Y -1 X +1

ITockosbKy BBIOOD BeIMYUHBL ObLI CJIydaeH, TO IpuMepHo B 1/8 crpok nabop sesunuun Oyuer (X,Y,Y), u upumepHo cToJbKO
xe — (Y, X,Y), (V,Y, X). Heoxxunanuo miust cebst, B nabopaTopun 0OHAPY’KUBAIOT, UTO €CJIM B TAKUX CTPOKAX BCE TPH TAKHUX
pe3yJibraTa IePeMHOXKUTh, TO 6ce2da nojydaercs 3HadeHne X1YoY3 = Y1 XoY3 = Y1 Yo X3 = +1.

Yro 06 3TOM mymaer Kjaccuueckast MexaHuka! IIpesmosiorkenne JIOKAJIbHOIO peain3Ma 3aKII09aeTCst B TOM, YTO IIPUTOTOB-
JIHHOE HEU3BECTHO 4e20 B Jab0paTOpuu B N-TOH CTPOUKE 3310 HAM KaKoe-TO (BO3ZMOXKHO, CJIydaiiHOe; BOZMOYXKHO, CKOPPeJI-
POBaHHOE — HEBaXKHO!) BHYTDEHHEEe COCTOSIHUE CHCTEMbI, KOTOPOe Mbl HA30BEM OYKBOM &, — M Pe3yJIbTaTbl H3MEDPEHUil ABJISIETCS

KaKOi-TO (DyHKIMEH 3THX IIepEeMEHHBIX Xi(") = X;(&,) u Yi(") = Yi(&,), u TonbKo uX (HOCKOJIbKY J1ab0paTopun He CBS3aHbI
[IPUYUHHOMN CBsI3b10); MpuiéM DyHKIMU GHHAPHBIE, TpHHUMatoNme 3HaueHns +1. Takum 06pa3oM, IKCIEPUMEHTATIBHO yCTAHOB-
JleHHbI (bakT — B £ OBLIM 3aJI0KEHbl TaKue CIeNUaJbHbIE KOPPEJAIUH, 9TO 3TU MPOU3BEJICHUsI TPUHUMAIOT (PUKCHPOBAHHOE
3Ha4YeHne, paBHOoe +1.

JlajibItie TOCTATOIHO 3aMETUTD, UTO:

(nockombky Y; = £1 = Y2 = 1). Ilostomy KiaccudecKash MeXaHUKa IIPEJICKA3BIBACT, UTO BO BCEX CTPOUYKAX, IJie CTOUT HaBOp
(X, X, X) nosxHO cTosith +1. KakoBo ke ux yJuBjIeHNe, KOTJa OHU BO BCEX TAKUX CTPOKAX JeHCTBATEIHHO BU/ISAT COBIIAIAIONTIE
3HAYEHUsI, HO HE «+1», a «-1»!
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Marpuna 1mioTHocTu

2.1 KBaHTOBBIE CTAaTHUCTUYECKNE PACIIPEIeICHUS

TlonpobyeMm paccMOTpeTb pasjinuusi MEXKJIy <«KBAHTOBOW» M <«KJIACCUYECKON» CJIYYalHOCTBIO HA IIpUMEepe KOHKDPETHON 3a/adu.
IlycTe ecTh AByXypOBHEBas cuCTEMa, KOTOPasi MOYXKET ObITh IIPUTOTOBJIEHA B OJIHOM U3 JIBYX COCTOSHHUSX, KOTOPBIE MBI HA30BEM
[1) u |}). IIycrs sKcuepuMenTaTOp, IIEpes TeM, KaK IPUIOTOBUTH CUCTEMY, Opocaer MOHETKY, W IIPUTOTABJIUBAET €6 B OIHOM
73 9TUX JABYX COCTOSIHHUI, B 3aBHCHUMOCTH OT ucxofa 6pocka. Ilogydennsit ancambiib — KJIACCHYECKUI; B YACTHOCTH, PE3YJILTAT
yCpeJIHEeHUs ITPON3BOJILHO HaOIII01aeMOit O 1o TaKOMy aHCaMOJIIO, OYEBUIHO, OYIET TaBaThCs CJIELYIONIIM BbIPAXKEHUEM:

(0) = 5 (IO + 5 (O (21)

Taxkoit ancaMOJb MOXKET OBITH ONMMCAH B PAMKAaX KBAHTOBOH MEXaHWKH C WMCIIOJH30BAHMEM MATPHUIIBI IJIOTHOCTU. [y eé
OIIpeJieJIeHUsI PAaCCMOTPHUM 0oJjiee OOIIuil cirydail: IIyCTh C BEPOSATHOCTBIO P, CUCTEMa MOXKET ObITh IIPUTIOTOBJIEHA B COCTOSIHUU
|a). Torma juist TAKOTO yCpeHEeHHsI MBI MOXKEM 3aIHCATh:

(0) =" pafalOla) = Tr(la) pa (2] O) = Te(50), p = pala)al (22)

JlapaiiTe cpa3y CBOUCTBA IOJIYI€HHOIO OObEKTA!

1. MaTpuna ILIOTHOCTH — SPMITOB onepaTop, p! = p, AeficTByIomuil Ha TOM-3ke ruIbbepToBoM mpocrpanctse H. OHa HecsT
BCIO HEOOXOIUMY0 HH(MOPMAIIMIO O HAIlleM aHcaMbJie — C €€ IIOMOIIBI0 MOXKHO BBIYHUCJIUTE CTATUCTUYECKUE PACIIPEIEIEHNUS
JII00OH MHTEpecyoIeil Hac HabJII0IaeMOil.

2. Marpura mioTHOCTH HOpMupOBaHa ycaosueMm Trp = > po = 1.

3. MarpuIia mI0THOCTH HEOTPHIATEIBHO ompeestena: (| pl) =3 pa [{a]y)]* > 0.

4. Marpuna TIJIOTHOCTH COIEPKHT Kysa 60/bIme nHbOPMAIii, 9eM BoTHoBasA dMyHKIHus (n? — 1 BemecTBeHHBIX TapaMeTPOB
BMeCT(ﬂ 2n — 2, rje n — pasMEpPHOCTb IPOCTPAHCTBA). DTO CBA3aHO C TEM, YTO OHA MOXKeT ONHUCHLIBATH HoJiee IUPOKUil
CIIEKTP aHcaMmObJIeil.

2.1.1 Yucroe cocrogHue

YucTo KBaHTOBAsI CHCTEMa, ONUChIBaeMasi KaKOi-To BOJIHOBO dyHKIueil [1)) (¢ BeposiTHOCTBIO p = 1), nIpejcrasisier coboii Tpu-
BUAJIBHBII 9aCTHBIA CJlydail, KOTOPbI TaKzKe MOXKHO OIUCATH Ha A3blKe MaTpullbl wiornoctu p = |1) (1|. Cocrosinue, onucbiBa-
eMOe TaKOil MaTpHIeil IJIOTHOCTH, HOCUT HAa3BAHNE YHUCTOrO. B IpOTHBHOM CjIydae TaKOe COCTOsIHIE HA3BIBAETCS CMEIIAHHBIM.
O6cyumM 6a30BbIE CBOWCTBA, YUCTBIX COCTOAHUI (KOTOPbIe MOYKHO HCIIOJIB30BATH KAK KpI/ITepI/H/EDZ

e POBHO 07HO U3 COOCTBEHHBIX YHCEJI TAKOW MATPHUIIBI IJIOTHOCTH PABHO 1; OCTAJIbHBIE PABHBI HYJIIO.

e MaTpuia IJIOTHOCTH YHCTOTO COCTOSHHUSA YIOBJETBOpAET ycaoBmio p° = p. B uactmoctu, Trp? = 1. B caydae obmero
nonoxennst, Trp? =Y p2 <> p, =1

1C yuérom ycoBuS HOPMEPOBKH BOJIHOBON (DYHKIIMH, a TaK¥Ke CBOGOIbI BBIGOPa 00IIel (has3bl BOJIHOBON byHKIMI
2B ofmeM ciydae, IIss Ha MATPHUILy IVIOTHOCTH, 32IMCAHHYIO B IPOM3BOILHOM 0A3WCe, JOBOJBHO TSIXKEJIO OIPEIeIUTE, OIIICHLIBAET JIH OHA UHCTOe
WIM CMEIIAHHOE COCTOSTHUE

14
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Pazmmaible 9acTO UCHOIb3yeMble KOJMYECTBEHHbIC XapAKTEPUCTUKH YUCTOTHI COCTOAHHA BKJIIOYAIOT B ce0d:
e Durpomus pon-Heitmana: S = —Tr(plnp) = - p,Inp, > 0. IIpu srom S = 0 TOABKO /IsI YUCTHIX COCTOSTHMIA.

e Durponus Penbu: S, = ﬁ InTrp™ > 0; amasmorudno S, = 0 TOJBKO JJIsT YUCTOIO COCTOSIHUSA. 1aCTO UCIOJIb3YEeTCs JIJIs
YUCJIEHHBIX PACYETOB, WIN AHAJMTUIECKUX PACUETOB C ITOMOIIBIO MeToa pemmK. Hecstioxkuo BuaeTh, uro lim, 1.5, = S.

2.1.2 Ilpumepsnl

OmnncaHHBIN BbIIE KIACCHIECKUI aHCAMOJIb COOTBETCTBYeT MaTpurie miotHoctu (B 6asuce {|1), ) }):

pa=1 (é (1’) (2.3)

C Apyroii CTOPOHBI, MBI MOTJIH ObI PACCMOTPETH, BOJHOBYIO (YHKIHUIO |)) = %(H )+ |4)), xoropas maér Touno Takme xKe
BEPOATHOCTH OOHAPYKHUTDL CHCTEMY B KarKJOM H3 JABYX COCTOSHHIL:

n=3(1 1) (2.4

ITockonpKy MaTpUIbI IJIOTHOCTH PAa3JIMYHBI, TO 3TO — pa3Hble aHcambiin. B gacTHOCTH, MOXKHO IpuiyMaTh HaOJIIOIaeMYyIo,
KOTOpasi OTJIMYUT OJUH aHCAMOJIb OT JIpyroro. B jJaHHOM KOHKDETHOM CJIydae 9TO

) I YR TR ) S R O T ) B

Passinanble METOABI IPUIOTOBJIEHAA MOIYT JABATH OJAMHAKOBBIE MATPUILI IVIOTHOCTU; M B 9TOM CMBICJIE, UX IPHHIUIIHAILHO
HEBO3MOYKHO OTJINYUTH JIPYT OT Apyra. Hampumep, IPUroTOBIEHNE ¢ BEPOSITHOCTBIO p1 = 1/2 BostHOBO# dbyukuuu 1) = (|1) +
11))/v/2 1 ¢ BeposiTHOCTBIO Py = 1/2 BoHOBO# bynkman [1h2) = (1) — |1))/v/2 mact Ham MaTpuIyy MIOTHOCTH:

111 1y, 111 -1\ 1/1 0\ .
p_2'2(1 1>+2'2(1 1)‘2(0 1)"’°1 (2:6)

2.1.3 TepmommHaMuka

O/1HO U3 BaKHENINX PUMEHEHWI MAaTPHI] IJIOTHOCTH — 3TO OIUCAHWE TePMOIMHAMHUKM KBAHTOBBIX CHCTeM. B ciiydae, Korma
CHCTEMa, HAXOJIUTCsI B TEPMOJIMHAMUYIECKOM PABHOBECUU C OOJIBITUM TEPMOCTATOM TEMITEPATyPhl 1, KaK Mbl 3HAEM U3 CTATUCTU-
4ecKOl (PUBUKU U TEPMOJUHAMUKH, CUCTeMa oluchiBaeTcst I'nm66COBCKUM (KAHOHUYECKUM ) aHcamOyieM. DTO — KJIACCHIeCKUil
ancaMGiib, B KOTOPOM BEPOSITHOCTH PA3JIMIHLIX COOCTBEHHBIX COCTOSHMI TaMIJILTOHHAHA |1) MPONOPIMOHAIbHA P, X e SFn,
Takoit arcamMbJIb JOCTATOYHO JIETKO 3aIMCHIBACTCS HA SI3bIKE MATPUIL TIOTHOCTH:

1 N N
p= Ee_ﬁH, Z = Tr(e PH) = ;e_BE" (2.7)

(Z — crarcymma, obecrieunsaromast HopMupoeky Trp = 1; 8 = 1/T; nocrosiunast Bosbivana kp BeIOpaHa paBHON eIUHUIE)

2.2 Kiaccudyeckas vsS. KBAHTOBas CTATHUCTHUKA

B mpuaIumne, gaxke eciin 661 MBI HE 3HAJIM HUYETO PO KBAHTOBYIO CTATUCTHUKY, MbI MOTJIH ObI IPUMEHSITH OIACAHNE KJTACCUIECKUX
CHCTEM Ha S3bIKe MaTPUIL IJIOTHOCTU. JlefiCTBUTEIbHO, IIyCTh €CTh KJIACCHYECKasi CUCTEMa, KOTOPas MOXKET HAXOIUTHCS B OTHOM
u3 n cocrosamit. C KIaCCUIECKO TOYKU 3pEHMUsl, JJIsl OMMcanusi (DYHKIUU PACIpeJIeeHns], HaM ObLIO ObI JOCTATOYHO 3aJIaTh
BEPOATHOCTH P1, . . . , P, CACTEMBI HAXOIUTCS B KaXKJIOM U3 STUX COCTOSHUIL; 9YTO, B PAMKaX Pa3BUTOro (hopMaIn3Ma, SKBUBAJIEHTHO
JUaroHaJIbHOM MaTPHIE TJIOTHOCTH:

pr 0 0
~—_ 10 0
p= |0 (28)
0 0
IIycTb B KasKIOM M3 STHX COCTOSHHI KaKas-TO HabIIOmaeMast IPHHAMAIOT 3HAYEHHU 01, . . . , Op. OMATH-TaKH, (DOPMATIBLHO ITO

COOTBETCTBYET HAOJIIOIAEMOI:
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01 0 0
O=10 o 0 (2.9)
0 0

u cpenuue paBHbI O = Tr(ﬁé) = Y, PkOr — TIOJHOCTBIO KjaccudecKas opmyia. st KIacCHYecKHX CHCTEM TaKoil crocob
OIMCAHUs HECKOJIBKO M30BITOYEH, HO TeM He MeHee, abCOJIFOTHO JIOIYCTUM.

Ecsin 6bl BCE MCUEPIBIBAIOCH JMANOHAJBHBIMU (B KAKOM-TO Oa3uce!) omeparopaMu U MaTpUIAME [JIOTHOCTH, TO KBAHTOBAS
MeXaHUKa He raja Obl HUYero HOBOro. Pa3inmyne BOZHUKAET B MEPBYIO OY€PEIb TOT/IA, KOTJa BOZHHKAIOT HEKOMMY TUPYIOIIE
BEJINYUHBI — Te, KOTOPbIE HeJIb3sl COBMECTHO JMArOHAJN30BATh HU B KAKOM 13 0a3MCOB.

Ominune MposiBJISIETCs] B BOSHUKHOBEHUHU TaK HA3bIBAEMbIX WHTEP(MEPEHIIMOHHBIX YJIeHOB. B camMoM o0Imem cirydae st yepe-
HEHUsl TIPOU3BOJILHOM HAOJIIOIAeMOIT Mbl MOXKEM 3aIUCATH:

(0) =Ta(p0) = Y pun(0) + D Pum (m|Oln) . (2.10)

m¥#n
—_——

classical statistics quantum interference terms

Hecnoxmno Bumers, 9To

P, = <I@>n> = Tr(3B) = pon (2.11)

Hpe/icTaBiiseT coboii BEpOSTHOCTE OOHAPYKHUTH CHCTeMy B cocrosuuu |n), a (O), = (n|O|n) — cpeanee 3nadeHne HabII0aeMO
B 9TOM cocrosinnu. [lepBoe cjaraemoe TakmMm 0Opa30M JOMYCKAET YMCTO KJIACCHIECKYIO MHTEPIIPETAIINIO, & BTOPOE NMEET YUCTO
KBaHTOBYIO ITPUPOJLY.

2.3 Wzmepenuns u peayknusa ¢pon-Heiimana

Tenepsb MbI MOXKeM HepeiTH K 00CY?KIEHUIO BOIIPOCa M3MEPEHNs Ha, S3bIKe MaTPUIL IJIOTHOCTU. TaK, IycTh €CTh MATPUIA, ILJIOT-
HOCTH OOIIEro BHA, 3allMcaHHast B Oa3nce HaOJIIOIaeMOIt O, n3MepeHne KOTopoil Mbl poBoauM. CorjiacHO OOIIUM IIPUHIIAIIAM,
BEPOSITHOCTH Tosydenust ucxona P(O = o,) = Tr(ﬁ]f”n) = Ppn, TlE P, = |on) (0] . VIMeHHO ¢ Takoil BEPOATHOCTBIO CHCTEMA,
[oCJIe U3MepeHws, OyIeT OIMCHIBATHCS BOTHOBON DyHKIWMEH |0,). MBI y2Ke yMeeM OIICHIBATH TAKON aHCaMOJIb; OH OIUCHIBAETCS
cleayIomel MaTpunei IJI0THOCTH:

P11 P12 .- Pln pu 0 ... 0
oA P21 P22 ... P2 0 pa2 ... 0
= SED Y ) SRS R Y (2.12)
measurement . . . .. .
Pnl Pn2 ---  Pnn 0 0 oo Pnn

Takoe n3aMeHEHNE MATPUITHI INIOTHOCTHU SBJISIETCS 006EKMUGHbIM PE3YIHTATOM B3aNMOJIEHCTBYS CUCTEMBI C M3MEPSIFOIITUM TTPHU-
6opom. Bo-miepBBbIX, MBI HUYEro HE TOBOPWJINA O PE3y/IbTaTe M3MEPEHWil, Y3HAIM JIU MbI €r0 WiIn HeT. BO-BTOPBIX, OHO 3aTPOHET
Pe3yJIbTaThl HOCIELYIOIUX U3Mepenuii 1060t 1pyroii Habiogaemoii, B 6a3uce KOTOPOii MaTPUIA IIOTHOCTH He JUaroHaJjbHa (T.e.
KOTOpas He KOMMYTHUDPYET C O), [I03TOMY 3TO — HabiomaeMblil 3 dekT. Hakoner, Ha HEKOTOPHIX KOHKPETHBIX MOJEJISAX MOYK-
HO aKKypaTHO IIPOCJIEIUTh, KaK TaKas JUaroHaJu3alysl IPOUCXOIUT B pe3yJbTaTe YHUTAPHOI 3BOJIIOIUN — B3aMMO/IEiCTBULA C
OKpy2Karoteil cpeoit. « Beimupanues oddararoHaIbHBIX 9JIEMEHTOB MATPUILBI ILIOTHOCTH B PE3YJIbTaTe B3ANMOIENCTBUSI C OKPY-
JKAOIIEel cpeoil HoCUT Ha3BaHne Aeda3srupPOBKU WiN JeKOTepeHIUU. BaXKHO TakKe OTMETUTH, UYTO ITU IIPOIECCH ITOMINHS-
1orcs ypasaernio IIpéunrepa, OnUCHBAIONIEMY CHCTEMY <U3MEPUTEJIb+CUCTEMa, 1 OHU — JIOKAJIbHBI (B CMbIC/IE, He HAPYIIAIOT
[IPUYUHHOCTD — pa3dyMeeTcsd, BO3MYIIeHHe, BbI3BAaHHOE B3aUMOJIeficTBUEM C U3MepuTesieM, He BBbIXOJUT 3a IIpeJesibl CBETOBOI'O
KoHyca). HakoHell, KaK Mbl YCTAHOBUJIN BbIlle, obdauaroHalbHbe JIeMEHThl MATPUIIBI IUIOTHOCTH B KAKOM-TO CMBICJIE XapaK-
TEePU3YIOT CTEleHb «KBAHTOBOCTU» HAIIEHl CUCTEMBI; IO9TOMY MbI BBISICHIJIM, UYTO B Pe3yJbTaTe B3aUMOJEUCTBHU C OKpYyzKalollei
CpeIoii, cucreMa Kak Obl CTAHOBUTCS «KJIACCHIECKON».

ITycTs Terepb Mbl BCE-TAKU y3HAIM PE3YJIbTAT U3MEPEHUsS — BBIACHUJIN, YTO CUCTEMA HAXOAUTCS B KOHKPETHOM COCTOSIHUY |0 ).
MaTtpuria mIoTHOCTH y2Ke JUaroHajbHa, U JJIs JAJbHEHITero OMICaHus Mbl y2Ke MOKEM I0JIb30BATHCs KJIACCUIECKON HHTYUIHE.
TOI‘)I&, KaK U B KJIaCCHUYECKOI CTaTUCTHUKE, Mbl MO2KEM Yy4Y€CTb 93TO 3HaHUE (I‘OBOpH Ha A3bIKE TEeOpUNn BepOHTHOCTefI, BBIYUCJIATH



I'JIABA 2. MATPUIIA IIVIOTHOCTHU 17

YCJIOBHbIE BEPOATHOCTH, UK IIPOBECTU CEJIEKTUBHOE M3MepeHue ), MOAUbUIIPOBAB COOTBETCTBYIOMIUM MATPHUILY ILJIOTHOCTU:

P11 0 ‘e 0
0 p2 ... O Py pP
— S —EPTR kY (k| (2.13)
measurement : : .. : selective measurement Tr(pAPk)
0 0 ... pnn

B pesysbrare, Kak Mbl BUIUM, HOJIy9aeTCsl MATPHUIA [IJIOTHOCTH, OIUCHIBaIONIas dncroe cocrosuue k). Pexykius don-Heitmana
TaKUM 00PA30M SIBJISIETCS CJIEJICTBUEM CJIEIYIONIE IeMOIKN COObITHIA:

1. MBI UMeJH I€JI0 ¢ YUCTBIM COCTOSTHUEM 1)) (SKBHBAJIEHTHO MATPHIIE IIOTHOCTH f = |1) (¢])

2. B pesysbrare B3auMMOJAEHCTBHS ¢ HU3MEPSIONAM IpUGOpaM, MPOUCXOUT 3alyThIBHIE U Jieda3upoBKa; CHCTEMa [IEPEXOJUT
B CMEIIAaHHOE COCTOSIHUE, MATPHUIA IIJIOTHOCTH JUArOHAIN3YeTCs: p = y . Py |n) (n|.

3. Ecin n3mepenne — CeJIEKTHUBHOE, TO YIET 3HAHUS O PE3Y/IbTATE U3MEPEHUs IPUBOAUT K M3MEHEHUIO MATPUIILI IJIOTHOCTH

na p = [k) (k.
4. Takum 06pa3oM, B pe3yJIbTaTe Mbl BO3BPAIAEMCsI K TUCTOMY COCTOSHUIO k).

Kaxymmasicst nesiokajibHOCTh pepykuuu (Gou-HeliMana BO3HUKAET HA TpPeTbeM Iiare — U OHa CyObEeKTHBHA (OHA OTPaXkKaeT
[OJIyYeHre HAMU HOBOI'O 3HAHUsI, & HE OObEKTUBHbIE U3MEHEHUs COCTOSHUSI CUCTEMBI).

2.4 MaTpuiia MJIOTHOCTHU IOACHUCTEMbBI

MaTpuria IIOTHOCTH €CTECTBEHHBIM 00PAa30M BO3HUKAIOT P PACCMOTPEHUN KBAHTOBOM MEXaHUKN TaK HA3BIBAEMBIX OTKPBITHIX
CUCTEeM — B IIPOTUBOBEC 3aMKHYTBIM, 3TO CUCTEMbI, KOTOPbIE BBaI/IMOﬂeﬁCTByIOT C Opr}KaIOHLeﬁ CpeﬂOIU/I, NJIN ABJIAIOTCH IIOJCUCTE-
MaMHU KaKOi#-TO 6OHleOﬁ KBaHTOMEXaHUYeCKOl cucreMbl. B CJIy9dae HaJIU9Ind 3ally TAHHOCTU ME2KY HOILCI/ICTQMOﬁ n Opr}KaIOH.[efI
Cpeioii, onmcaHue epBoi Ha s3bIKe BOJHOBBIX (DYHKIHUI 3aTPyIHEeHO (aKe ecyiu Best GOJIbIIAs CACTEMA ONUCHIBACTCS Ha 9TOM
SA3bIKE).

Urax, mycrs uMeeTcs cucreMa, KOTOpast COCTOUT U3 JIBYX mojicucreM, A u B (MareMaTH4ecKy 3TO O3HAYAET, YTO I'MIbOEPTOBO
[IPOCTPAHCTBO TPEJCTABAMO B BUJE TEH30DHOrO mpousseienus H = H4 ® Hp), onucbiBaemasi Kako#-To BOJHOBOH QyHKIEH
[ap) € H. Ilpu 5TOM IIyCTh BCE MHTEpECYIOIIMe HAC pu3nuecKne HabIIoIaeMble OTHOCSTCS. IMEHHO K nojcucreme A (Hanpumep,
nojcucreMa B onmchlBaeT TePMOCTAT WM OKpyxKamollyo cpeny). Ilyers {|a)} € Ha u {|8)} € Hp obpasyor Gasucsl coor-
BETCTBYIONIUX IOJICHCTEM. B TakoM cirydae, s IPOU3BOJIBHON HAOIIOIAEeMOiT O A, OTHOCsITElHCs K mojcucremMe A, MbI MOXKeM
3allicaTb:

’

(Bl Oalvas) = D (Waslaly, B5) (4, B5|Oalaa, Be) (aa, Beltan) = Y [ Y tastiis | (Oa)aa = Tr(paOa) (2.14)
af,a’B’ B

- A — (676
ST =(Oa)aradsp =tos

E(ﬁA)aa’

Takum 00pa30M e€CTeCTBEHHBIM 0OpPA30M BO3HUKAET PEAYIMPOBAHHAS MaTPHUIA IJIOTHOCTHU p 4. HecsioxkHo ybeauThest, 4To
OHa YJIOBJIETBOPSIET BCEM MEPEUNCIEHHBIM BBIIIE CBOWCTBAM MATPUIIBI IIJIOTHOCTH, U MOJIHOCTHIO OIUCHIBAET MOBEJIEHIE MTOJICUCTE-
MBI A.

e Ecam nonyuennas cucreMa OINUCHIBAET YMCTOE COCTOSTHHUE, TO MeXK /Ly HojcucreMaMu A u B oTcyTCTBOBaJIA 3aIly TAHHOCTD.
D10 03HAYAET, YTO BOJIHOBas YHKIUS UMeJsa BUJL TEH30PHOTO NPOu3BesieHnus |¢) = |1h4) ® |p), 1 Mexay noacucreMamu
He OBbLIO HUKAKHUX KOPPEJISIHil — OHU abCOIIOTHO HE3aBUCHMEL.

e DHTpONWS, BBIYUC/IEHHAS IO PEILYIUPOBAHHON MATPHUIE IJIOTHOCTH, HOCHT Ha3BaHWE SHTponum 3amyrtaHHoctu. OnHa
KOJINYECTBEHHO XapaKTePU3yeT CTEIeHb 3allyTaHHOCTH JIBYX IIOJICHCTEM.

2.4.1 YacTuunblii cjiesn

Hakomer, oTMeTUM, 9TO UCXOJHOE IIPEANOJIOKEHHE O TOM, 4TO Bes cucreMa AB onucbiBaercsd BOJHOBOH (dbyHKIMel (aBJsercs
YUCTBIM COCTOSIHUEM ), Ha CAMOM JieJie He HyKHO. [eficTBurennHo, eciau cucremMa AB HaXOAUTCs B CMEMIAHHOM COCTOSIHUU, OI-
CBIBAEMOM KaKOI-TO MaTpHUIEl TIJIOTHOCTH PpAp, TO JJIs HOJYy9IeHUs] MATPHUIIHI IIJIOTHOCTH MOJCUCTEMBI A HEOOXOIUMO B3STh TaK
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HA3BIBAEMbIil YaCTUYHBIN ciiefy (WId «CJIell 10 CTelleHsAM CBOGOIbI HOACUCTeMbl B> )

pa=Trppa < (P4)ae = Z(/sAB)a[La’ﬁ- (2.15)
B

(HECJI0KHO BHJETH, YTO 9Ta Ollepallisd acCOIMATUBHA: eciu ecTh cucremMa ABC, u cuavasa B341b cuex o C, a 3arem 1o B, To
MBI II0JIyYUM POBHO TY K€ MATPUILY IJIOTHOCTH, KakKas Oblia Obl eciiu 66l Mbl cpa3y B3siu ciel o BC).

CMBICT 9TO# oItepaIuu MOXKHO HOHSTD CJIeytomuM obpasom. st yuporinenust 0003HAYEHUI IPEIIOI0KIM, 9TO CUCTeMbl A
u B — nByxypoBHeBble, 1 ux 6asucol umertor Bux {|1),(2)} 4 p. Torma crapmaprHeii Bo6op Gasuca Beell CHCTEMBI IMEET BIJ:

{111),112) ,|21) . |22) } am (2.16)

U B TAKOM 0a3unce O MPOU3BOJIBHONW MATPHUIIE IVIOTHOCTU CHCTEMbI MOXKHO JIyMaTh KaK UMEIOILYI0 OJI0UHYIO0 CTPYKTYDPY:

P11,11 P11,12 | P11,21 P11,22
12,11 12,12 12,21 12,22
P12,11  P12.12 | P12.21 P12, (2.17)
P21,11  P21,12 | P21,21  P21,22
P22,11  P22,12 | P22,21 P22,22

pAB =

B Takom CJIy4dae, B3dTUE 9aCTUIHOI'O CJIiea OTBEYAET ITOIIPOCTY B3ATHUIO CJIEa B KazKJI0OM OJI0KeE:

Tr P11,11  P11,12 Tr P11,21  P11,22

N P12,21  P12,12 P12,21  P12,22
TTBPAB = ’ ’ ’ ’ (218)

Tr pP21,11  P21,12 Tr pP21,21  P21,22

P22,11  P22,12 P22,21  P22,22

2.4.2 IIpumepsnt
Ilpumep 1. «IIIP»

JasaiiTe Tenepb paccCMOTPUM JBa CIUHA-1/2 (win ro0ble qpyrue [BYXypOBHEBBIE cucTeMbl), A 1 B, KOTOpBIE «IIPUTOTOBJIEHBI»
B «IIIP»-cocrosnumn:

1
V2

ITycrs mpu sToM cy/ipba cimHa B HaM HEM3BECTHA (M MAJIO MHTEPECYeT) — IIYCTh MBI MOYKEM IPOBOUTH U3MEPEHUST TOIBKO
uag ciuaom A. Marpuna miorsoctu Beeil cucrembl AB umeer B 6asuce {|11), 1)), [41), {4} } caemyomuii Bum:

lYag) = —= (ITalp) + LaTh))- (2.19)

0000

L ~1fo 110

pap =l¥as) Wasl=5 o 1 1 | (2.20)
0000

Temepb BO3BMEM CJI€T TIO CTEIEHSIM CBODOBI CITMHA B, TMpeICcTaBUB MATPHUILy B BUIE OJOUHON MATPHUILI 2 X 2 U B3B CJIEIBI
B KazKJ0M OJIOKe:

. 1/1 0 1.

IIpumep 2. «Hockm»

[TpeamnonoKum, 9To HaIla AByXyPOBHEBAs CHCTEMA — 3TO HOCOK, KOTOPBIH MOXKeT ObITh 6o JjieBbiM (|1)), 6o npasbim (||)).
ITycTb MBI € 32aKPBITHIMHA IVIA3aMH JIOCTaéM [apy HOCKOB U3 KOMO/IA; IEPBbI OCTaBIsieM B PyKaX, & BTOPOIi OTIIPaBJIsieM B KAuecTBe
CYBEHHpa HAallleMy JIPDYIy, KOTODBIHl »KUBET, cKaxkeM, Tje-To B paiione a-IlenraBpa. Takas cucreMa OIUCHLIBAETCS CJIeyIOIEit
MaTpHUIei MIOTHOCTH:

R 1 . . 1
pap = 5(Br +Pyp) =5 (2.22)

OO OO
o o= O
o= o o
o O OO
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B nporusosec IIIP, sra cucrema cyry6o kiaccudeckast. 11 Tor akr, 9To €€ MaTpuna mI0THOCTA OTIIMIAETCS OT ITPEJIbI LY IIEi,
9TO MOJTBEPIKIAeT — 3HAUUT, CYIIECTBYIOT HAOIOIaeMble, KOTOPbIE MOTYT OTJIUIUTE OJIMH KCIIEPUMEHT OT jipyroro. Ho Moxket Jjin
OTJINYUTH KJIACCUYECKUI HOCOK OT KBAHTOBOIO Haml JApyr? Ha 3ToT BOIpOC MOXKHO OTBETUTD, B3IJISHYB Ha €0 PelyIIMPOBAHHYIO
MaTPHUILYy IJIOTHOCTHU:

1/1 0 1.
A:TI‘B AB — = =—I 2.23
p p 2\0 1) 72 (2.23)
Marpuna miorHocTd (& 3HAYMUT, U Bee HAOJIOZAaeMble) TOXKIECTBEHHO COBIAJAeT ¢ Marpuneil mioraoctu g IIIP! 3uaanr, nu
s, HA MOt JIpyT, IPUHINIHAILHO HE CMOTYT OTBETHUTD, ¢ KBAHTOBOW CHCTEMOM OHU PabOTAIOT, M KJIACCUIECKO.

Ho ecim MBI 062 OTTIDABUM CBOM PE3YJILTATHI TPETHEMY HAGIIONATEIIO (UTO SKBUBAJIEHTHO H3MEPEHNIO KAKONH-TO HABITIOIAaeMOIt,
KOTOpAasl OTHOCHUTCsI K OGENM CHCTEMaM Cpasy) — TO OH y¥Ke CMOYKET OTJIHYATH OJHO OT JPYTOro.

2.5 JInHamMuka

C reveHreM BpeMeHN MaTPUIlA IJIOTHOCTU KAK-TO IBOJIOIUOHUDYET f = H(t). DTy 9BOIIONMIO MOXKHO 3anucaTh B hopMe ypas-
HEHUST FeﬁseH6epFaﬂ

f’<m<t)q

ot

90 = 3 (0} o )] = 057 = 5 [0 o o)+ i)

mn

= 3 [ 100} pum (O] = 10() pr (m(8)| ] = [, 5()] = % = oA | 220

mn

[Tose3HO OTMETUTD CBS3b TOTO YPABHEHUS € TePMOAUHAMHUKON. OYeBUIHO, ITO TEPMOIUHAMIYIECKAT MATPHUIA IJIOTHOCTH
p = %e*BH SABJISIETCs] CTAIMOHAPHBIM PEIeHNeM 3TOr0 yPaBHEHH:A. DoJiee TOTrO, TAKOBBIM SIBJISETCS ITPOM3BOJIBHAST MATPHUIA

wiotHoctn Buga p = f(H). HakoHern, MOXKHO MOHTH JaJbllle M OTMETUTH, YTO CTAIMOHADHBIM OYJIET TaKKe MPOU3BOJIBHOE
pererne Buga p = f(H,Oq,...,04), rae {O;} — HaGODP COXPAHSIIONUXCS BEJIXINH.

3O6paTnTe BHUMaHHE: B [IPECTaBJICHUN Fei/’l3eH6epI‘a, IBOJIIOIIN A OOBIKHOBEHHBIX OIIepaTopOB IIPOUCXOAUT COTJIACHO YPABHEHUIO C IIPOTUBOIIOJIO?KHBIM

3HAKOM: agit) = %[H,O(t)]‘




I'maBa 3

O 1HOMEpHOE JIBIKEeHUE

3.1 DBazoBble cBoiicTBa HeIIPepPbIBHBIX CcTeleHeil CBOOOIbI

o cux mop MblI 06CYK QMM CUCTEMBI C JIMCKPETHBIME CTEIeHsSIMEI CBOGOJIBI (CIMHBL, KyOuThl). Ternepb Mbl IepeiiIEM K OIMCAHIIO
CHCTEM C HEeIIPEPBIBHLIMA CTENEHAMHI CBOOOIBI — K IPUMEpPY, KOOPJAMHATHI HJIM UMITY/ILChI YACTHIL. B TaKOM CIydae COOTHOIIEHHUS,
HAIMCAHHBIE PAHEE JJIs JUCKPETHOTO CIEKTPa, HEOOXOIMMO MOIU(DUINPOBATD.

IlycTh ecTb MpPOM3BOJIbHAS HAGMIONAEMAsl [, CIEKTp KOTOPOH f |fo) = folfo) menpepbiBen. CocrosiHusi, COOTBETCTBYIOIIIE
PA3JIMIHBIM COOCTBEHHBIM YHUC/IAM, HO-IPEKHEMY OPTOrOHAJLHBI; HO PA3/IMYHe ¢ JUCKPETHBIM CIIEKTPOM COCTOUT B TOM, 9TO
CaMHU COCTOSIHUsI — HEHOPMUPYeMbl, TO ecTh uHTerpad (fo|fo) = co. CooTHOIIEeHnE OPTOrOHAIBLHOCTH KOPPEKTHO 3aIUCHIBAETCS
C MCIIOJIb30BaHMEM HEIPEPBIBHOIO aHaJjora cuMBoJia Kponekepa — jenbra-pyHKIyn:

(FIf"y =e(H)o(f = 1) (3.1)
BBI60pOM KOHCTAHTHOIO MHOXKHMTEJIsI JIJIsi BEKTOPOB |f) MBI MOXKeM c¢ziesiaTh BenuuuHy ¢ f) mpou3BOSBHON (3TO COOTBETCTBYET
pas3JIMYHBIM HOPMHMPOBKaM). B ominune OT JUCKPETHOrO CIEKTDA, KOIJIa HOPMUPOBKa «Ha exununy» (f|f) = 1 sBuasercs

O0IIENPUHATON U yIOOHOH, B CIydae ¢ KOHTUHYYMOM B PA3JIMYHBIX IIPUJIOKEHUX YIO0OHBI PA3IMIHbIE BLIOOPHI Besudndbl ¢ f).
Takoe cooTHOIIIEHNE OPTOTOHAJIBHOCTH TPUBOIUAT K MOAUMDUKAIINN COOTHOIIEHUS TIOJHOTHI. HecioxKHo yoeauThes, 9T0 KOPPEKT-
HO€e pazJIoyKeHUe €JIMHUIBI IIPU IIPOU3BOJIbHON! HOPMUPOBKE UMeEET CJIeTyIONInit BI/I)_'E

i [ Y
i- [yl (3:2)

BeposiTHOCTH pA3/IMYHBIX HUCXOOB M3MEPEHHUs, KAK M B JUCKPETHOM CJIydae, TOXKE JAIOTCH YCPEIHEHUEM ITPOEKIIMOHHBIX
orieparopoB. Tak, IPOEKTOp Ha IIOAIPOCTPAHCTBO, COOTBETCTBYIONIee 3HaueHusaM f € [f1, fa], Aaéres cieayionmmM BoIpaXKeHUEM:

. fa df
Bhr<i= [ LIl (33)
f1 c(f)
Vepeasis 9T0 BhIpazKeHUe [0 IPOU3BOJILHON BOJHOBOI (DyHKIUY [1)), Olipeiesisisd BOJTHOBYIO (DYHKIIHIO B f-IIPEeICTABJICHIN
kak (f|) =¥(f) , a Takke Gepsa 0Tpe30K [f1, f2] MHOUHUTEINMATBHBIM, MBI 3AKJIFOYAEM, UTO BEJTUMINHA

p(f) = @WIF) (fle) [e(f) = [0 ()P /e(f) (3-4)

JIaéT MJIOTHOCTD BEPOSATHOCTH OOHADY>KUTH BEJIMYMHY f B OKpecTHOCTH 3HadeHus f. OOpaTuTe BHUMAHME, €CIM MBI HepeiaéM K
npyroit Hopmuposke (apyroit dyukimu ¢(f)), To HaM HeoGxomMMO OyeT Takxke 3aMeHuTh u Besuwuuny ¥ (f) = (f|Y) — Tak uTo
Besmunna p(f) ocTaneTcda MHBApUAHTHON. YITO M CJIEOBAIO OXKHUJATE, TIOCKOJILKY OHA HAOJIOaeMA.

3.2 KoopamHaTbl, TPAHCJIAIANA U UMITYJIHC

Jasbiiie MbI Oy/1eM B OCHOBHOM 00CY2K1aTh KBAHTOBYIO MEXAHUKY OJTHOMEPHBIX YaCTHIl, 1 Oy1eM paboTaTh ¢ KOOPINHATHBIM IIPeJI-
CcTaBJIeHuEM. DTO O3HAYAET, YTO B KadecTBe oneparopa f Mbl OyieM Oparsb orneparop KoopauHaThl &. CTaHgapTHas HOPMUPOBKA
€ro COOCTBEHHBIX COCTOSTHUIT — CJIEIYIOIIAsL:

I Nyist sTOTO TIpeTaraeTCst PACIUCATD CIIeIYIOHAil MATPIIHBI IeMEHT: (fII|f’), nm BOCIIONIB30BATBCS COOTHOMIEHUSIME OPTOTOHAJIBHOCTH

20
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(x|a'y = §(x — 2') (3.5)

B coorBercTBHE C BBIIECKA3AHHBIM, 9TO O3HAYAET, YTO BOJHOBYIO (DYHKIMIO MbI OymeMm obosHauarh 3a (z) = (z|y), a
pesimunna |1)(z)|? Gyjer gaBaTh IJIOTHOCTb BEPOSATHOCTU OOHAPYKUThL YACTHILY B TOUKE .

Jljist Toro, 4Tobbl ONPEIEJIUTD OIIEPATOP UMILYJIbCA, II0JIE3HO ClepBa OOCYUTh OMEPATOP KOHEYHBIX TPAHCALUN (mepe-
HOCOB, caBrzkeK ). OH OlLpesessaeTcs CJepLyomuM 06pa3oM:

) = - .
T |z) = |z — a) (3.6)
HeciioxkH0 BujieTsb, 4T0 OH 00J1a/1a€T TPYIIIOBBIM CBoﬁCTBONﬂ

o o S (37)

OmpesiesiuM Tak»Ke, KAk OH JIEHCTBYeT HA BOJHOBBIE (DYHKIIMN B KOOPIUHATHOM IPEICTABICHUN:

Top(@) = (@|Tal0) = (Tiale) = (@ +al) = (@ +a) (3.8)

def.

I/ICHOJIb3yH Ppa3J/I02KeHne B pAd Tefmopa, MBI MOXKEM TaKKe IIPpeJOCTaBUTh SIBHBII BHJI 9TOI'0 OoIlepaTopa:

00 n
. 1 1 0 o - o
— I 2 1 2 2
Tap(w) = Yo +0) = ¥(@) + a0/ (@) + 3020 @) + o= |3 (o) | o) = e Bo@) = [ To= e | (39)
n=0
Kak s10 BCé cBsizaHO ¢ omeparopoM mMmiryjbca? Ilpoie Bcero mocjenuuii omnpejesisiercst yepes Teopemy Hérep: mmirysibc —
(1)1/13I/IquKaH BeJINYMHaA, COXpaHCHUE KOTOpOIU/I COOTBETCTBYET TpaHCHHHHOHHOﬁ CUMMETPpUU CUCTEMBI. MaTelVIaTI/ILIeCKI/I 9TO 3allu-

CBIBAETCs C UCIIOJIb30BaHmeM (hopMain3Ma 3aMeHbl Oa3uca U3 yIPaKHEHUN K I€PBOMY CEMUHAPY:

T.HT! =H < [H,T,] =0 (3.10)

910 yciaoBue JOJIZKHO BBIIIOJIHATCHA JIJIgd IPOU3BOJIBHOI'O 3HAYCHUA @, 9TO IKBUBAJICHTHO €I'O BBIIIOJIHEHUIO JIJIsA I/IH@I/IHI/ITGSI/I—

MAaJILHOIO @ — YTO O3HAYaeT, 410 [H, %] = 0. OrMerum, 9TO OMEPATOP MPOU3BOIHON AHTUIPMUTOB:

0 0 0 0 aN' o
* * [e’e] *
x| = [v) = [ dex™ () =—v(z) = x* (2)v(z)| " — | de—x"(2)Y(zx) = —( —x|v ) = =—— 3.11
(N 5 14} ()5 0(@) = X @@~ [ @@ == (ooxlv) = (5o ) === (1)
JomuoxkuB ero Ha =4, Mbl IOJLyYUM 3PMHUTOB OIIEPATODP, KOTOPbIi KOMMYTHDPYeT ¢ IaMUJIBTOHUAHOM (4YTO, KaK U3BECTHO, B
KBAHTOBOIl MEXaHHMKe COOTBETCTBYET 3aKOHY COXPAHEHUs) TOJBKO €CJU CHCTeMa O0JIa/IaeT TPAHCIIAIMOHHON HHBADUAHTHOCTHIO
— BHAYUT, 3TO OIepaTop UMIIyJbca. OBImenpuHATOe 0003HAUYEHUE CIIeIYIONIEe:

P(a) = —ih= & [&,5] = ih (3.12)

3ameyaHue (Teopus rpyrm)

COBOKYITHOCTH BCEX TPAHCJISIIHI Ta peJicTaBsgeT coboil epynny Jlu cuMMeTpuii TaHHON 3a1a4u; a JefiCTBUE STUX OIEPATOPOB
B H npepcraBisier coboit npedcmagaerue To rpynibl. V3 Hajmaus TaAKOW HEMPEPBIBHOW CUMMETPUU CJIEJYET, 9TO 2eHEPAIMOPbL
9T0# rpynnsl JIu OymayT npeacTaBiasTh co00il (pu3MUecKre COXPAHSIONNECs BEJIMYUHbL. JTO — 00Iee yTBEPXKIeHHe, KOTOPoe B
JaJIbHENIIEM [I03BOJINT HaM BBIBECTH TaK2Ke M OIIEPATOPHI OPOUTAJIBHOIO MOMEHTA, KOTOPhIEe CBA3AHBI C IPYNIOil JIun TpéxMepHBIX
ppamienuit SO(3).

2ToBopsAT, STOT HAGOP ONEPATOPOB PEAH3yeT NPE/ICTABIEHIE COOTBETCTBYIONeil TPYIbI JIM — HEMPEPBIBHON TPYIIIBI TPAHCIAIMAN OHOMEPHOTO
nmpocrpascTBa ~ R
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NMmnynbcHOe nipeacraBieHue u npeobpa3oBanue Pypbe

CHeKTp orreparopa UMITyJibCa, KaK U KOOPJAWHATBI, HEIIPEPbIBEH. OHpe,[LeJII/IM COOCTBEHHBIE COCTOSIHUSI orrepaTopa HUMITyJIbCa B
KOOPpAWHATHOM IIDEJCTaBJICHUN:

5lpo) = po o) & ~in 22 b () = () = (alpo) = e (313)

9T0 — IJIOCKUWE BOJIHBI, BOJIHBI Jjie Bpoitis. OnpejiesimM HOPMAPOBKY ITHUX COCTOﬂHHFﬂ

') = [ do o) alp') = [ do- e 0~ 2ns(p - i)+ = [ 2B o (314)

Hakownerr, MoxKHO BbIICATH IBHO (DOPMYJIBI TIEPEXO/IA OT KOOPAMHATHOIO IIPECTABICHNS K UMILYJIbCHOMY U OOPaTHO:

(pl) = [ da (plx) (z[v) = [ dwe™ =/ My (x)
Y(x) = (zv) = [(dp) <xlp> (plv) = [(dp)eP*/"p(p)’

Hecnoxmo Bumersb, 4T0 3T (POPMYJIBI TIOTIPOCTY peann3yioT cTanmapTHoe mpeobpazoBanue Oypoe.

=
=
n

(dp) = 5— (3.15)

3.3 OO0mmme cBoiicTBa CBA3aHHBIX COCTOsSIHUII oJfHOMepHOro ypaBHenus IIIpéama-
repa

HOCTpoeHI/Ie KBaHTOMEXaHHNYICCKOI'O OIIMCaHUA JIBHU>KCHUA KJIaCCUYECKOM CUCTEMBI CBO/IUTCA K 3aMEHE B KJIacCU4IecKOit ¢)yHKH,I/H/I
FaMHHbTOHa E[(.Z'7 p) 3Ha9YCeHUA KOOPDJIUHAT U UMITYJIbCa Ha COOTBETCTBYIONINE UM OHepaTOpbﬂ ﬂaﬂbme MBI 6y;[‘eM paccMaTpuBaThb
3aza9u 00 OJHOM KBaHTOBOI YacTule, ABmxKyleiica B norennuaie U(x); FaMuabronuan Takoi cucTeMbl JAETCs BbIPAYKEHUEM:
2
g-2 4 U(z) (3.16)
2m

MbI Gy/leM HHTepEecOBATHCS CTAIMOHAPHBIMU COCTOSTHUSIMU — COGCTBEHHBIME COCTOSHISIMU ONepaTopa sneprun H [v) =
E |¢). B obmmem ciayuae, criekTp ['aMUJIBTOHHAHA MOYKET BKJIIOUATH B Ce0sl KAK JUCKPETHBIN CIIEKTP CBSI3aHHBIX COCTOSIHUH, Tak
U HEIPEPBIBHBIIN CIIEKTP OErymmx BOJIH.

CBsa3aHHBIE COCTOSIHUSI COCTOSIHUS XapaKTepI/ISyIOTCH TeM, YTO JIIsi HUX BOJIHOBas (DYHKIIAS HA OOJIBIINX PACCTOSHUIX
JIOCTATOIHO GBICTPO criajaer, a uarerpad (Y|y) = [ dxly(x 2 cxomurest. Hecto2KHO BIIETD, UTO MOHSATHE «CBSI3AHHOE COCTOSIHIES
U «COCTOSIHME JUCKPETHOT'O CIIEKTPa» COBIIAIAIOT. CBOI/ICTBa COCTOSTHUII HEIPEPBIBHOTO CIIEKTPA ITOW 3a7adu MbI OOCYJMM Ha
CJIEJIYIONIEM CEeMUHAPE, a MOKa C(POKYCHPYEMCs Ha CBSI3AHHBIX COCTOSHUSIX.

Paccemorpum st Hadaa Kakoii-TO JIOKAJIM30BAHHBIN [MOTEHITUAJ, KOTOPBIN JOCTATOYHO OBICTPO CIIaJaeT Ha OECKOHEYHOCTH:
U(x — £o00) — 0. Torga B ypasuenuu IIpénunrepa B KOOPAUHATHOM IPEICTABICHUA MOXKHO IPUOIMKEHHO BLIOPOCUTD WIEH C
[IOTEHITNAJIBHON SHEPrueil; MOJIyIUTCs CJIEIyIOIlee YPABHEHNE U €r0 PelleHue:

h? P(x) = Cre™*® 4 Che™ % E = h%k?/2m > 0

— " =F = , — =+ 3.17
V@) V(@) P(x) = Cle™® + Che ™",  E=—h?k%/2m <0 v > (3:17)

2m

HermpepnIBHBIN CLIEKTD B TAKOM BHUJIE COOTBETCTBYET [TOJIOXKUTEILHON SHEPIUH, & CBSI3AHHBIE COCTOSIHUS — OTPUIATEIbHBIM. Bostee
TOrO, pU & — +00, KoHcTaHTa (] MO/KHA TOXKIECTBEHHO 3aHYJIATHCS, & IMPU & — —OO JIOJKHA 3aHYJATbCsT KoHcTaHTa Ch.
OTU JBa YCJIOBHUS OKA3BIBAETCS BO3MOXKHBIM BBIIIOJIHUTH TOJIBKO JJIsl JIMCKPETHOIO HabOpa SHEPIHil, KOTOPbIE W JAIOT CIIEKTP
CBA3aHHBIX COCTOSHUMN.

OrmeTnM ermié HECKOIBbKO CBOMCTB PEIeHui:

e CocTosiHUsT TUCKPETHOrO CIEKTPa OTHOMEPHON 3a1a4uu HeBprO}K,ILeHbﬂ

e IIx Bceryia MOXKHO BbIOpaTh BellecTBeHHbIMH. JleficTBUTEIBHO, ecim t(x) — pellleHne, TO JErkKO BHIETb, 4To u ™ (x)
YZOBJIETBOPSIET TOMY YK€ YPABHEHUIO, & 3HAauuT — 1o Juneiinoctu — u Rey = (¢ + ¢*) /2, u Imy) = (¢ — ¢*)/2i.

3Hamucannast TyT HOPMUPOBKA HECKOJIBKO yyiobHee HopMupoBkH (p|p’) = §(p — p’), mOTOMY 9TO B MOCJIE/IHEH COCTOSHUS BBIIVISIAT MEHee KPACHBO:
(alp) = ePe/h /2

4Boobime rosops, ecin Kiaccudeckast byHKIms [aMIIBTOHA COAEPYKHT IEHbI BUA TP, TO COOTBETCTBYIOIHIT OMIEPATOP &P HE SBJISETCS SPMATOBBIM.
PenenT B TakoMm cirydyae CBOJAUTCSH K IIPOIEyPE CUMMETPU3AINYI; HAIIPUMED, KOMOUHAIUSA %(iﬁ + p&) y»Ke ABIAETCS SPMUTOBOIA.

5 [TokazaTeabCcTBO 5TOrO yTBepsKIeHne npuseaero B LL3



I'JIABA 3. O/JIHOMEPHOE /IBU>KEHUE 23

e BoumoBas dyukius n-roro Bo30yKIEHHOIO COCTOSHUS COAEPKUT POBHO 1 y3J0B (Hyseii BosiHoBOI dyukimn). Tax, Ha-
IpuMep, OCHOBHOE COCTOSTHHE Y3JI0B BOBCE HE COJIEPIKUT.

Tocite/Hee yTBEpK ICHIE HOCHT HA3BAHIE OCIMJLTIATOPHON TeopeMbl’} Ero MokHO IPOCTO MPOM/IIOCTPUPOBATE JIs 3a,1aMH
0 siMe ¢ BECKOHEYHBIMI CT€HKAMH, IJIe BOJIHOBbIE (DYHKIMA — CTOsiIMe BOJIHBL. JlJist TOrO, YTOOBI HOHSATH, II0YEMY OHA BBIIIOJIHSI-
eTcst B 00IIeM cirydae, IOJIE3HO IOyMaTh O TOM, KaK MEHseTCs HoBejieHne perienus ypaprenusi IlIpeannarepa ¢ npaBuibHBIME
(3aTyXa10mmMn) TPAHIIHBIME YCJIOBUSIMH HA —OO [IPU YBEJINYICHUN TapaMerpa F, HaunHasa ¢ GOJIbINX OTHIATEIbHBIX 3HATCHUH
(cM. puc).

20000 F
100
15000 | — €=-23
€=-22 o
e=-2.1
— E==-2 7_Q
— — €=-19 B
— €=-1.8
— e=-17

-100

(a) IloBenenue BOIHOBOH (PYHKIHMH LU Pa3IMYHBIX dHeprusx. Bumuo, uro (b) «Xapakrepucrudeckas dynkuus» C|(z — +00) Kak OyHK-
€ =

-2 COOTBETCTBYET CBA3AHHOMY COCTOAHWIO U SHEPrun. BI/I,E(HO HaJIUYNe CBA3aHHBIX COCTOSHUUN IIpu € =
—2.0u e =—0.5.
Puc. 3.1: Yucnennsiit ananuz ypasuenus: [1Ipéaunrepa —%1// "(x) — ﬁzﬂ(m) = eyp(x) meTomom crpenbol. Jderanu cMm. B daiire

Mathematica

3.4 3agada 0 MeJKoOii siMme

3.4.1 MaciuTabbr

PaccMoTprM IpoU3BOJIbHBI JIOKAIM30BaHHbIHA TIoTeHImal U (z) — My, KOTopas MOXKeT ObITh OXapaKTePU30BaH JIBYMsI MACULMA-
6amu: raybunoii Uy u mupunoii a. O6cyquM criepBa HEKOTOPbIE 00IIHEe CBOMCTBA CBA3AHHBIX COCTOSTHUI B TaKoi siMe (IpejmoJia-
ras, 4TO OHU UMEIOTCst ). JjIsi KOHKPETHOCTH, MOYKHO I'OBOPUTH 00 OCHOBHOM COCTOSIHUYL.

[TepBoe, 94TO MPUXOIUT B TOJIOBY — 3TO TO, YTO YACTHUIIA, HAXOJSICh B CBSI3AHHOM COCTOSIHUU, HAXOIUTCS DOJIBIIEN 9acThiO B siMe
u MacmTab IPOCTPAHCTBEHHOIO U3MEHEHUsI €6 BOJHOBON (hyHKIuM Tak:ke paBeH a (Kak 3TO ObLIO, CKayKeM, B gMe ¢ 6ECKOHEYHO
BBICOKMMU CTEHKaMu). B 9TOM cjIydae U3 COOTHOIIEHUs HEOIPEIEJIEHHOCTEH CJIEAYeT, YTO TUIMIHOE 3HAYEHUE €6 UMILYJIhCa —
910 p ~ Ai/a, U TUOUYHOE 3HAYEHHE KUHETUIECKOI SHEPIuH, CBA3AHHON POCTO ¢ NPOCTPAHCTBEHHON JIOKAJM3AIell YacTUuIlbl B

sIMe, PaBHO <T> ~ h?/ma?. 910 — Bropoii (mommmo Upy) BasKHBIH SHEPreTHIECKUi MacITab, XapaKTepU3yIOMuil 000 AMYy.
Ocobbiit mHTEpec mpeJcTaBIgeT mpeje, cooTsercTyiomuit Uy < h?/ma? — HasbiBaeMblii MeJIKOM ﬂMOI‘/’]ﬂ Ecau Bbime

BBICKA3aHHOE IIPEJIIIOJIOXKEHNE BEPHO, TO IIOJIHAsI SHEprusi JacTullbl F = <U > + <T> ~ —Uy + h?/ma? > 0 u gactuma mpocTo

«BBUIETUT» W3 MBI B COCTOSHUS HEIPEPBIBHOIO ClieKTpa. EnMHCTBEHHOE pa3pelreHne Moy 9€HHOrO TapagoKca — 9TO MPEIIo-

JIOXKUTh, 9TO THUOMYHBIA MaciTab BOJHOBOM (DYHKIMU CBSI3aHHOIO COCTOSIHUSI B MeJIKOil sive [ >> a (Tak, 4ToObl BBIIOJIHSIIOCH
BO BCAKOM CJTydae HecTporoe HepasencTso Uy = h%/mi?). Ho 310 o3Hadaer, uT0 6OJIbINAst 9acTh BOJHOBOH (DYHKIME YaCTUITHI

~

pacIioyiaraeTcst 86He ﬂMbﬂ B Takom cityuae, macmrab | BosiHOBOI yHKIUU onpenesisiercst ypaaenueM 1IIpénunrepa BHe siMBl,
rjie, Kak ObLIO CKA3aHO BbIIIE, BOJHOBasI (DYHKIMs IKCIOHEHIIUAIBHO 3aTyXaeT () ~ e "l u k = 17! menocpencrBenno cBs3amN

GAHaJIOI‘I/I‘{HOFO YTBEPXKACHUA JIdd IIPOCTPaHCTBa HpOH3BOJIbHOI>i Pa3MEepPHOCTHU HET, ITIOCKOJIBKY BOJIHOBad (byHKLU/IH MOXKET 3aHYJ/IATbCA HE TOJIBKO B
TOYKaX, HO U Ha KAKHX-TO ITOBEPXHOCTsIX. TeM He MeHee, B OCHOBHOM COCTOSIHMU BOJIHOBasi (pYHKIUsI HE 3aHYJISETCs B JIIOOOH Pa3sMepHOCTH.

7130 I/I36e)KaHI/Ie HeﬂOpaSyMeHHﬁ OTMETHUM, YTO MEJIKOCTH fAMBI HE O3HadaeT 6yKBa.IIbHO MaJIOCTh I‘J'Iy6I/IHbI AMBI — KPUTEPUIO MEJIKOCTU MOXKHO
VZOBJIETBOPUTDH TaKKe yMeHbINas a. Mejkas sMa MOKET ObITh CKOJIb YTOIHO ITyOOKO#, HO y3KOH

8B nporusonookHOM Tpesieste riy6okoit ambl mUpa? /l 3> 1 3To mpe/onoxKenue, B efiCTBUTEILHOCTH, TOKe He paboTaeT — Hallle BCero OCHOBHOE
cocrosinue umeer macirab | < a. Jjs JOCTaTOYHO INIAJAKOro MoTeHImana (siMa ¢ GECKOHEUHBIMU CTEHKAMU He HOAXOAUT) OCHOBHOE COCTOsiHME OyJer
PACIIOJIOXKEHO BOJIM3H MUHHMYyMa IOTEHIHasa, rae padoraer pasdsnoxkenue U(x) = Umin + %U "(@min) * (€ — Tmin)? + . ... OrPAHUYUBIIUCH TIEPBLIME
JBYMS YJI€HaMU, MbI CBEJU 33Ja4y K FapMOHHYECKOMY OCIUJLISATOPY, MaciiTad CBS3aHHOI'O COCTOSIHUsSI B KOTOPOM paBeH [ ~ h1/2/(U”m)1/4 ~a-
(h2/ Uoma2)1/ 4 < a, rae cnenana pasmepnast ouenka U’ ~ Up/a?. KonedHo, Takoll penent He MOJXOJUT Ha BCE CIydYal >KU3HU — BCErjia CJeyeT
KOHTPOJIMPOBATH 3aKOHHOCTD IPUOIUKEHUS MUHIMYMa FaPMOHUYECKUM OCIMJUIATOPOM U BJIMSHUE CJIEYIOMINUX YICHOB PA3JIOXKEHUS.



I'JIABA 3. O/JIHOMEPHOE /IBU>KEHUE 24

¢ ameprueil ceazanHoro cocrosaus |E| = h?k? /2m. [lomy4uentoe cOOTHONTERIE MACIITA00B BOJTHOBON (DYHKINN U sIMBI B IefCTBH-
TeJILHOCTH O3HAYAET, YTO BHYTPU MBI BOJIHOBas (DYHKIMs PAKTHIECKH He MEHSETCsS — a 3HAYUT, CBI3aHHOE COCTOAHME (ecsin
OHO UMeeTCsi!) HEUYyBCTBUTEJIBHO K JeTajisiM IIOTeHImaxa. VIMEHHO 9TO 06CTOSITEIbCTBO MO3BOJISET OCTPOUTH YHUBEPCAIBHOE
pelreHne 337129 O MEJIKUX dMax.

Crour o6paTurh OTIEIbLHOE BHUMaHKE Ha TOT (akt, u4ro genabra-ama U(r) = —ud(z), He cMOTps Ha KaxKyNIyIoCd HapaJioK-
CaJIbHOCTD, SIBJISETCA MEJIKOH siMoii. /leficTBUTEBHO, €CaIM TPOMOIETNPOBATD AeIbTa~(PYHKITHIO TPAMOYTOJIBHON MO TTyOMHOM
Uy v mupuHOii a, ¥ HA9aTh yMeHbIIaTh ¢ — 0, COXpaHssl MOCTOSHHBIM Tpou3BeaeHne Upa = u = const (Kaccuaeckoe onpejie-
JieHue JIeTbTa~-QPYHKIMN ), TO KPUTEPHUH MAJIOCTH sIMBI, Uyma? / h? = uma/h < 1, 6yeT BBITOIHIATHCS BCE JIyUIle W JIy Il

3.4.2 HNwmnynabcHOe IIpeicTaBJIeHNE

Viobuee Bcero pemars 3aJady UMEHHO B UMITYJIbCHOM IpecTaBiennu. Bojee Toro, o6CyKIaTh MbI OyIeM Cpa3y Cirydail mpoms-
BOJIBHOI IIPOCTPaHCTBEHHO# pasmepHocTu d = 1,2, 3. Takke B 9TOM paszjesie MbI OJI0KUM /i = 1.

VIII B uMOyJIbCHOM IIPEACTABJICHUN

Yro6s1 3anmucars ypasHeHue [[IpéuHrepa B MMITYJIBCHOM TIPEJICTABICHAH, HEOOXOAMMO €ro CIIPOEKIINPOBATh Ha Gpa-BeKTop (P,
To ecth pacemorpers (p| H |¢p) = E (p|¢). Kunernueckas sHEprusi B TAKOM CJIydae 3allUIIETCs] TPUBUAIBHO — 3TOT ONEPaTOp

duazonaner B UMITYJIbCHOM IIDEJICTaBJICHUN:
2

(p| % ) = ;Lm (p) (3.18)

TloTennnanbHas SHEPTUS HE SIBJISETCS TUATOHAJIBLHBIM OIIEPATOPOM; TTOITOMY HAM IIPUTOIATCSA €€ MaTPUIHBIE JIEMEHTHI B STOM
6asuce. CraH apTHbIA CI0CO0 Epexojia MeXK/ly IIPeJICTaB/JIeHUsIMUA — BCTABJIEHIE «PAa3JIOXKEHUsI €JIMHUIL> 110 OA3UCY, B KOTOPOM
MbI 3HAEM KakK JIECTBYeT OIeparop, B JaHHOM CIydae — B KOOPJMHATHOM Oa3uce:

| U@) 1p') = (p| U(#) / de |z) (x| |p') = / deU(z) (p|z) (xlp) = / deU ()e " PP)T = Uy, (3.19)

i
n3 49ero Mbl 3aKJ/JII09a€M, 9TO 3TU MAaTPpUYHbBIE 3JIEMEHTBI TO2KAECTBEHHO COBIIaJal0T C Hp€O6pa3OBaHI/IeIVI CDypbe OT IIOoTeHIxaJIa.
B rakom CJIy4dae, HOTCHIINaJIbHaA JHEPTUIA 3allCbIBACTCA B UMITYJIbCHOM NPEACTAaBJICHUU B CJICYIONIEM BUJIE:

BlU@)9) = (p|U(@) [ @) 15) (010 = [ (a9 Up i) (3.20)
—_—
i
rae BBedeno yaobmoe obosmauenue (dp) = dip/(2m)?. Ilomydenuslii 06HEKT HAZLIBACTCA CBEPTKOM ABYX (DyHKIIHIl Takum
obpaszoM, ypasuenne [IIpénunrepa B UMITYJILCHOM IPEICTABICHUN 3alliChIBAETCS B CJIeAyIoneM BUe:
p2 / / _
o @)+ [(dp )b () Up-p = E(p) (3.21)

Bwmecro nuddepeninanipHoro ypaBHeHus, KOTOPBIM siBjisieTcs ypaBuenue IIIpéauarepa B KOOpAMHATHOM [IPEJICTABICHUH, MBI TI0-
JIyIWJIN WHTErpajIbHOe ypaBHeHue. TeM He MeHee, 3TO ypaBHEHNE MHOI/Ia OKA3BIBAETCS PEIIaTh IIPOIE — U MeJIKAs SMa sBJISeTCs
OJJHAM U3 KJIIOYEBBIX TOMY IIPHUMEPOB.

Menkas ssma B NMIIYJIbCHOM IIpeacTaBJIeHUN

W3 obmux paccyXaeHnit Mbl TIOHUMAEM, U9TO MAaCIITad BOJHOBON (DYHKIIMU B KOOPAMHATHOM IIPEICTaBICHUU — OOJIBIION Mac-
mTab £~ ! 3> a — 9TO W3 COOTHOMIEHNsT HEONPEIEIEHHOCTEH 03HAYACT, YTO B MMITYJILCHOM IIPE/ICTABICHIN, HAIIPOTUB, BOJIHOBAS
dyukIms Y (p) siBiIsiercs JTOKaJIU30BaHHON BO/MU3M Hysst Ha MajoM Macmrabe ~ k. C apyroit croponsl, macmrab U(x) — 310
a < k™' B cBOIO OUepe/Th, MACIITAO Up—p' — 3T0 607IBINOHN MacIITab a~!. Braromapst GoJIbIoi pa3HMIE B MACIITA0aX, B CBEPTKE
J(dp")¥(p)Up—p ocHOBHOI BKIan B maTerpan npuxomur ¢ |p'| < k, Ha KotopoM dyrKnus Up_p MeHSETCS C1ab0o — HOITOMY

9 Tanuas apryMeHTaIus paboTaeT JIMIIb [l OJHOMEPHOTO JIBIKeHus. B asyMepuu jyis avbl U(x) = —ud(€) HaM IPHASTCH COXPAHATD TTOCTOSHHBIM
npoussenenne Upma? = u = const, u3-3a Uero Kpurepuit MajgoCcTu GyleT COOTBETCTBOBATH U <& h/M M B 3TOM CMBIC/TE YJyUIIATHCA C YMEHBITEHHEM
a He Oyner. B Tpéxmepun Ke cuTyalys emg xyxe — JeJbTa-siMa B JIeCTBUTEILHOCTH 6eCKOHeYHO Iiryboka. Kak Mbl yBuaum majiee, (PU3UYECKU STO
OTBEYAET TOMY, UTO B JBYMEPHOI MEJIKOH siMe yPOBEHb SHEPIruu OyLeT 9KCNOHEHUUAAbHO MEJKUM (HO TeM He MeHee, OyJeT BCerja), a B TPEXMEpHOit
MEJIKOM sIMe CBSI3aHHBIX COCTOSIHUI BOOOIIE HE CYIIECTBYET.

10TIpu npeobpaszosanun Pypee npoussegenre hyHKIHI IepexoutT B cBepTKy Pypbe-06pa3oB (1 HAOBOPOT), YUTO MBI 3/1€Ch U HAGJIIONAEM.
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€6 MOXKHO BBIHECTH 32 MHTEIPAJ KaK «MEJICHHYIO OrHOAONLyI0», MOJOXKUB B Hell p' HyaéM. DTO NPUBOIUT HAC K CJIELYIOIIEMY
IPpUOIMKEHHOMY YPABHEHUIO:

2

Zso)+ Uy [ (ap)0(a) = Bop) = vip) = -

— 2 [ i) (3.22)
2m
(oTMeTHM, UTO MOCKOJIBKY MBI UMEEM JeJI0 ¢ sIMOH, To norernua U(x) < 0; 1 MOCKOIBbKY MBI HMEEM JIEJI0 CO CBSI3AHHBIM COCTO-
stuneM, 10 E = —|E| < 0). [lanHOe ypaBHeHne — aJrebpandeckoe, BeJb B IPABOii YaCTU CTOUT WHTErPAJl OT BOJHOBOH (DyHKIMH,
KOTOpBI ABJIsIeTCs KOHCTanToil. Ilocnemnee ympornenne MOXKHO CeJIaTh, 3aMETUB, YTO B IPOU3BEJCHNUU II€PE] MHTETPAJIOM,
onsitb-raku, Up sBsieTcst Meiennoit orubaiomeit, a (|E| + p?/2m)~! — ornocurensho GoicTposaTyxaiomeii dhyHKImeil, mocemy
MO2KHO BooO1ie nosioxkuth p = 0. Hakoner, npounTerpupoBas mosLyduBIieecs ypaBHeHus 10 (dp) U COKpaTHB HA MHTErPAJ OT
BOJIHOBO# (DYHKITMH, MBI TIOJTy9aeM CJIEIYIONIEE YPAGHEHUE CAMOCORAACOBGHUSL — KOTOPOE SIBJISIETCSI YPABHEHUEM HA, JIOIYCTUMBIE

YPOBHU SHEPIUU:
d
p=0] (7p)2 =1 (3.23)
Bl + 5

JanHoe ypaBHeHUE yCTPOeHO ciieayrornuM obpazom. Ilepes nnrerpasiom crout Oyphe-KOMIIOHEHTA IMOTEHITHAIA, KOTOPasd, B MEPY
MEJIKOCTH $IMBI, OXKHJIAeTCS B KAKOM-TO CMBICJIE MAaJIEHbKOM IlosToMy emmMHCTBEHHAsT BO3MOXKHOCTH YJIOBJIETBOPUTH ITOMY
YPABHEHUIO — CJIeJIATh MHTEI'PAJT IIPOIOPIIMOHAIBHO OOJIBITKAM; IIPU STOM €IUHCTBEHHBIN MapaMerp, KOTOPBI MbI MOXKEM MEHSTh
— 910 3Heprus |E|; 1 1o Mepe yMeHbIIeHUsI SHEPIUU, MHTErpaJl yBeaundusaercs. JainbHeilinuii anaaus Mbl GyieM IPOBOIUTH YKe
JJId KOHKPETHOI'O Ccjlydas IIPOCTPaHCTBa Pa3IndHOIl pa3MepHOCTH.

Pa3zmepuocts d = 1

IIpu OykBaJIBHO HYJIEBOIl SHEPIUU, STOT WHTETPAJ PACXOIUTCS CTEIIEHHBIM 00pPa30M Ha MAJIbIX UMILYJIbCAX, U CXOJUTCHA HA OOJIb-
HII/IXIE — I[MO3TOMY OXKUAETCS CTENEHHAsT 3aBUCUMOCTh OT SHeprun. [lombupasi 10CTaTOIHO MAJECHBKYIO SHEPIHIO, MOXKHO TPUATH
K TOMY, 9TO 3HAK PABEHCTBAa OyIeT NMeTh MeCTO. B /1efiCcTBUTEILHOCTH YKe, STOT HHTErPAJI, PA3yMEETCs, CINTAETCS TOTHO:

0o 2
m
_ 1= .24

— 00

Paszmepnocts d = 2

Wurerpan pacxoaurcs jsorapudMUYecKn Ha MaJIbIX W Ha OOJBIINX UMITY/JIbcax. Ha OOMBIUX UMITYIbCaX OYEBUTHBIM 0OPA30M
HHTErpaJl Hy?KHO 00pe3arh Ha MacmTabax ~ 1/a, MOCKOIbKY 3TO ypaBHeHUEe ObLIO BBHIBEJECHO UMEHHO B TAKOM IIPEJIIOJIOKEHAN
(310 MO3BOIMIO HaM 3aMeHUTL Up HA Up—; U MOCKOJILKY HHTErPAJ JOrapudMUUeCKUil, TO OH HEeTyBCTBUTEIEH K 9TOH 0Ope3ke
— OHA MeHsIeT JIUIb KOHCTAHTY IOJ JIorapudMoM), a Ha MaJeHbKAX — MacmraboMm v 2mF; CHHTyJISPHOCTD HA MAJIBIX SHEPTUSIX
OKa3bIBaeTcs caboit, orapudmudeckoit. [loaTomy ITOOBI ¢/1e/1aTh JIEBYIO YACTh MOPSIKA €IUHUAILI, YPOBEHb SHEPTUU HY 0UEHb
Mmasenvrum. IIpucTymum Terepb K HEOCPEICTBEHHOMY BBITUCIEHUIO:

d’p 1 2mpdp 1 L m ~1/a dp m, #
R B ) A 51 B b~ ar ™ malBl (329)
(27)? |E| + £ ™ |E|+ & T ma?|E|

TodHOCTB 9TOr0 BBHIPAXKEHUsI CJICAYIONIAS: YUCIO0 MMepPe] JorapudMOM OIPeIe/IeHO TOYHO, & B CHJIy HETOYHOCTHU IIPU ODpEe3aHuH,
qucso nog sorapudmom (#) nemssecto. s ero HaxoXKIeHUs Hy»KHO pemiaTh ypasuenue IIpénunrepa TOYHO; 9TO YHUCIIO YKe
OlIpe/IeJISIeTCs SIBHBIM BUJOM [OTEHIHAja. 1eM caMbIM, pelllas ypaBHEHHE CAMOCOIVIACOBAHUS, Mbl HOJIydaeM (BOCCTAHABIIABAS
OlATh fi 110 Pa3MEepHOCTH):

-1

K2 2 h?
\E|:#mexp - /U(r)d2r (3.26)

Taxum 06pa3oM, MBI OIPEIE/ININ YPOBEHb SHEPIUN B MEJIKON JBYMEPHOI siMe C SKCIIOHEHITUAJIBHON TOYHOCTHIO; U STOT yPO-

BEHb OKa3bIBAETCs JIEHCTBUTEHHO INCONENYUAALHO METKHM. Benymas acumroruka aéTcst 9TON caMoii 9KCIIOHEHTOM, KOTOPast
" /ma®

o ) < 1. Yuciio ke B UPEJIKCIOHEHTE TAKUM CIIOCODOM OLPEIEITUTh HeJIb3sl.

MOKeT OBbITh OIeHEHa KaK exp(—

11 (B KaKOM-TO CMBICJIE» — HOTOMY 9TO, KOHEYHO, PAa3MEPHbIE BEJIMIHHbI, KOUMHE SIBJIAIOTCA Kak Pypbe OT MOTeHINaa, TaK ¥ HHTErPasl, CPABHUBATD
HeJIb35
12 PacxoanMOCTh Ha MAJIBIX HMITYJIHCAX OGBIYHO HA3BIBAIOT UHGPAKPACHOT PACXOIUMOCTHIO, a HAGOIBIINX — YAbMPaduosemosot.
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PasmepnocTs d > 3

MCCJIeLLyeMI)IIu/I uHrerpaJi BOO6H.[€ HE PaCXOUTCA Ha MaJIbIX HUMIIYJIbCaX, IIO3TOMY OH IIpAKTUYECKHN HE 3aBUCUT OT SHEPI'HH. Ha
OOIBIINX UMITYyJIbCaX OH MOZKET OBLITD 06pe3aH Ha MacIiTabe ~ 1/0,, T€eM CaMbIM, BECb MHTEI'PDaJI OIICHUBACTCA KaK

d
BeE

2m

(3.27)

C apyroit croponsr, Up—g ~ Upa?; Tem caMbIM BCs KOMOMHAITAS MMEET HOPSIOK % < 1. Uz-3a cpaboit 1yBCTBUTEILHOCTH
WHTErpaja K M3MEHEHUIO SHEPIHH, CIe/IaTh 3TO BLIPAXKEHUS IMOPSIKA €IWHUNBI M3MEHss SHEPIUI0, HEBO3MOYKHO U ypPaBHEHUE
CaMOCOIJIACOBAHUS He MMeeT perneHuii. 113 wero Mpl 3akj04aeM, 9TO B CTAPIIAX Pa3MEPHOCTSAX B MEJIKOW sIMe HET CBA3AHHBIX
COCTOSAHUM.

BriBoan!

Bo-mrepBbIX, MBI TIOJIY YN, 9TO CKOJIbL OBI MEJIKOI siMa HU ObLIa, B padMepHocTr d = 1 u d = 2 B Hell Bceraa UMEIOTCS CBA3aHHbIE
COCTOdAHUA, COOTBETCTBYIOIINE JUCKPETHOMY CIIEKTPY I'aMHUJIbTOHUAaHA; IIpI/Iqél\’I B pa3MeEpHOCTHU d = 2 YPOBEHDL 3KCIIOHEHITUAJIbHO
MeJikuii. B pasmeprocTu d > 3 B MeJIKOI siMe ypPOBHEH SHEPI'uu HeT.

3.4.3 KoopaunHaTHoe IIpe/iCTaBJIeHNE U CIIUBKA acCUMIITOTUK (*)

Tlosre3H0 Tak»Ke M3yINTH PeIIeHne ITOHM 3a7a9N B KOOPIHHATHOM Hpe,ILCTaBJIeHI/H/H s 9TOr0 HEOOXOAMMO CEIATh JOITOJTHI-
TeJIbHOE IIPEJIIOJIOKEHNE O TOM, YTO YPOBEHb B MEJIKOII siMe caM 1o cebe MeJikuil, a umenHo |E| < Uy (13 npeplayInero peneHns
MBI BHJIEJIU, ITO TO JEHCTBUTEIHHO TaK).

Bribepem mpomMekyTouHBIM MaciiTab b u3 yciaopus a < b K &~ L. C ommoit CTOPOHBI, TIOCKOJIBKY b > @, TO HOTEHITUAIbHYIO
SHEPIUIO Ha 9TOM MacITabe y’Ke MOYKHO CINTATh HYJIEM; C JIPYTOit, MOCKOMBKY b < Kk~ ! — To BoHoBas dbyHKImMs emgé He ycrema
3HAYNUTEILHO U3MeHUThCs1. [IponrTerpupyem ypasuenue [Ipemunarepa or —b mo b:

e ol = [ 0 - Bl (329)

CeslaHHbIe 3aMEYaHUST II03BOJISIIOT HAM C OJ[HON CTOPOHBI — BBIHECTH BOJHOBYIO (DYHKIIHIO 38 3HAK UHTErpaJia (1 IPUPABHSITDH
€8, ckaxxeM K ¥(0)), a ¢ IPyroit — pacmpoCTPaHUTD IIPeJIeIbl HHTETPUPOBAHUS 10 GECKOHEUHBI

oo

2 b
= ey — g (b)) = —w) / U(x)dz ~ —(0) / U(a)d, (3.29)

2m —b —00

Hakomer, MbI MOYXKeM 3aMEeTUTh, 9TO ITIOCKOJIBKY b > @, TO Ha 3TOM Macurrade MOYKHO ITpeHedPeUb TIOTEHIIUAJIOM, B CBA3U C 9€M
MBI 3Ha€M, KaK YCTPOEHO DEIleHne — a UMEHHO, Kak ¥(|z| > a) ~ Ce="l*!, TlopcraBmnsist 370 3HAHEE B MOTyYeHHOE yDABHEHHE

(ymobHO «crmmBaThy JorapudMUUECKUe MTPOU3BOJIHBIE ﬁl(f)) = (In¢(z))’ = FkK), MBI NOJMyIaeM ypaBHEHWE Ha BEJIMUUHY K, a
3HAYUT — W HA YPOBEHDL SHEPTUM:
h? e m 2
— —2Kk = / U(z)de = ||E| = — /de(x) (3.30)
2m oo 2h?

OreHKa BEJIMYUHBI 9TOr0 WHTErpaJia MO3BOJISET IIPOJIEMOHCTPUPOBATH BEPHOCTD CJEJIAHHBIX ITPEJITOJIOXKEHII, POBHO KaK U

2
obImX paccyzK/IeHuil, IPUBEIEHHBIX B Hadase pasjena. A mvenno, [ dxzU(z) ~ Upa, nostomy E ~ Uomz—g“ < Uy — ypoBenb
NefiCTBUTEIHHO MEJIKHil; a Kpome Toro, | = k! = 2}:n = ~ m{}ga =a- me; — > a — BoJHOBasg (QYHKIUA JeHCTBUTETHHO
HMINPOKAsI.

Hakomrerr, orBeT Takke MOATBEPKIAET 1 O0IIe PACCYKIEHUS O TOM, 9TO PE3YJILTAT JIOJ?KEH OBbITh HETYBCTBUTEIEH K JIETAJISIM
MOTEHIIAIa — OH 3aBUCHT TOJIBKO OT IIOJIHOI'O €r0 MHTerpaJia.

[Monnmasi dusngeckuit CMbICST JAeabTa-PYHKIAA — KaK TPOU3BOJIbHBIN Y3KWil MUK ¢ (DUKCHPOBAHHON HOPMHUPOBKON U IITH-
PUHOl, MHOT'O MEHBIIIeHl BCeX PEJIEBAHTHBIX ITapaMeTPOB B 3aJ@de — MOXKHO IOHATH, YTO JIIOOYI0 MeJKyio smy B 1D moxuO
3aMEHUTH HA JIEJIbTa-SIMy C cOxpaHeHneM Hopmuposku U(x) — §(z) - ffooo U(z)dx, n Takas 3aMeHa COXPAHUT OCHOBHBIE (DHU3H-
YecKne pe3yJIbTaThl (BUJ BOJHOBON (DYHKIMM, YyPOBEHb SHEPIUM, U T.II.). DTO NPUBHOCUT JIOHOJHUTENBHBIH CMBICT B 33724y C
JeJIbTa-SIMOI — BeJb SICHO, 9TO B IIPUPOJE JeIbTa-(DyHKIMOHAIBHBIX IIOTEHIINAIOB He ObIBAET — HO TAKOH IMOTEHITUAJ UJIEATbHO
AIIPOKCUMUPYET MEJIKYIO AMY.

13310t croco6 usnoxken 8 LL3
14310, KoHEUHO, TPEGYET JOCTATOYHO GBLICTPOrO CIAJAHUS IOTEHIMAIA, Ha, GECKOHEUHOCTH, M, PA3yMEeTCsl, CXOANMOCTh COOTBETCTBYIOIIEr0 HHTErPAIA,
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3.5 AcwmmMmnTorndeckuii B COCTOSHUI HEMPEPBIBHOTO CHEKTPAa

O6cyuM Tenepb HEKOTOPBIE CBONCTBA COCTOSHHUN HEIPEPBIBHOIO CIEKTPA ISl JIOKAJIU30BAHHBIX (T.€. CIIAJAIOIIUX JOCTATOYHO
6bicTpo Ha GeckoHeuHOocTH) HoTeHImanoB. Kak obcyxjanock panee, Ha GeckonednocTu obuiee pemnenne ypasuenust IIpéunrepa
YCTPOEHO CJIEIYIONIMM 00pa30M:

are*® fbpe” T p 5 —c0 k2
ape™® +bpe~ 1 — +oo’ 2m

P(z) ~ (3.31)

Hanomuum, 0pu MCC/IeI0BaHAN JUCKPETHOrO CIIEKTPa Mbl (DUKCUPOBAJI, CKAYKEM, IPU T — —0O0 OJUH U3 HapaMeTpoB (mpu
pacryieii sKcronenTe e %) HyJIéM, pelllajd COOTBETCTBYIONIYIO KPAEBYIO 3a/1a4y — U B OOIIEM CJIydae HOJLydasd UpUu & — +00
napy koaddurmenros Cre"* +Cae™ . lanbueiimee Tpebosanue Cq (F) = 0 3a1aBajio HaM JIUCKPETHBIN CIEKTP yPOBHEl 3Heprun
CBSI3aHHBIX COCTOSIHUIA.

JLJ1si HENIPEPBIBHOIO CIEKTpa TPeOOBAHWS 3aHYJIEHUs OJHOTO U3 KOX(M(MUIMEHTOB HET, U3-3a 9ero COCTOSHUSI HEIPEPBIBHOIO
CIIEKTpa ABYKPATHO BBIPOXKJEHBI: (bukcupysi, Hanpumep, ar, = 0, by = 1 u pemas KpaeByr 3a/ady, Mbl OyJeM MOJIy9IaTh
KaKme-TO 3Hadenusi ar u br; u durcupyst ay, = 1 u by, = 0 mbI Oymem nosrydaTs apyroe permrenne. B obiem ke caydae, Ha 9TH
KO3 PUIMEHTH IMEET MECTO JIMHEHHAsT CBA3b.

CTaHﬂapTHbeI BbI60p ITapbl JIMHEIHO HEe3aBUCUMBIX peIHeHI/Iﬁ JJId HEIIPEPBIBHOT'O CIIEKTPa — 3TO TaK Ha3blBa€MbI€ COCTOAHUA
CTAIMOHAPHON 33/IaYM PacCesTHUsI, UMEIOIIIe CJIeYIOINe aCUMITOTHKN:

ikx —ikx ! ,—ikx
(+) e +re , T — —00 (=) _Jte , T — —00
z) = ) , xr) = ) ) 3.32
(Ch (z) telkw, - Yy, (z) e—ikr | r/ezkw’ T — 400 ( )

IlepBoe pemrenue OIMCHIBACT BOJIHY, TaJaomnryio ciaesa (e'F7), Koropas ¢ Kakoi-To aMILTHTY0il oTpazxaercs (re”"**) u c
KAKOH-TO aMILTHTYI0if TpoxoauT (te?**). Bropoe ke penrenue oMuchIBaeT BOJIHY, HAIAIONLYIO cIeBa. AMILIATYILL T, ¢, 7', ', Boobme
rOBOPsI, 3aBUCAT OT Heprur (MM OT napamerpa k) U OT $BHOIO BUJA IIOTeHIUaa. Pellenne 3a1a9u paccesHus 3aKII09ACTCA B

HaXOXKJICHUN 3TUX aMILJIUTY/I.

3.6 IloTok BepOdATHOCTU UM YHUTAPHOCTH PacCessHUs

OJIHO U3 OCHOBOIIOJIOTAIOIINX CBOJCTB KBAHTOBOM MEXaHUKH — 9TO YHHTAPHOCTH 3BoJonun: ypasHenue I1Ipéauarepa coxpanser
HOPMUPOBKY BosHOBoil bynkimu (Y|v) = [ |¢(z)|*dz = const. Panee obcyskaanocs, uro sesmunna p(x) = [1(x)|? necér cmpica
IUIOTHOCTHU BEPOATHOCTH OOHAPYKUTh YACTUILY B TOUKE &; 9T0 — HabIIoaeMast BeJIMINHA, ¥ eif COOTBETCTBYET IPMUTOB OLEPATOD
IUIOTHOCTHU IHCJIA JACTHUIL:

p(xo) = 6(& — o) (3.33)

Kaxk HpaBI/IJ'I €CJIn UMeeT MeCTO 3aKOH COXpaHEHHA KaKOU-TO BEJIMYIUHBI, TO IJA NAO0MHOCMU 3TON BEJIMYUHBI MOXKHO
HalluCaTb YpaBHE€HHE€ HEeIIPEPbIBHOCTU:

/p(a:)da: = const < Oyp(x) + V- j(x) = 0. (3.34)

Besmuuna j(x) HocuT Ha3BaHHe HJIOTHOCTH HOTOKA 3TON BejnduHbl. JIeHCTBUTENBHO, IPOMHTErPUPOBAB ITO YPABHEHHE 110
Ipou3BOJIBHON 0bsacTu {2, U BOCIOIB30BABINUCH TeopeMoil JImyBriniss-OcTporpackoro, Mbl TOJIY TaeM:

9, /Qp(:c)d:c + / j(@)-dS =0 (3.35)

o0

(TO ecTh M3MEHEHUE BEIMYUHDI B 00/1acT ) ONpEIEssieTCd MHTErPaIoM OT MOTOKa Yepe3 MPAHUIL TOH IOBEPXHOCTH).
B wactnoctu, ncnonn3ys ypasaenne IIpéannarepa, MOXKHO BBIBECTH BBIPAXKEHUE IS INIOTHOCTH IMOTOKA MMITYJIHCA:

15310 oTHOCHTCS, B UACTHOCTH, KO BCEM COXDAHSIONINMCS BEJTMIHHAM, KOTOPBIE CBA3AHbI ¢ Teopemoit Hérep
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Bulb(@)|? = ¥ (@)h() + cc. = () |

2m

L e~ T Ve V) (3.36
= 5 | V(0 V(@) - tec. = Vo ($TVY —yVyT) - (3.36)

(TyT MBI Bocmiomb3oBasch ToxkaecTsoM V(fVg) = Vf-Vg+ fV2g, a Taxske mamvocTsio wiena ¢ V(x) u |[Vih|? — mostomy onm
BBINAIAI0T IPU KOMILIEKCHOM COMPSIZKEHNH). TeM caMbIM, ¢ TIPOM3BOJIbHOM BOJHOBOI (yHKIUE! CBsI3aH TO

. Zh * * * 2
§(@) = =5 (W' Vi — V') = Rey' by (3.37)
Tlocnenuss dopma — J€rkmii crrocod 3allOMHUATH STO BBIPAXKEHUE; TYT MbI BBEJIU OIEPATOP TPYIIIOBOI CKOPOCTH D = % =

— b7 B takoM BHJe IVIOTHOCTb TOTOKA BEPOATHOCTH MMEET CMBICH IIPOCTO IIOTHOCTH YACTHI, YMHOYKEHHOH Ha HX CKOPOCTDb —
POBHO 3TO OBLIO OBI B KJIACCHYIECKON MexaHmukKe. He cTout, oqHAKO, 3a0BIBATH O TOM, UTO IPOCTO BBIPAXKEHUE 1) DY) He ABITETCS
BEIIECTBEHHBIM M HE MOXKET COOTBETCTBOBATH (DUBNUUECKON BEJIMUMHE; [l STOTO MBI J00AB/IsIeM 3HAK BEIIECTBEHHON JaCTH.

Haxkowserr, npusengM emmg oy 10Je3HyI0 (GOPMyYIly Jis BBIUUCJEHHs] IJIOTHOCTH IIOTOKa BeposiTHOCTH. Ecim mpejcraBuThb
BosHOBYI0 bynkmmo B Buje (1) = [(r)|e?(") u noscTaBUTL B BBIPAYKEHHE, TO MbI TIOJIY THM:

i = TPV (3.39)

DTO BBIpaXKEHUE MOKA3BIBAET SBHO, 9TO YTOOBI MMEJICST HEKOTOPBIN MOmoK YacTUll, HeOOXOAUMO MPOCTPAHCTBEHHOE M3MEHEHUE
i - h
daspr BosmHOBO# dynkimu. IIpu 3TOM CKOPOCTH YacTHI] B 3TOM HOTOKE paBHa v = ;- V.

CiencrBust a4 3ana4m paccesuuss  O0CyauM Tenephb CJIEeACTBHUS YCJIOBUS YHATAPHOCTH JIJIsI OAHOMEPHOM 388491 PACCESTHHS.
Ecau mMbr mompobyeM BBIYUCTUTDL TOKU THCIa, YACTHUIL JIJIsT COCTOSTHUI JUCKPETHOTO CIEKTPa, TO MBI HEMEJICHHO TOJIYINM HOJb
— BeJb II0CJIEJIHUE BCErJla MOXKHO BBIOPATH YHCTO BEIIECTBEHHBIMU, U IIO3TOMY Ui HUX Vi = 0.

O1HaKO, HECJIOXKHO BUJETD, UTO JJIs COCTOSTHIH 33,191 PACcCesiHUsI C KayKIBIM U3 CJIaraeMbIX — IaIaomei (e“m), OTPaKEHHOM
(re_“”) ¥ IpOIIeeit (te““”) CBsI3aH KOHEYHBIM IOTOK BEPOATHOCTH, M CyMMAapPHBIN IIOTOK B KaXKJIOH TOYKE OTJIMYEH OT HYJIA:

Jnang = E’ Jorp = E|T‘25 Jupom = EMQ (339)

C pyrofi CTOPOHBL, /ISl CTAIIMOHAPHLIX COCTOSHI 3aBUCHMOCTD PA3/INIHbLIX HAOII0JAEMbIX OT BPEMEeHH OTCYTCTBYeT; II09TOMY
YPaBHEHUE HEIPEPHIBHOCTU YCTPOEHO IpocTo Kak V - j(x) = 0 = j(x) = const. B 9acTHOCTH, BHIUUC/IsISA TOTOKYU DU & — —O00 U

T — +00, MBI HOJIydaeN
jna/:L 7j0Tp = ](I’ — 700) = ](x — +OO) = jnpom = |T|2 + |t|2 =1} (340)

1 aHAJOTIYHOe COOTHOIIEHNEe MOYKHO BBITHCATH, PACCMATPUBas U «IIpaByio» 3ajady paccesuus: |r'|2 + [t/|2 = 1.
MpblI MOXKEM BBECTH TaKKe KJIACCUIECKYIO WHTEPIPETAINIO: ONPEJCIUTh BEPOSATHOCTh OTpParkeHusi R 1 BepOsSITHOCTH
npoxoxkaeHus 1 ciieayomuM 00pa3oM:

R= —J,OTP = |r|?

, T = Tmem g (3.41)

Jnan Jnaz,

U B TAKOM CJIydae yCJIOBHE YHUTAPHOCTH — 3TO IPOCTO YCJIOBHE TOTO, YTO YacTHIA JU60 OTpaskaeTcs, JIM60 IPOXOAUT — TPEThero
(morsomeHnst) He JAHO.

16 dopmasbHO TOBOPS, MBI HOTYYHIN paBeHcTBO divj = 7%div [* V1) — ¢ V1p*], u3 koToporo, BoobIIEe roBopsi, He CJIELYyeT PABEHCTBO CAMUX TOKOB
— BeJlb K j MOXXHO NPHUOABUTH POTOP MPOU3BOJBHOIO BEKTOPHOI'O TOJISI rOt@, M [IMBEPreHIMs [IPU 9TOM He u3MeHUTCsi. HemocpeacTBeHHO PaBEHCTBO
ans j Oyner ciaenoBaTh, €CJid NOTPEOOBATH JOMOJIHUTENbHOE ycjioBue rotj = 0 — BeAb BUXPEBbIE IIOTOKU BEPOSTHOCTU HE SIBJIAIOTCH HAOIIOLAEMBIMU.

BuumarenbHbIN YnTaTeIh MOXKET OOPATUTH BHUMAHKE, 9YTO BUXPEBBIE IIOTOKU BEPOSITHOCTHU IS 3APANCEHHDIL JACTULL COOTBETCTBYIOT BUXPEBBIM 3JIEK-
TPUYECKUM TOKAM, U COTJIACHO yPaBHEHHMIO MaKcBesia MOIYT IMOPOXKIATH MArHUTHOE IoJie. B IeficTBUTEILHOCTH 2Ke, BhIPasKEHHe JJIsl SJIEKTPUIECKOTO
TOK&, XOTh (POPMAJIHHO MTPAKTUYECKH COBIAJIAET C BHIPAXKEHUEM JJIsl J, TOJIyIAETC U3 HEMHOIO JPYTUX COOOParkeHwii — a UMEHHO, U3 BapbUPOBAHUS
deticmeus 1o BekTOp-nioreHnmany A(r,t).

17Boo6irie roBOpsi, MbI HE UMEEM IIPaBa OOXOMUTELCS C PA3IMYHBIME CJIATAEMBIMU B BOJIHOBOM (DYHKIMM HE3ABUCHMO — ILJIOTHOCTL UACTHI[ MJIM TOK

3aBUCAT OT BOJIHOBOM (byHKL[I/II/I KBaJIpaTUIHO. OJILHaKO, MOZKHO y6e,L[I/ITLCS{ IIPpAMBIM BBIYUCJICEHUEM, ITO BCE I/IHTep(bepeHL[I/IOHHLIG YJIEHBI COKpalIalOTCA.
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3.6.1 CummMeTpus 110 OTHOIIEHUIO K OOpallleHnuI0 BpeMeHU

B kJlaccn4eckoil MexaHuKe MMEET MECTO CHMMETPHsl 110 OTHOIMIEHUIO K OOPAIEHUIO BpeMeHH, 1 (hOPMYJIMPYeTCs OHA JIOCTATOYHO
npocro: eciu (x(t), p(t)) sBisieTcs: pelieHneM KJIAaCCHYeCKUX ypaBHeHuii jrkenns, To (x(—t), —p(—t)) — Toxe. Ioceanssi,
OJIHAKO, COOTBETCTBYET IACTHIE, ABMZKYIIHACA O TPAGKTOPHU B OOPATHOM HATIDABJICHUH.

B KBaHTOBOW MEXaHHKE 9TOIl CHMMETPUH COOTBETCTBYET BEIECTBEHHOCTD I‘aMI/IJII)TOHI/IaH H = H*. [leiictBuresno, ecim
MBI KOMIUIEKCHO conpsizkéM YIII, To npu Hajmmqum 9TOH CHMMETPUH MBI LOJIyIHM, 9TO ¢* (7, —t) TOXKE eMy yI0BJIETBODSIET.

Hist cranmonapuoro YIII sro oznagaer, uro ecim () — pemtenne cramponapuoro YIII, to ¢*(r) — Toxe. s cB3aHHBIX
COCTOSIHUI 3TO HUKAKO# MH(MOPMAIIUY He JIAET, MOCKOJIbKY BOJHOBBIE (DYyHKIMU BCEr/Ia MOXKHO BBIOpaTh BemecTBeHHbMu. O IHAKO,

9TO HECET MOJIE3HYI0 MHMOPMAIUIO JJIs COCTOSHUI HEITPEPBIBHOTO CIIEKTPA: COMPSATasi, HAIIPUMED, ,(:') (z) u3 ypaBHeHus 1D

MBI [OJIy9aeM JIMHEHHO-HE3aBUCUMOE C zb](j)(:n) pemrenre. A 310, B CBOIO OYepe/ib, O3HAYAET, UTO ,g_)(x) JIOJIZKHO JIMHEIHO
BBIPAYKATHCS 9epe3 HUX:

a(eikx + ,r.efika:) + ﬂ(efika: 4 T*eikm) = tlefikcr7 T — —00

(=) — (+) (+) * _
Yy () = ay () + By, ()" = ateiht 4 Bpre—ike = =ika | 1 gika T - 100 (3.42)
OTKYZia MBI ITOJY9IaeM CJIEIYIONLyI0 CBSI3b aMILIATY/L:
a+prr =0
ar =t « - t =t
+h , = LA , (3.43)
at =r B =+ o= —rt/t*
Bt -1

B YJaCTHOCTHU, OTCIOJIa CJIeAYEeT, YTO BEPOATHOCTHU IIPOXOZKIEHU CJIeBa HalIpaBO U CIIpaBa HaJIeBO COBIIA/IaIOT: R= R/7 T=T".

ITorennmanbHubie cTyrieHn Brillecka3aHHbIE yTBEPKI€HUsT HEOOXOIUMO MOIU(MUIIMPOBATD, €CJIA IIOTEHIINAJ HMEET XapaKTep
«CTYHEHbKN» — T.€. IMEEeT Pa3JUIHbIe TPeJIeJIbl Ipu & — £00. g onpeeieHHOCTH, PACCMOTPUM CJIEYIONTAN TOTEHIINAT:

0, T — —00

U(z) ~
Up>0, —+x

(3.44)

Hepe‘{I/ICJH/IIVI OCHOBHBIC€ OTJIMYHA B TAKOM CJIy4dae:

1. TIpu suepruu Uy > E > 0, BoJIHOBBIE (DYHKIINU IIPA T — +00 UMEIOT SKCIIOHEHITUAJIBHBIN XapaKTep, U3-3a 4ero TpeboBaHne
3aHyjIeHnsd KO3 unmenTa mpu pacTyIneil SKCIIOHEHTe BOCCTAHABINBAECTCA. B 9TOit 00JaCTH CHEKTP HENPEPBIBHBIN, HO
OJIHOKPATHO BBIPOXKIEHHBIH. BeposTHOCTH OTparkeHus/IpOXOXKIeHHs B 9TOM ciydae TpuBnasibel: R = 1, T' = 0, a Bor
daza aMIUIUTY/IbI PACCEsTHUS T COJIEPKUT B cebe HETPUBUAJIBHYIO MH(OPMAIIUIO.

2. Ilpu sueprun E > Uy, ClIeKTD NO-IIPEKHEMY JIBYKPATHO BBIPOXKJIEH; OJJHAKO BOJIHOBBIE BEKTOPA CJIEBA U CIIpaBa OT Pacce-
uBaTessi, BooOIIe ropops, pasimmanel: k = vV2mE u k' = \/2m(E — Up). 1U3-3a 51010 MOIUMUIUPYIOTCS BBIPAXKEHUsI JJIsl
BEPOSAITHOCTEN OTPaXkeHUs U MPOXOXKJIEHUS, a II09TOMY U YCJIOBHE YHUTAPHOCTHU:

k/
R=r? T:z|t|2, R+T=1 (3.45)

’
3. Oneparust ofpallenns BpeMeHH Takyke HeCKoIbKo Momudumupyercs: t' = %¢. IIpu srom coornomenne Ha BeposTHOCTH
R' = RuT' =T ocraércsa BepHBIM.

18Eciii raMIIBTORHAH OIMCHIBAET YACTUILY CO CITHHOM, ¥ BOJHOBAs (DYHKIHSI — MHOTOKOMITIOHEHTHBIH CITIHOD, TO MOYKET OKA3aThCs HEOOXOMMMBIM 10
6GaBUTH K KOMIIJIEKCHOMY COIIPSI?)KEHHIO €IIE KAKOe-TO yHUTapHOe peobpa3oBanue (Hanpumep, oOpalleHie BpeMeH! U3MEHsIeT HAIIPABJICHNEe MATHUTHOIO
MOMEHTa, & 3HAYUT — W CIIUHA; NO3TOMY JIJIsl 3a[a91 CO CIIMHOM, OOpAaIleHre BPEMEHU BKJIIOYAET B Ce0sl OMepaTop MEpeBOpOTa CIIUHA).

C n1pyroit CTOPOHBI, Jarke B OTCYTCTBHE CIIMHA, MArHUTHOE I10JI€ BXOJIUT B TaMHUJIBTOHHAH sIBHO KOMILJIEKCHBIM 0Dpa30M — IIyTEM 3aMeHBI OlIEPaTOpa
uMIysabca Ha p = —ihV — £ A, m3-3a Wero ropopAT, YTO MATHUTHOE TI0Jie B KBAHTOBOH MEXaHHWKe STy CHMMETPHUIO HapymaeT. [leio B TOM, 9TO U3 TeOpHH
10JIs1 M3BECTHO, YTO BEKTOP-IIOTEHIMAT A TOXKe JIOJI)KEH MEHSITh 3HAK IIpU OOpallleHn BPEMEHN.
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3.7 AmnaJmTumyeckme cBOIiCTBa AMILIINTY/d pacCcedHnA

Pemas xopowue ypaBHEHUS C LOPOWUMYU CBOI‘/’ICTB.%)u\H/]iE7 MBI Oy/IeM II0JIy9aTh PelleHHs, KOTOPbIE SIBJISIIOTCS KaK aHAJINTHIECKUMHU
QYHKIMSIMI KOODIMHATHI, TAK U AHAJUTHIECKUMHA (DYHKIMSIMHA ITapaMeTpoB (B 9acTHOCTH, SHeprun E nim napamerpa k).

+
3aMeTHM, UTO €CJIM AHAJIATUYIECKN IPOJIOJIKATD, CKAYKEM, COCTOSTHIE ’(/J](C )(x) 10 IapaMeTpy k Ha BEPXHIOK MHUMYIO [IOJIyOChH
k =ik, k>0, T0 MBI POPMAIBHO TOJyIUM Cjeaytomiee pernerne ypapaeaus [IIpénunrepa:

Gy = €T AT w0 (3.46)

e t(is)e ", r — 400’ 2m

Beipaxkenust r(isx)e"® u t(ix)e " IKCIOHEHIMAIBHO 3aTYXAT IPU T — —00 U T — +00, coorBeTcTBeHHO. [loaroMmy, econ Gbl
YAAJIOCH U30ABUTHCS OT CJIAraeMoro e~ “# KoTopoe pacreT Ha GEKOHEIHOCTH (T — —00), TO TaKast BOJTHOBast QYHKITHS OIICHIBATIA
OBl CBSI3aHHOE COCTOSIHME. DTO BO3MOXKHO, B CIy4dae, ecn eciu t(ix) — oo u r(isx) — oo [mpu srom Gyzner t/r = O(1)], noromy
YTO B TAKOM IIpEJesie «HeNPABUIIbHOEe» ciaraeMoe ¢ Koaddununentom 1 ncuesaer M0 CPABHEHHIO C CJATAEMBIME C HEOTPDAHUIHO
pacrymumu koaddurpenramu r u t. PopManbHO, NOIB3YACH CBOGOION HOPMUPOBKH, MOYKHO Pa3/e/IuTh Ha 7(iK) 1 B35Th
cooTBeTCTBYIOM pesiest. TakmM 06pasoM: MOOCA AMILTHTY,T TPOXOMKICHIS 1 OTPazkeHHs|>)| Ha BepXHeil MHUMOIi osyocH (Kak

aHajuTHIeCKuX (BYHKIMHA napamerpa k) COOTBETCTBYIOT CBA3AHHBIM COCTOAHUSIM.

. . 2
[Tomoca Ha HUZKHEH KOMILIEKCHO#H T10/yocH k = —is¢, XOTd TOXK€ HAMBHO COOTBETCTBYIOT BeMIeCTBEHHOH sHeprun F = —2—,

CBA3aHHBIM COCTOAHUAM HE COOTBETCTBYIOT — HECJIO2KHO BHU/IETH, 9YTO UM COOTBETCTBYIOT 3KCIIOHCHIIMAJIbHO PACTYIIUE PDEIICHNA.
o e _ k2

Ecnm mpr mepefiiém ot napamerpa k Kk napamerpy B = 5 (mast wero HaAM HEOOXOAUMMO PACCMOTDETH JABYJIUCTHYIO PumanoBy

[IOBEPXHOCTH, HAIIPUMED, ¢ pa3pe3oM [0, 00)), TO UPOleLypa AHAJIUTUIECKOIO IPOJOJKEeHUs k — i3 1 k — —i Oy1yT NIPUBOJIUTH

HAaC TIOMPOCTY Ha pa3IuvHbIe JUCTHI 3To# PuMmanoBoit mosepxuocTu. [losfoca, cOOTBETCTBYIONTNE CBI3AHHBIM COCTOSTHUSM, JIEZKAT

Ha TaK Ha3bIBa€MOM ¢U3UH€C’I€0./\/L JINCTE.

3.8 Ilpumep: menpTa-gama

Bcé BbllieckazanHOe MOYKHO IIPOJEMOHCTPHPOBATH HA IIPOCTEHIIEeM IPpUMepe DacCesHus Ha IOoTeHIuase jaeibra-amer: U(z) =
%(5 (2). Ipu arom acumrrroTryuecKnii Bus, ) SIBJISIETCS TOYHBIM, a JeJIbTa-sIMa BCEro JIUIh HAKJIAJIbIBAET JIOIIOJHUTEIHHOE
rpaHnvHoOe ycjaoBue npu & = (), 13 KOTOPOro Mbl MOYKEM HAWTUA aMILJIATY/IbI:

K ik
Alny) _=2k=|r=———, t=14r=—o 3.47
()0 ik— K’ ik — kK (347)
Mbi BuguM, uto R = oy = B0 = kK - _E_ (rme Ey = 52 SHeprust CBI3AHHOTO COCTOSIHIS B 9TOfl siMe
s ) — k2+xZ2 ~ E+Ey’ — k2¥r?2 — E+Eo pA 0 — 9, P )

ecau OHO mmeercsi), u moToMy R+ T = 1. Kpome Toro, Mbl BUJUM, UTO Y STHX BbIPArKEHWI UMEETCsI TIOJIIOC IpU k = —iK; 9TOT
IIOJTIOC COOTBETCTBYET CBA3AHHBIM COCTOSTHUSIM TOJIBKO IPH K < 0, M SHEPTHS 3TOrO CBSI3aHHOI'O COCTOsIHUS paBHA Ionpocty —Ejy.
Yro oTpaxkaeT Hallle 3HAHNE PO CIEKTP JIeJIbTa- MBI,

3.9 HopwmupoBka coCTOSSHHUIT HEIIPEPBIBHOTO CHEKTPA

Panee MbI 06CyKIa/i, 9TO COCTOSIHUSI HEIIPEPBIBHOI'O CIIEKTPa HEBO3MOXKHO HOPMHUPOBATH HA €JIWHUILY, U BMECTO 3TOI0 OHU
HOPMUPYIOTCS Ha JIeIbTa~-(DYHKIUIO:

/
Wrlpr) = e(f)o(f = 1) (3.48)
Eciu mMbr xoTuM paboTaTh ¢ HEMPEPBIBHBIM CIEKTPOM — PACKJIABIBATHCS 110 COCTOSTHUSIM, MCKATH (DYHKIMIO PACIIPE/ICTICHUs
BEJIMIUHBL f, ¥ T.I. — TO HAM OYEHb [OJIE3HO ObII0 OBl HayuuTcs BeraucaaTh Benuuauny c(f). C apyroit cropons, ecau ¢ s (x)

ABJIAETCA KAaKUM-TO CJIOZKHBIM COCTOSHHEM HEIIPEPBIBHOT'O CIEKTPa KAKOI'O-TO CJIOZKHOTO ITOTEHIINAJIA, TO IPAMOJINHEITHOE BbIYUC-
JIeHUe MHTErpaJia MePeKPhITHs ¢ JAJLHEHIIINM CBE/IEHUEM €r0 K M3BECTHOMY MHTErPAJIHLHOMY MIPECTABICHUIO Ae/IbTa-(QyHKINH,
KaK [IPaBUJIO, CBA3AHO ¢ O0IbIuMU TpyaHOocTSMHU. K cqacTbio, 9acTo 9TO He TPeOyeTcss — OKa3bIBAETCH, JJIs OIPeIe/IeHns HOp-
MHUPOBOYHOIO MHOXKUTEJISI JOCTATOYHO 3HATH TOJBKO ACUMIITOTHIECKUI BUJ BOJTHOBBIX (DYHKITHIMA.

Tprok 3akj04UaerTcs: B cieayromeM. BeegéM mpon3BoJibHBI MaciiTab A 1 3anuIineM epeKphITHE CJIELYONIM 00pa30M:

19MaremaTuyeckuii SKBUBATIEHT TOPOULECTNY, MBI OIyCTHM
20TTosmoca aMILIUTYAB TPOXOXKICHHA U OTPAXKEHH OYIyT COBIAIATL, YTO CAEAYET, HAIIPUMED, U3 COOTHOIICHHUS li
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oo —A oo A
/ dapy (x)y(x) = / dzyy (x)Y(x) + / daapy (x)y () + / Vi ()5 (z)d. (3.49)
—o0 —o0 A —A

Jasbiiie MBI MOYKEM 3aMETHUTh, UTO NIPH MPOM3BOJLHOM 3HadeHMn A, mociennuii wieH — koHeueH npu f = f') a BooGe
OH TIpeJCTBIIsIeT o000l peayasphyto dynryuro or f u f'. Kak Mbl 3HaeM, HAIIPOTUB, OTBET — CUHIYJIAPEH, IPEJCTABJIAET COOOM
nesbra-byukimio or f— f'. TIoaToMy ec/in Mbl CTPEMUMCs <OTJIOBUTBY JeJIbTa~-DyHKIMOHAIBHBINA BKJIA, TO BOHUKHYTH OT MOYKET
TOJIBKO ¢ HECKOHEYHOCTH, € MEPBBIX JBYX WICHOB. [IpoBOMst 9TH paccyKaeHus st JOCTATOTHO OOJMBIMX A, MBI TOHUMAEM, UTO
JIJIsT HODMHUPOBKH MBI TEHCTBUTEIHHO MOXKEM II0JIH30BATHCA TOIHKO ACHMITOTHIECKAM MTPEICTABICHIEM BOJHOBBIX (DYHKITHIA.

ITponemMoHCTPUPYEM, KaK 3TO PabOTaeT IJIsl 3aJa9d PACCEesTHUST — JIsl STOTO BBIYUCINM WX HOPDMHUPOBKY (IOBEpUM, UTO

<z/1,(€+)|1/),(€_)> = 0 u GyzeM paboTaTh TOJIBKO C «JIEBBIMU» COCTOSHUSIMHU):

—A [e's)
. . - - . .
(efzkz + T;:ezkx)(ezk L Tk/efzk m)dl‘ +/ tzefzkztk/ezk z dp
A

(Yr|rr) = reg. +/

— 00

ﬂaﬂbﬂle 3aMeTI/IM, qgTo ecjan y}Ke B 9TOM Bpra}KeHI/II/I MbI 3aMEHUM Hpe,Z[eJILI I/IHTerI/IpOBa’HI/Iﬂ Ha HO.HB7 MBI OIISATH ,HO6&BI/IM

BCETO JIWIb PETYJIAPHBIA BKJAJ, W XapaKTep CHHTYJIAPHOCTH HE M3MEHHUTCS; OJHAKO BBIYUCJEHHWE OymeT mpore. Kpome Toro,

OTMETUM, 4TO CHHTYJISIPHBIE OpH k — k' 4JIeHbI MOTYT BO3HMKATDL TOJLKO €CIH OCHUJLISIAU B 9KCIIOHEHTaX OyJyT racUTb JIpYr

JApyra; HHTep@EePEeHINOHHbIE WIEHBI HECUHTY/ISPHBI. HaKOHeI, IIOCKOJbKY aMILIATYIbI ABJIAIOTCA B KAKOM-TO CMBICJIE «MeIJICH-
HBIMU OFI/I6aIOH_H/IMI/I>>7 TO B HUX MBI MO2KEM IIOJIO2KUTH k = ]f/. HOSTOMY MBI HOJIy‘{aeM:

0
(Y |pr) = reg. +/

— 0o

(€7 Ry [2ei B K0T gy / ek (3.50)
0

3aMeHsist BO BTOPOM YJI€HE IIEPBOI'O UHTEIrPaJia T +— —I U HOJIb3YysACh yCJIOBHUEM YHUTAPHOCTU |7"]€|2 + ‘t}c‘g = 1, MBI IIOJIy9aeM
CTaHJapTHOE IIpeACTaBJI€eHUE ﬂeﬂbTa—(byHKH,I/II/I; U3 9ero MbI 3aKJ/JII09a€M, 9YTO COCTOAHUA 3aJa9 pacCedHNd HOPMHUPOBAHBI TOYHO
TaK 2Ke, KaK 1 OOBIKHOBEHHBIE [ILJIOCKUE BOJIHEI:

o0

—ilk—k' /

(g |pr) = reg. +/ e kDT gy — 916 (k — k) (3.51)
—0o0

(oTMeTHM, 9TO peryJgpHasg 9acTh MOC/IE BCEX ITUX MPOIEIYP 00sd3aHa COKPATUTHCS — KAK MbI 3HAEM, B OTBETE €€ HET, COCTOAHUS

¢ pasznuanbiMu k # k' 06s3aHbI GBITH OPTOrOHAJIBHBIMU).

HopmupoBka «B sIIiuKe»

Boobiiie roBopsi, He caMblii 11J10XOi €110cO6 paboTaTh ¢ HEIPEPBIBHBIM CIIEKTPOM — 9TO IIOJIHOCTBIO n36aBUThCH OT Hero. CKarkeM,
JIJIST KBAHTOMEXaHIUYIECKOM YaCTHUI[LI Mbl BCEI/Ia MOYKEM IIOMECTUTH BCIO CHCTEMY B SIIIIUK KOHEYHOI'O, HO OOJIbIIOro oObéma V'
— Takasl MpoIeypa, OYeBUIHBIM 00pa30M, JIUCKPETU3YET 3a/1aqy|ﬂ IIpu aTOoM OoT/IMYME KaveCTBEHHOE OTIMYUE JUCKPETHOTO U
HEIIPEPBIBHOTO CIIEKTPA OCTAHETCS — CKAYXKEM, B SHEPTETUIECKOM IIPEICTABICHAN PACCTOSHIE MEXK/IY COCETHUMU yPOBHSIME JHEP-
TUSIMA X % — 0, a MeK/Iy COCTOSTHUSMU IUCKPETHOro cuekTpa — ~ const. Tpyanoctu sToro crmocoda 3aKIIIOIaI0TCd B TOM, 9TO
OYeHb MHOT'O BEJIMYMH OKA3bIBAIOTCS 3aBUCAIIAMU OT STOTO 00bEMA, U €ro MPUXOJAUTCHA «TaCKaThy JI0 CAMOIO KOHIA, YCJIOXKHAS
BBIUUCJIEHUST — XOTsI, pa3yMeeTcsi, PU3MIECKUEe OTBETHI OT HETO 3aBUCETH He MOTyT. BoJiee Toro, Bcerja TpedyeTcst sIBHO pa3rpa-
HUYUTD SBJICHUS, JJI1 KOTOPBIX KOHEYHBINH, HO GOJIBIION 00bEM BayKeH (HAIPUMED, KBAHTOBAHUE YHEPIUU M UMILYJILCA), U JJIst
KOTOPBIX OH COBEDIIEHHO HeCyIIeCTBeHeH (K IpUMepy, BUJL BOJHOBBIX (DYHKIUI CBA3AHHBIX cocTognuii). HakoHel, KOHKpeTHast
TEXHUKA BBIYHUCJIEHUN MOXKET 3aBHCETHh OT TOrO, KAKOTO BUA I'PAHUYHDBIE YCJIOBHUS BHIOPAHBI — HYJIEBbIE, IEPUOJINIECKUE, U T.II.
— XOTsl, Pa3yMeeTCs, HA OJHA pa3yMHas (pU3nIecKasi BEJIUINHA OT ITOrO 3aBUCETh HUKAK HE MOYKET.

IIponemoncTpuUpyeM, Kak 3TO paboTaeT Ha IPUMepPEe CBODOIHOTO JIBUKEHUd. YI00HEe BCEro HCIIOIb30BATH IEPHOINYECKIE
rpannyHble yciosus Bopra-Kapmana ¢(r+L;é;) = ¢(r) (Tyr L; — pa3mep siliiuKa B IIPOCTPAHCTBEHHOM U3MEPEHUHN § = X, Y, 2, &
€; — €JIMHUYHBINA BEKTOP BJIOJIb 3TON0 U3MEPEHUsT) — IIOTOMY UTO [IPH 3TOM OCTAETCs YCJIOBUE TPAHCIANMOHHON HHBADUAHTHOCTH,
u cobcTBeHHBbIEe (DYHKIMK OTIEPATOPa MMITYJIbCA YCTPOEHBI TOYHO TaK 2Ke, KaK U 0e3 SIuKa:

1 .
Up(r) = e (3.52)
V
[lepronmieckne rpaHUYHbIE YCJIOBHUSA TEIEPbh HAKJIAJBIBAIOT YCJIOBHUS HA JIOIYCTUMbIE KOMIIOHEHTHI mMuyiabca: p;L; = 2mn; u
n; € Z. DT0 — NPOSBJIEHUE TOTO, YTO UMIIYJILC, B JIEACTBUTEILHOCTH, 00JIa1aeT HEIIPEPBIBHBIM CIIEKTPOM — DACCTOSTHIE MEXKJTY

21BO BCAKOM CJiy4ae, Yy UMIIYJIbCHOT'O U 3HEPreTUYECKOI'0 IIPECTaBJICHNUA HEIIPEPBIBHOI'O CIEKTpa HE CTaHeT. O,[IHaKO, pa3yMeeTrcda, KOOpJUuHaTHOe
npeacTaBjI€eHue OCTaHETCA HEIIPEPBIBHBIM; JId TOrO, 9TOOBI CIIPABUTHCA U C HUM, HeOGXO,E[I/II\IO TakK?>Ke «IIoCaJuTh» CHUCTEeMYy Ha pemeTKy
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cocepuumu umiryiabcamu Ap = 2w/L; — 0 upu V' — co. B TakoMm ciiydae, cyMMEpOBaHue [0 BCEM COCTOSHHSIM HEIPEPLIBHOIO
crieKTpa (KOTOpOe BOSHUKAET, CKayKeM, IPU PA3JIOXKEHNH 110 TAKOMY 0a3ucy ), Kak IIPABUJIO, MOXKHO 3aMEHSITh HA WHTEIPUPOBAHUE

Siw= X =Y el ~ [ Tawsw - [ [ 71 @) (35)

{n.€2} i

nj, CUMBOJIMYIECKH:

Z / Vdd (3.54)

K npumepy, paziokeHue eIuHUIBL:

Vdip 1 . . dip . ,
S(r—r')=> U (r)p(r) ~ —eProirT — ePr=r) = §5(r —7') (3.55)
P P (2m)d vV (2m)d
P
TaKI/IM O6pa3OM7 HCIIOJIB3Y<d 9TOT CHOCO6, MBI IIOJIY9IHUM $IBHYIO 3aBUCUMOCTH OT O6’béMa HEKOTOPbIX BEJIMYUH, HO,Ha IIpUMEPE
Pa3J/IOZKeHUA ¢ IUHUIbI BUJIHO, YTO U3 KOHCYHBIX OTBETOB O6’béM JOJIZKEH MCHE3HYTh.

ITnnorHOCTH COcTOSIHUIA

Eciu cucrema HAXOQUTCSA B SANMKE, TO MOYKHO BBECTH CJIEIYIOILYIO BEJMYMHY — IUIOTHOCTH cocroguuit N (fo) = r6(f = fo)
(o aHAJIOrMHU € «IJIOTHOCTBIO YHCJIA YACTHIL), UTO Mbl OOCYXKJIAIM B CAMOM Havaje ceMuHapa). Takas BeJnmdnHa OyKBAJIbHO
103BOJISIET OTBETHTH Ha BOIPOC, CKOJIBKO COBCTBEHHBIX COCTOSHUM OIEpaTopa f HaXO[ATCs B IPOM3BO/ILHOM OTPE3KE COBCTBEHHBIX
sHauenuil or fi 10 fo kak N = [ f12 N(f)df. Bynyqau Tak onpeseqéHHOI, 9Ta QYHKIMS HE SBJIAETCH PEry/sapHOi dbyHKImel, a
CKOpee Kakoii-To IUIOTHON rpeGEHKON u3 mesbra-pyHKImA (ecau Mbl IMEeeM JIeI0 ¢ JUCKPETHBIM crekTpoM). OHako, mo Mepe
yBeNndIenns 00bEMa, PACCTOSHIE MEXKIY COCETHUMH HMUKAaMU OyIeT yMeHbIaThesa. Ecan 2Ke MCKYCCTBEHHO YIIUPHUTDH KaXKIyIo
JeabTa~-QYyHKIUIO, TO TIPU JIOCTATOYHO OOJIBIITUX KOHEYHBIX 00bEMAX TOJIYIUTCS BIOJHE PEry/spHast dpyHKuHﬂ Bonee Toro,
[TOCKOJIbKY PACCTOSIHIE MEXK/Ly COCEIIHUMHU YPOBHSIMU, KaK [IPABIIIO, 0OPATHO IIPOIOPIHOHAIBLHO 0OBEMY CUCTEMBI, TO B IIpEJeJIe
V — 0o okasblBaeTcst xopomo onpeenénnoii Bemmunna v(fo) = N (fo) = &> s O(f — fo). Oty Besmuuny raxzKe dacto
HA3LIBAIOT ILIOTHOCTHIO COCTOSHITIZ]

3.10 Hecranumonapuas 3ajata paccessHus U 3a/iep>KKa BOJIHOBOro makera (*)

Boobrmie rosopsi, 70 cux mop MbI 00CYKJajau cranuoHapHbe 3ajgadn. C JApyroit CTOPOHBI, ¢ TOYKU 3PEHUs 3aJa9l PACCEsTHUSI
6oJlee JIOTMYHON KaKeTCs 3aJiada HeCTAIIMOHAPHASI, JJIA OIIPeie/IeHNnsl KOTOPOR HaM HeOOXOIUMO:

1. 3amaTb HavaJbHBIE YCJIOBUSI, KOTOPbIE COOTBETCTBYIOT BOJIHOBOMY IAKETY, HAXOISIIEMYCS HA T — —OO IPU BPEMEHU T —
—00 U UMEIONIEMY KOHEYHBI UMITYJIbC P, HAIPABJICHHBIN Ha paccenBaresb. [IpuMepoM TaKOro BOJTHOBOIO TMAKETa MOXKET
CJIyKUTDH CJIEYIONIas BOJHOBaA DYHKITUS:

1 (x+L)? .
Y(x, —719) = Yo(x) = ——5exp | ——————— + ipox | . 3.56
(2, ~70) = ¥o(2) = =717 = (3.56)
B koopauHaTHOM IIpesicTaBIEHNN OHA IIPECTaBJIsIeT COOOIl BOJHOBOW IAKeT IMIMPUHBI @ BOKPYT TOYKM T = —L, a B uUM-
yJIbCHOM — BOJIHOBOI HaKeT MUPHUHBLL ~ 1/a BOKpYT cpejHero 3Hadenus ko.
2. Pemmutps necmavyuonaproe ypasuenue IIIpénnarepa, paccCMOTPEB SBOJIIOIIIO STOI'O BOJTHOBOT'O IAKETA.

3. UccnenoBaTh aCUMIITOTUKU TTOJTYYIE€HHOTO PEIIEHUs TIPU T — 400, KOTOPbIE TPEJICTABISIN Obl TTapy BOJTHOBBIX TAKETOB —
OTPaXKEHHBIN, KOTOPBIl HAXOJIUTCA HA & — —OO0 U UMEET UMILYJIBC —p, U IIPOIIEIIINN, KOTOPBINA JeTUT Ha T — +00 U UMeeT
UMILYJIBC P.

22B neiiCTBUTEIHLHOCTH YK€ TAKOE YIIHNPEHHe [eHCTBITEILHO BOSHIKAET, i OHO BIOJIHE JaKe KOHEYHO — JJIS OTKPBITHIX CUCTEM, B3AMMOIEHCTBYIOIIX
C OKpYy2Kalolleil cpegoi.

AJIbTepHATUBHO, TOLYyYUTh PEryJsipHYIO (DYHKIMIO MOXKHO €CJIM HO KAKOHW-TO HpuvuHe (HAIPHUMED, HAJUYUU B CUCTEME CIIydailHBbIX IIpUMeceii),
COOCTBEHHBIE 3HAYEHMS SIBJISIFOTCS CJIyYallHBIMU — B TaKOM CJIydae yCPeJHEeHUe 10 OeCropsiiKy MPUBEIAET K BIIOJIHE PEryJsipHON (hbyHKIUU.

23Xors, pasymeercs, Gojee KOPPEKTHO €8 Ha3bIBATH ILJIOTHOCTHIO (B cMblcsie 06BbEMHOI IUIOTHOCTH) HJIOTHOCTH cocrodnuil. Ho Takoe nassanue
JIOBOJIBHO HEJIETIO.
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4. HaxoHerl, BBIYUC/IATH BEPOATHOCTh OTpazkenus R = fEm [z, 7 — +oo)Pdz u T = [[° [(z, 7 — +00)[*dx.

Anpuopu yTBEp:KJIEHHE O TOM, U4TO TU BEPOATHOCTU COBIAJIAIOT C BEPOATHOCTSIMHU, KOTOPBIE MBI OIPEIEIUIN B CTAIHOHAPHON
3a/1ade paccesiHusi, He sABJISETCH OYEBUIHBIM. 1eM He MeHee, 3TO JeHCTBUTEILHO TaK, YTO MBI IIOIIPOOYEM IPOIEMOHCTPUPOBATH
HIKE, JIJI 9€r0 MBI [TOIPOOyeM pemuTh Hecrarmonapuoe ypasuenue [Ipénunrepa B o0I1ieM Buze.

IIpu 7 — +00 Gyier uMeTbCsl BOJHOBOM ITaKeT, COOTBETCTBYIONIUI npoieieii Bojare. C Apyroil cropoHsl, eciim Obl pacce-
UBaTEssI He OBLJIO, TO BOJTHOBOM IMAKET TOXKE MMeJICs ObI, HO JBUTAJICA ObI OH npasee. fIBJeHME 9TO HOCUT Ha3BaHUE 3aI€PIKKU
BOJIHOBOI'O IIaKeTa — YaCTUIA MOXKET Ha HEKOTOPOe BPEMSI «3aCTPATby B pacceHBaTen@ Mpbr cTaBUM CBOEl TIEJIbIO HAWTHU
BpeMsd 3TOU 3a/1ePrKKU.

st perrenust mHectannornapuoro Y11, kak 0OBIIHO, HEOOXOAUMO PA3IOKHUTHCS [0 DA3UCY CTAIMOHAPHBIX PEIICHUIA , hitii:s
Yero Mbl MOXKEM BOCIIOJIb30BaThCA BBIBEJIEHHON BbIIlle HOPMUPOBKOM COCTOAHMIT HEIIPEPLIBHOI'O CIEKTPa

= [ 3 (o) o) 537

Pazmnoxumes no 6a3ucy, UCIOIb3ysT ACUMIITOTHKH [IPH & — —O00:

1 , .
v+(p) = <¢1(”+)|1/’°> =2l e <_2(P —po)*a® +i(p— po)L> + 1" exp

W3 dbusznyeckoit MHTYUIINN TIOHATHO, YTO HAC MHTEPECYET MMEHHO II€PBbBIi 9JIeH, BeIb OH BO3HUK M3 ACHMIITOTHKH A IAIOIIEH
BOJIHBI B 3aJade paccesnus. MareMaTHIecKn Ke 3TO COOTBETCTBYET TOMY, UTO MHTEIPUPYEM MBI IO uMmiryiabcam p > 0, a pg —
0OJIBINOH ITOJIOYKUTEJIHHBIM UMITYJIBC, [IO9TOMY BTOPOIl BKJI&T OKa3bIBAETCS IKCIIOHEHIIUAIBHO MAJIBIM. POBHO 110 3TOit 2Ke Ipu4nHe,

KO3 PUINEHTHI PA3JIOXKEHUS TT0 ‘qu(,f) >, KaK U CJIejlyeT U3 Hareil pusnaeckoil HHTynnun (Beib 9TO — pellleHne 3a1a91 PACCesTHUST

«crpaBa-HajeBo»!) Toxe OyIyT IKCHOHEHIINAILHO MaJIbl U HAC MHTEPecoBaTh He OyiLyT.

(+)

Jlasbie Mbl JOJIZKHBI pelliaTh HecTalmoHapHoe ypasHerue Ipéaunrepa. IlockoibKy |1y > 9BOJIIOIMOHUPYIOT TPUBUAJIBHBIM

obpaszom, Hakpyuusas dazy e er7 1o 1y (p,t) = e *»T1), (p). HaxkoHemn, Mbl JO/GKHBI cllelaTh «obpaTHOe MpeobpasoBaHue
Qypbe» U 3amKUCaATh:

d d 1 - —i€p (T+T
(a,7) = / S be(p7) D (@) = 212 a2 [ SR (@) exp <2<ppo>2a2+z(ppo>L>e ATl (359)

Mpl He 3HaeM ABHBIH BU, (DYHKIMN z/z,(QL) (x), HO 3HAEM ACHMITOTHKH NIPU & — 00, HOITOMY JaBaiiTe IIOCMOTPUM Ha ACUMII-
roruku (x,T) upu x — F00. [Ipu 3TOM MHTErpas uMeeT UK BOJIU3U P = P, HOITOMY BCE BEJUYUHBI MbI PA3JIOKUM BOJU3U
3TON TOYKHU W BO3BMEM HMHTETpPaJl METOJIOM Ie€peBasa. 1Ipm 3TOM ydTéM, 9TO aMILIUTYABI MPOXOXKIEHNsI, BOOOIE rOBOPS, TOXKE
3aBUCAT OT UMITYJILCOB, M HX TOYKE CTOUT PAacKIaapBarh: t = t(p) = /T (p)e?r. Umenno uz-3a 3aBucuMocTi basbl OT HMITY/IHLCA, I
Ipou30iIET B KOHeYHoM urore sddexT 3a1epkku. Mrak, packiaisiBaeM €, 1 0, 110 BTOporo nopsiaxa u 6epem l'ayccos unrerpaJ:

Y(x = +oo,7) o 227 /a2 / %x/T(k) exp (Z l:apo + 05, (P = Po) + 507, (P —po)QD e

1 . . 1
exp (0= e it =)L ) exp (i e+ 20— ) + 20— | (74 0) ) =

a1/2 r+ L 9’ Y, - 9
= iz VI bo) exp MerD)+ <p522(t§ (o) +70)]

+i-phase| (3.60)

rae a?(t) = a® —i0" (po) + ie” (po) (T + 70). Ucciemyem Teneph moryueHHOe BbIpazKeHHe:

24B knaccirdeckoit dbusmuke Takoit 3¢bdHeKT TOXkEe UMEeT MECTO GBITD.
25Pazymeercs, B TIOTEHIMAJIE TAKIKE MOTYT GbITh CBA3AHHBIE COCTOSHUSA |t)pn), B K TOMY BBIPAsKEHUIO HYKHO JIOGABUTL CYMMY IMPOEKTOPOB Ha HUX.
J1st 335291 pacCcesiHusI 9TO HECYIIECTBEHHO — IIEPEKPBITHS MCXOJHOIO BOJIHOBOT'O IIAKETa CO CBI3AHHBIMU COCTOSIHISIME Oy/1€T S9KCIIOHEHITNAIHHO MAJIBIM.
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1. DT0 — rayccoB BOJHOBOI IAKET, IIEHTP KOTOPOro pacnosoxker npu xo(7) = —L—0'(pg)+¢&'(po)(t+70) = —L+¢&' (po)(T+70—
0’ /e"). DTo cOOTBETCTBYET MAKETy, KOTOPBIH JBUKETCS € IPYNIOBOH CKOpoCThio v = Je/dp = p/m. OmHaKo BBIpasKeHUe
9TO YCTPOEHO Tak, OYATO OH CTapTOBAJ W3 TOYKU —L He B MOMEHT BpeMeHu T = —Ty (Kak ObLIO ObI CO CBOOOIHBIM
JIBUKEHUEM), a 4YyTh [03Ke, B MOMEHT BpeMeHu T = —7p + 0'/¢’. D10 u ecTb sBjIeHMEe 3aJePXKKHU BOJHOBOIO MAKETA;

BpeMst ke 3aiepsKku pasHo | AT = 0 /e = 80/0¢ ‘ Tyt cpa3y ke BO3HHMKaeT BaKHeiilee CBOMCTBO (ha3bl — BeJb B CUJLY

npuanaHocTH, AT > 0 (YacTuia He MOXKeT IPUJIETeTh K JeTEeKTOPY PaHbIIe, YeM ecju Obl OHa Jeresa Gajumcrundeckn!) —
a 3HA4UT, a3a PACCesTHUs SABJISIETCS MOHOTOHHOM (byHKIMEN SHepruu.

" —_o" 2
2. Illupuna 3TOro IMaKeTa ONpee/IseTcs U3 yCJIOBUs a%(t) = Re_d%(t) = a%(t) = a®+ [ o) (r+70)—0" (po)]

— . roT ahderT HAZBI-

BAETCs «PACILIbIBAHUEM BOJTHOBOI'O IAKETay, M CBA3aH OH C HAJUYHEM y CIEKTDPAa KPUBU3HBI E €”(po); U3-3a COOTHOIIEHUS
HEOIIPEIEJIEHHOCTEl, B IMAKeT BCErJa OYAyT BXOAUTH YACTHUIIHI CO CJETKA PA3HBIMU MMILYJIbCAME, 8 3HAYUT — U C PA3HBIMEI
ckopocTsamu. [losTomy co BpemeneM MIMPHHA TaKeTa OyIeT MEHATHCH.

oo
3. Hakomner, moJiHoe 9uC/I0 YaCTHUI] B 9TOM MMAKETe PABHO ffoo |(x — +o00,7)|?dz = T(py) — 9TO | 3aBepITAET CBA3D CTAIIH-
OHAPHOI M HECTAIIMOHAPHON 3a/1a4l pacCesHUd.

Uccnenosanue acuMnroruku ¢(x — —o0, T) IMPOXOAUT abCOJIOTHO aHAJIOTMYHO — BKJIAJ IPU ITOM OYJET HPUXOJAUTH OT «OTPa-

T'PT @ BKJIAJ OT «IaJatorieity e'P” Oyzer SKCIIOHEHITNAIbHO MaJIeHbKUM.

JKEHHOM BOJIHBI» T'€

26 ITjist boTOHOB Mt [Ist 9JIEKTPOHOB B rpadeHe ¢ MpUOIMKEHNH THHEHHOTO CIIEKTPa, 9TO SBJIEHHE OTCYTCTBYET.
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MaTtemaTnndeckKunue JOIMOJTHEHUI

4.1 ®ysknun Beccens J,,(z), Y, (2), H,%M)(z), I, (2), Kn(z)

IIpeambyna

Oyukiuit Beccesist, Kak BbIHECEHO B 3arjiaBue, J0CTATOYHO MHOTO. OHU HOCSIT CJIeIyIOIIe HA3BAHUS M €CTECTBEHHBIM 00pa3oM
00bEUHSIOTCA B ITapbl (Mbl YBUIUM JaJIbIIe, [0 KAKOMY IIPU3HAKY ):

o Oynkius Beccenst J,, (2) n dynkius Heitmana Yy, (2)

e Oynkiun ['aHKesst IEPBOTO U BTOPOTO POJIa a2 (2)

o Oyuknus Nndunbaa (Mogudunmposannas dbyuknus Beccenst nepsoro poga) I,,(z) u dynkuus Maknonanbaa (Mogudu-
nupoBanHasg dyHKImsa Beccesst Broporo poma) Ky, (2)

Bozuukaior 3tu GyHKINA 09€Hb 9aCTO B CAMBIX PAa3JIMIHBIX 33/[a9aX, HO HAMOOJIbIIee 3HAYCHNE OHA UMEIOT [P PACCMOTPEHIHN
ABYyMepHOro ypasHenus Jlamniaca u obcyxxaennn aymepHoro ypasuenns LIIpéaunrepa B MUIMHIPHIECKIX KOODINHATAX.

3amaua

Ob6cyxnars GyHknun Beccesist Mbl OyieM Ha IIpuMepe KOHKpeTHO# 3agaun. [Ipeiaraercs HallTi ypOBHU SHEPIUH JIJIsi YACTUIBI
maccol M B ABYMEpPHOU MPSIMOYTOJIBHOM sIMe:

—Upy, r7<a
Ur) = 4.1
(r) {O, r>a (41)

Vpasuenue [Ipénunrepa B IuIMHAPHIECKUX KOOPAUHATAX (T, () 3ALMIIETCs CIIEAYIONIUM 00pa3oM:

R (% 10y 1 8% B
(G + 355+ 25 + Ul = B() (42)

2M

= 2,2
Mur nHrepecyeMcsd CBA3aHHBIMU COCTOAHUAMM, IIO3TOMY BBEIEM fzﬁ =-—F= |E| Bal\leTI/IM, 9TO IIepeMEeHHbIE T" 1 ¢ pa3J/ie-

JITOTCSA, TIOATOMY CJIeJIaeM CTaHJAPTHYIO TIOJICTAHOBKY (1, ) = 1 (r)e!™¢:

o)+ () = (B T Y ut) =0 (4.3

(Be.]'II/ILII/IHa M HOCHUT Ha3BaHHE YIJIOBOI'O KBAHTOBOI'O YHCJIa, U 00s13aHa OBITH eJIbIM YHMCJIOM B CHUJIY HNEPUOAUMYHOCTHU II0 ¢

o+ 2m).

Orpunaressnas sHeprust (r > a)
Bue simbt Mbl umeem U (1) = 0; BBOJISI KOODAMHATY 2 = 3I', MbI IIPUXOJUM K YPABHEHUIO:

2

W)+ 1) - (147 ) wie) =0 (1.0

35
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JByMs JTUHEHHO-HE3aBUCUMBIMA PEIIEHUsIMA STOTO YPABHEHUS HABJISIOTCS MOnudUImpoBannble MyHKINN beccess:

Y(z) = A1l (2) + A K (2) (4.5)

Acumnroruky pu 60JIBINMUX apryMeHTaxX y 9TuX QyHKIHH COOTBETCTBYIOT 3aTYXAIOIMUM U BO3PACTAIOIIAM SKCIOHEHTAM:

1
L,(z) ~ mez, K, (z) = ’/2%6%’ z>1 (4.6)

B cBoto 0uepesn, IpM MaJIbIX 3HAYEHMSIX apryMeHTa ojHa u3 (bYHKIUA perysispHa, a apyras — pacxo;:mfrwﬂ (y = 0.577 —
nocrosinHas Jiiepa-Mackepomn)

m (m=1)! r2\m
In(2) = ! (;) L Km(z)m~d 2 (3)", m#0

st mammedi 3a1aMm ONCKa CBA3AHHBIX cocTosHmiT Koaddunuent A; = 0, mOCKOIBKY BOJHOBasA (DyHKIHS JIO/IKHA 3aTyXaTh HA
GeckoneanocTr. 3uadnt Y(r > a) = AK,, (ser).

IMosioxkutesnbHas sHeprus (r < a)

BuyTpu svbl Mb1 uveem U(r) = —Uy. Beeném 3¢ beKTHBHbIH BOTHOBOH BEKTOp BHYTpH MBI k? = »
U clesiaeM IOJCTaHoBKy z = kr. IlojaydyaeM moxoxkee ypaBHEHHUE, OTJIMYAIOIIEECs JIUIIb 3HAKOM EIUHUILI (SKBUBAJEHTHO, ITU
YDABHEHUS CBsI3aHbI 3aMEHOU 2 +— 12):

2M(Uo—|E|) __ 2MUy _ .2
72 = T2

m?2

W)+ 2+ (1= T ) v =0 (1)

VpaBHenne o4YeHb IOXOXKE HA MPEIBbIIAYIee; B KAUECTBE €ro JIMHEHHO-HEe3aBUCUMbBIX PEIIeHNs, KAaK MIPABUJIO, BBIOUPAIOT JIOO
byuknnu beccena u Heitmana, mubo dyukmmm I‘aHKeJIﬂEI:

U(2) = BiJm(2) + BoYon(2) = C1HV (2) + CoHP) (2) (4.9)

Oyuknun beccena u Heitmana pu 606X 3HAYEHUSIX apTyMeHTa BeIyT ceOsl TOJ00H0 KOCUHYCY W CUHYCY C JOTOJTHUATE b=
HBIM (Pa30BBIM CJIBUTOM:

Im(2) = \/gcos(z —IE B Yu(2)ry/Esin(z -2 —2), z>1 (4.10)
Kax u B ipomionm ciaydae, byukmus Beccenst B myse peryisipua, a Heiimana — currymsipaalt
1 /2\m _(m=1)! (2)7" m#0
J, %—<7> L Y(2) ~ w \z) : 1 411
A A G L L N M (4

. . . ., 1,2
Jpyroit BEIOOp JMHEITHO-He3aBUCHMOI KOMOMHAINY penteHnit — MyHKun ['aHKes s, KOTOpbIe OIPeIeIIOTC KaK Hr(n )(x) =
Im(x) £iY, (z). Onu 06e, ecrecTBEHHO, CHHIYJISPHBL B HyJIe, HO [IPEJCTABISET UHTEPEC UX ACUMITOTHKA HA GECKOHEYHOCTH —
OHa COOTBETCTBYET CXOJAIIelica U pacxoddiieiica IUINHIPUIECKUM BOJIHAM:

/2 .
HT'(T:7}72)(Z) ~ 72e:|:1,(z—m7r/2—7r/4)7 2> 1 (4.12)
™
S(m=1)! (2\m 0
HT(nl,Q)(Z) ~ :':22_ s ) (z) ’ m# , 2kl (4.13)
F2(nz—-v)+1, m=0

1Oan0 U3 pemmenuii HeIpeMeHHO 06H3aHO PACXOIUTLCA B HyJIE, IIOCKOJIbKY BPOHCKHAH STOrO ypaBHeHud, Ho dbopmyite Jlnysmiia-Ocrporpaickoro, ¢
TOYHOCTBIO JIO IIPOM3BOJILHON MOCTOSIHHOI paBeH 1/z. @yuknus Vuduibaa onpejeisiercs Kak peryisipHoe B HyJle peleHue, a dbyHKuus Mak joHaabaa
— Kak pellleHne, 3aTyxaromniee Ha 6ECKOHEIHOCTH.

2KoHeuHO, MOMKHO HX IEPEMENINBATh, PACCMATPHBASI, HAIPUMED, JIOObIE ApYTue JMHEHHbIe KOMOUHAINE; HO, KaK OyJeT MOKAa3aHO HIKE, 9TO He
HeceT GOJIBIIOrO CMBICTIA

30mnsars-taku, dysKms Beccess onpenensieTcss IMEHHO KaK PEIIeHHs] COOTBETCTBYIONIErO YpaBHEH s, PeryspHoe B Hynae. Oyukuns Heiimana »xe
OIPEIeNIAETCS IO ACUMIITOTHKE Ha HECKOHEYHOCTH, BBIIMCAHHON BBIIIE
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OusaTh-Taky, BO3BpAIAsACh K Hallleil 3aJade — HAaC HHTEPECYET DelleHre, KOTOPOe B HyJle PEryJsipHO, MOSTOMY €CTECTBEHHBII
BBIOOp — 310 dynkiusa Beccens Y(x < a) = By, (kr).

Pemapka o perynsipHocTtu B HyJie B jelicrBurenbHOCTH, TpeOOBaHWE HA CBSI3aHHBIE COCTOSIHUE HAKJIAJBIBAETCS OJHO — a
umeHHo, (GyHKIug B HyJe (Ja 1 BooOIIe Be3/e) J0JKHA ObITh HHTEIPUPYEMa. DTO MCKJIOYAET BO3ZMOXKHOCTH UMETh CTEIEHHBIE

CHHTYJISIDHOCTH (KOTOpBIE UMEIOT DYHKIMHA Yy, (2) H,(r} ’2)(2) upu m > 0), HO He UCKJII0YAeT BO3MOXKHOCTb UMETh JIMIIb JIOra-
pudMIIecKy0 0co6eHHOCTH (KoTopast nMeeTcst Ipu m = (). AprymenT, 110 KOTOPOMY 3Ty JIOrapudMUIECKY0 0COOEHHOCTD HYKHO
oTbpocuTb, HemHOrO nHOM. C (husnIeckoil TOYKU 3peHust, KOHEYHO, OYEBUIHO, UTO ITOCKOJIBKY IOTEHINAJ B HyJie BIOJHE cebe
peryJisipes, To ObLTO ObI KAK MUHAMYM CTPAHHO MMETh TaM CHHTYJISIDHOCTH BOJIHOBOU (byHKIMM. MareMaTndecku ke 3TO CBA3aHO
C TeM, qTﬂ V2 ln% = 27(r) — nosromy dbyukuus Heiimana, B meficrBuresibHOCTH, pelnaeT 3ajady O JABYMEpHOil jesbra-ame. B
UCXOJ[HOM IIOTEHIINAJIe TAKOH CUHIYJIAPHOCTU HET, ¥ MMEHHO I10 ITO IIPUYMHE Mbl MOYKEM OTCedThb Yy, (2z) Takxke u upu m = 0.

Amnagnorust c omHoMepHbIM JBuxkeunem 06 sToMm «3oomnapkes GyHKImi Beccesist 09eHb yI00HO JyMaTh, IIPOBOJIST AHAJIOT I
C OJTHOMEPHBIM CBOOOJIHBIM JBUKEHUEM. JTa aHAJOTHS MOXKET ObITh 3aIllCaHa B BHUJIE CJIEIYIONEH Tab/IHIbL:

’ 1D: \ e \ e ® \ Ccos T \ sin x \ e’ \ e ‘
1 2D: | Lu(2) | K(@) | Ju(@) | Youlo) | B (@) | B (2) |

Tabsmna 4.1: Anamorus mexy 1D u 2D cBoGOIHBIM JBUKEHTEM

Omna Ke IOATBEPKIACTCS CJISYIOMUME TPUBUAIBHBIMU COOTHOIIEHUSMYU MEXKJLy 3TUMU (DYHKIUAMHA (Kak ObLIO OTMEYEHO
BbIIlIEe, YPABHEHHsI [IEPEXOJAT APYT B APYTa [IPHU 3aMeHe Z — 12):

HID () = Jo(2) £ iVin(z), Km(z) = gi’”“Hﬁ,})(ix) - g(—i)m“H}?(—m), T (i) = ™ I () (4.14)

CuiuBka

YpoBHU 3HEPIUH, KAK 3TO 0OBIYHO ObIBAET, OIIpe/IeJIsieTcsl CIUBKOl 0benx dyuknuii npu x = a: P(a—0) = Y(a+0) u ' (a —0) =
¥’(a + 0). PazpemmmMocTh 3TOr0 ypaBHEHUs] OTHOCUTEIBHO KOHCTAHT A m B 06BIvHO MaéT ycrosne Ha yposHE sueprun. OmHaxo,
MOCKOJIbKY SIBHBII BHUJI 9THX KOHCTQHT HAC MOKA COBEPIIEHHO HE MHTEPECYET, BMECTO STOTO 3AIIUIIEM CIIUBKY A02aPUPMUECKOT

npoussoonoti d% Iny(a—0) = % Int(a + 0). Takum 06pa3oM, ypPOBHU SHEPIUHU ONPEJEIISIOTCS U3 YCJIOBHSL:
kaJ) (ka)  saK],(5a) (4.15)

Im(ka) K, (5a)

DT0 — TOYHOE ypaBHEHHE, ONPEIE/ISIONee BCe CBA3aHHbIC COCTOSHHSA B sMe. AHAJIMTUYECKH 3TO ypaBHEHHE MOYKHO PENINTh
JIIIb B PAa3HBIX IPEJEJbHBIX ClydadX. PaHee Mbl pa3Oupasn 3a1ady O MEJKOH sfMe; IO3TOMY, B IEIAX CPABHEHUS, JaBaiiTe

. h? ~ Ug
PenuM 3TO ypaBHEHHe aHATUTHICCKH B 3ToM Tipejiene: Uy K gf-=. DTOT Ipejiesl COOTBeTCTBYeT MasbiM ka ~ \ e < lu

E
xa — }12)2% < ]., 6.7'[&I‘O,Hap${ YeMy MbI MO2K€M BOCIIOJIb30BaTbCHA BbIIINCAHHBIMHA BBIIITE aCUMIITOTUKaMM. OcHOBHOE COCTOSTHHE

(a B MeJIKOIl siMe OHO €JIMHCTBEHHO), M3 O0IUX CcOoOOpaykeHuii MUHMMAJIBHOCTU SHEPIHH, JOJKHO COOTBETCTBOBATH HYJIEBOMY

opburasbaoMy kKBanToBomy wuciay m = 0. Equncreennoe 3amedanue 3akiodaercs B ToM, 4To dopmyna gaér Jo(z < 1) ~ 1,

U TPOM3BOJHAS 3AHYJISAETCs; MOITOMY Jist AuDEePEeHIIMPOBAHNS HY2KEH CJIeAYIONAN WIEH PA3JIOXKEHUST — OH BBIIVISIUT KakK
2

J(z<gl)~1- 4 - Oxonuare/ibHO, ypaBHeHHe Ha CIIMBKY B 9TOM IIpeJie/ie 3allUChIBACTCs CJIeIYIOMUM 00pasoM:

ka\ a(—2) ~ 2 h? 212/ Ma? L
ka - <—2> :Wﬁ%CLZQG 'YeXp (_W) = |E‘ :CMaz exXp (_%> 5 C =2e 77" ~0.630 (416)

(TTOCKOJTbKY 9HEprus SKCIOHEHIMATbHA MaJja, TO MBI TakKyKe BOCHOMb30BaInCh mpubmmxkenuem k2 =~ 2mUy/h?). DToT oTBeT

MOKHO CPABHUTB C ODIEM OTBETOM JUIsi MEJKOH sMbl; nHTerpan [ U (r)d*r = —Ugma?, u Tem cambiM obmas hbopMya JiTs
MEJIKOM SIMBI JTaeT:
h2 27 h2 -t h2 2h2 /M a?
El=#——exp| ——"—| [ Ulr)d*r = exp| ——— 4.17
Bl = #pzew (-2 | [ 06 T p( 2 ) (4.17)

4TIoHATH 5TO PABEHCTBO OYEHb IIPOCTO. EC/IM IpPOMHTErpHpoBaTh 00€ YACTH IO KPYry MAaJOro pajmyca p U BOCIOJIB30BAThCs opmystoi [aycca-

OCTpOrpaJIcKoro, TO MbI TOJTY IHM: f\T|<ﬁ d?rv? ln% = f\T\:P dl-Vn ln% = f\?‘I:P % =27
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Ona abCOJIIOTHO TOYHO BOCIIPOU3BOJAMT IJIABHBINA SKCIIOHEHIUAIbHBIA MHOXKHUTEIb, 8 TaKyKe IapaMeTPUYECKYI0 3aBUCUMOCTD
MIPEIPKCIIOHEHTDI, B COOTBETCTBUU C 00IIel aprymeHTamueit qias Toit 3ajaqu. Ho eé TouHOCTH He XBaTaeT, ITOOBI OMPEIETUTD
koHCTaHTy C' B IIPEJPKCIOHEHTE — JIJIsi €€ OIPeJIe/IEHUs ITOr0 HaM IOTPebOBAJIOCh TOUYHOE peleHne ypapHenus 1IIpéaunrepa.

4.2 T'unepreomerpuyeckas dyHKuus »F(a,b;c; 2)

IIpeambyna

T'unepreomerpudeckue GyHKIUM 00pa3yioT, B IEACTBATEJBHOCTH, OYE€Hb IIMPOKOE CEMENUCTBO CIErDYHKINIA, OIPeIe/IsieMbIM
CJIETY FOIIM 00pa30M:

a1...a ai(a; + Das(as +1)...a,(a, + 1) 22
SFa(@1, sy brse e by 2) = 1+ 1 p 1(a1 4 1)az(az 4 1) plap +1)

z > (a)™ (@)™ 2n
- (418
b by bi(ort Dba(ba + 1) byt 1) 2 ) (4.18)

(61)® .. (b,)™ 7l

(TyT BBeseHO OBo3HAYeHME «BOCcxogsiero dbakropuaias (a)r = ala + 1)...(a + k — 1)). Haine Bcero B IPUIIOKEHUIX BCTPE-
vatorest byuknun 1 Fy(a;b;2) u oF(a,b;c;2z) — o nocnenneit n Gyner WATH pedb B 3TOM pasfese. AJbTEPHATHBHO €8 MOXKHO
OIIPEJICJIUTh KaK PeIleHne CJeayiomero audhepeHuaibLHoro ypaBHeH s, Peryisapioe B Hyse (yOeIuThess B 9KBUBAJEHTHOCTU
9TUX OIPEJEJICHUI MOXKHO CTAHJAPTHBIM METOJIOM IIOUCKA pemenus audbepeHIualbHOr0 ypaBHeHus B BUJE Psijia):

[2(1=2)f"(2) + (c— (a+ b+ 1)2)f'(2) —abf(z) =0, f(0) =1] (4.19)

MozkHO ybeauThCsi, 9TO BTOPOE JIMHEHHO-HE3ABUCUMOE DEIIeHe 3TOr0 yPABHEHUsI TOYKe MOXKHO BBIPDA3UTH Yepe3 TUIepreo-
Merpudeckyio dbyuakiuo. Obiiee perrenue uMeer ciaepyomuit Bu (pu ¢ # 1):

’ f(2) = C1aFi(a,b;c;2) + Coz' " F (b—c+1,a—c+1;2 —¢; 2) ‘ (4.20)

K ypaBHeHUIO TAKOrO BHUA MOXKHO CBECTH OUYeHb DOJIBINON KJiace JuddepeHnuaibHbIX ypaBHeHuil. B nelicrBuTe/ibHOCTH, HMe-
ercst KjaccuuKanus JUHEHHbIX muddepeHInalbHbIX YPABHEHUN ¢ IPOOHO-PAITMOHAIBHBIMI KOI(MDMUIIUEHTAME IO X OCODEH-
HOCTSIM B KOMILTEKCHOMH IIOCKOCTH (OCOBEHHOCTSIMHI ypPaBHEHHsI, 3aIlACAHHOr0 B Kanommaeckoii popme f() (2) +py(2)f~ D (2) +
-+ pn(2)f(2) = 0, HazbIBatOTCH OCOGeHHOCTH (DYHKIMIL P)(2) — TOUKH, e OHA 00paInaeTcs B GECKOHEIHOCTh) — B YaCTHOCTH,
y runepreomerpuueckoil dyHKImn ux posHO Tpu: z = {0,1,00}; u Gosee mim MeHee 060 ypaBHEHUE C TPEMsl OCOOEHHOCTSIMU
MOYKHO CBECTH K THIEPreOMETPUYECKOMY BHJLY.

[Tpomoskast 06cyKaeHue CBOMCTB 9T (DYHKIMH, OTMETHM, 9TO OHA HE OIPEJIE/IeHa IIPU TIEJIbIX OTPUATEIbHBIX ¢ (3HAMEHA~
TeJIb 3aHyJIAeTCs ). Panyc CXOAuMOCTH psAlia PABEH €JUHUIIE, U B JIefiCTBUTEIHLHOCTU y TUIEPreOMeTPUIecKoil (DYHKIUKI B TOYKE
z = 1 nmeercda 0cobeHHOCTD. EIMHCTBEHHOE NCKITIOYEHIE U3 9TOTO MPaBUjIa — ITO KOT/Ia OO0 a, b0 b — OTpHIaTeIbHOE TIeJI0e
YUCJI0: B TAKOM CJIydae, Psiji 00pabIBAETCS U IPEBPAIIACTCS B MOJUHOM KOHETHOM CTEIIEHH, UMEIOIIHIA, €CTECTBEHHO, OECKOHETHBII
pamuyc cxomumoctu. [locenaee 3ameuanue OyIeT BaXKHO IPU MTOUCKE CBSI3aHHBIX COCTOSTHUIA.

3agaua

OusaThb-Taky, pasdbupaThCs ¢ FHIIEPreOMeTPUIECcKO QyHKIEH MbI Oy 1eM Ha IpUMepe KOHKpeTHOI 3a1a4u. ITosHocThIo neesteayem
2 .

JBIzKenne dactunpl B norerrmaie U(x) = —Uy/ cosh”(z/a) — a mMeHHO, MBI Haii/IEM BCe CBA3AHHBIE COCTOSHNS Ha OTPUIATEb-

Hoii sHeprun E < 0, a TakKe PENINM 3a/1ady PACCEsSHUs IIPHU IIOJIOXKHUTENbHOI sneprun £ > 0.

h? " o Uo
“am? @ cosh?(x/a)

2m
Ecyin MBI XOTUM NPUBECTH 3TO ypaBHEHUE K T'HIIEPreOMETPUYIECKON (PYHKIIUU, TO MEPBBIM JEJIOM HAM CTOUT U30OABUTHCS OT
runepbomiecknx pyHkuuii. EcrecTBeHHbIM KanJuIaToM JIJIst 3TOTO BBIVIAJUT MOJCTaHOBKa y = tanh £ € (—1,1):

P(x) = B (x) (4.21)

dp 1 1 dy 1, sdy P 1 s d [ o d
& ez~ e @ a2l P [0 (122)
2 d N E -
_ oma? @ |:(]- -y )dy] - <UO + 1_@/2) ’l/J(y) =0 (423)

DT0 ypaBHEHHE HAM HPABUTCH Kya OOJIBIE: €CJin PACKPBITh CKOOKM, TO MOXKHO YBUJIETh, 9TO ¥ HEIO UMEIOTCSI TPU OCOOEHHOCTH
— B Toukax y = {£1,00}, B CBsI3U ¢ YeM eCTh HAJEXKJIA IIPUBECTH €r0 K MUIEPreOMETPUIECKOMY BHLY.



I'JIABA 4. MATEMATUYECKHUE JOIIOJIHEHU A 39

CBsi3aHHbIE COCTOSIHUSI

Jljist Hauasia, pacCCMOTPUM CJIydail CBA3aHHBIX cocTognuii F = —|E|. O6ezpazmepunM ypaBHEeHUe, BB CJIe/TyIONIHIe TapaMeTph:
ye Yo v2m|E| (4.24)
h2/2ma?’ h '

[TepBblit MIar Upu NPUBEJICHAN YPABHEHHA K TUIIEPreOMETPHYECKOMY BHLy — COBMelenne ocobennocreil. HecstoXKHO BUIETD, 9TO
o 1—

toukn {£1,00} mepexomsat B {0, 1,00} mpu mpocrom /mueiinoM npeobpasosanun z = —52 € (0, 1); Kpome TOro, packpoem cpasy

CKOOKM:

R7Q

Jlasbie yHUBEPCATBHBIN PENenT 3aK/II09aeTCs B BBIJIEJIEHNN HANOOJIee CHHTYIISIPHOTO TTOBE/IEHUs] PEITeHs BOIN3H 0COOEHHO-
creit. Bomusu z = 0, ypaBHeHNEe TPUOIU3UTETHHO 3aIUCHIBAETCS CIEIYIONINM 00Pa30M:

K2a?
2 Y=0=1(z) = zim/z, z k1 (4.26)
z

1
" !
Wy -
z
(3r0 — omHOpPOAHOE ypaBHEHME Diljiepa, MOITOMY DPEIIAeTCsl CTENeHHOI nojacTanoBkoii). To ke camoe MOXKHO HPOJEJIATbh U B

oxpecTHOCTH |2 — 1| < 1. D10 MoTHBUpYeT momcTanoBKY ¥(2) = (2(1 — 2))**/?x(2) — KOTOpast IPUBOINT, HAKOHEII, yDABHCHHE
K THIIEPreOMETPUIECKOMY BHLY

1 2 1
2(1=2)x"(2) + (ka + 1)(1 — 22)x'(2) — <2 + na) —u—y x(z)=0 (4.27)
O6parum cpasy sauManue, uro (z(1 — 2))"%/2 = (3(1 — y?))~/2 = (2 cosh%)_m ~ e **l mpn  — +o0; TO ecth TOT

npedakTop yxke cam 1mo cebe COOTBETCTBYeT 3arTyxaiomeil BojaHoBo# dynkuuu. [losromy Ha dbyHKumio X(z) HAKIAILIBAETCS
TpeboBaHWe — OTCYTCTBUE CHHTYyJIApHOCTEH pu z = 0, 1.
V100HO HCIIOIB30BATH TAPAMETPU3AIINIO IAPAMETPA U Y€PEe3 BCIIOMOTATEIbHDIN ITapAMETpP S COIJIACHO:

1
u=s(s+1):>s:§(\/1+4u—l) (4.28)
B takoMm ciiydae, mapaMeTpbl MHIEPreoMeTPUIecKoil (DYHKITUU UMEIOT BUJL @ = Ka — §, b = ka + s+ 1 u ¢ = ka + 1. Takum
obpazom, 00IIIee perenne ypaBHeHNsT 3AITUCHIBACTCS CJIEIYIONIM 00pa30M:

¥(z)=(2(1- z))”“/2 o Fi(ka—s,ka+s+1;ka+1;2), z= %(1 — tanh(z/a)) (4.29)

(MOKHO yOEIUTHCSI, YTO BTOPOE JIMHEHHO HE3ABHCHMOE PEIlleHHe BCera PacTéT Ha GECKOHEYHOCTH).

ITo nocrpoenuio, ono peryisapHo npu z = 0 (x — +00); HOITOMY yCJIOBUE Ha CBA3AHHBIE COCTOAHUE COOTBETCTBYET YCJIOBUIO
peryJsipHOCTH Tunepreomerpudeckoit dyukmuu npu 2z = 1. Kak Mbl BbISCHUIM BbIITE, MPOUCXOIUTH 9TO MOXKET TOJIBKO KOTJIa
runepreoMerpudeckas (GYHKIUsS IPEBPAIIAETCS B IIOJUHOM, TO €CTh Korga a = ka — s = —nun = 0,1,... (oueBuano, 4ro
b > 0). Bosspaiasich K HCXOIHBIM HapaMeTpaM, MbI HOJIyIaeM:

2

2 2
n 8loma® _ o 4 1) (4.30)

Ep=———
8ma? h?2

ITapamerp s > n > 0, mo3TOMY BeJIMYMHA S OIpeJesseT YUCJIO CBA3AHHBIX YPOBHEl B siMe. Korma s JocTuraeT mesioro 4ucia,
B sIMe TIOsIBJIAETCS HOBBII YPOBEHDb Ha HyJIeBOIl sHepruu. J[jis ClpaBKu, IPUBEIEM BOJHOBYIO (DYHKIIMIO OCHOBHOTO COCTOAHUS (C

TOYHOCTDIO JI0 HOPMHPOBKH)
1 h? 8U 2 ’
ma
= By=—— [/1+ 22 1 4.31
Yolw) cosh®(z/a)” "% 8ma? T (4:31)

DTOT OTBET MOYYUTEIHLHO CPABHUTH B OOINEM IIPEJejie MEJKON sIMBbI, KOTOPBII MBI PACCMAaTPUBAJNA BO BTOPOM CEMUHApE.

2 2U2ma? . oo
Tlosraras U"h% < 1, MbI MOXKeM Pa3JIOKUTh U HOJMyunTh Ey ~ —%7—. C apyroit cTOPOHBI, OCKOJIbKY f_oo U(z)dx = —2Uya,
. m 2 2U§1ﬂa2 o
u nosromy dopmysra u3 cemunapa Jaér |E| ~ gy | [ dzU (m)‘ = —%3— — TO eCTb BOCIPOHU3BOJUT TOYHBIN OTBET.
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HenpepbIBHBII CIIEKTP U 3a/laYa pacCessHUs

Temnepb MBI Oy7eM paccMaTpuBaTh HempepbIBHBIN crieKTp E > 0. 1 3Toro ymobHO BOCIONB30BATHC HapaMerpusarueii £ =
k? /2m, n permenne MOYKHO TIOJIy9NTh U3 BBITMCAHHOTO BBIIIE MPOCTON 3aMeHO# ka = —ika:

U(z) = (2(1 - z))*“m/2 coFy(—ika — s, —ika + s+ 1;—ika+ 1;2), z= %(1 — tanh(x/a)) (4.32)

Mpb! oty Imii KaKOe-TO pelieHne HeIPEPBIBHOIO CIIEKTPA; OJIHAKO, ellé He (DaKT YTO OHO COOTBETCTBYET 3aJ1ate PACCEsHUS.
Tem He MeHee, Jayke ecJii W HE COOTBETCTBYET — 3aJlady PACCEsHHs Mbl BCE PABHO CMOXKEM IIOCTPOUTH, BHIOPAB JIMHEHHYO
KOMOHHAIMIO ¢ KOMILIEKCHO CONIPSI?KEHHBIM pellleHneM (KOTOpOe sIBJISIETCsI BTOPBIM JIMHEHHO-HE3aBUCUMBIM ). ITOGBI 9TO MOHSTH,
HAM HEOOXOJIMMO HANTU aCUMIITOTUYECKOE TOBEJEHNUE ITOTO PeIleHus Ha GECKOHEYHOCTH.

Ilpn © — 400 =y =tanh T =~ 1 — 2e728/0 = 5 v =27/ 5 (), rumepreoMeTpIIecKas OyHKII oF (..., 2) = 1. lloaromy:

U(z > a) = ek (4.33)

Ham moBe3sio — 3ra acHMITOTHKA COIEPXKUT TOJILKO IPOIIE/IIYIO BOJHY, TO €CTh COOTBETCTBYET 3ajade DACCEsSHHs CJIeBa-
nanpaso! Ocraoch onpeesuTh aCUMITOTHKA NPH & — —00 = y = tanh & ~ —1 + 2e%%/0 = 7 a1 — /%y MBI TOMyUEM
KO3 PUIHEHTHI TPOXOXKIEHUS U OTPAYXKEHUsI OT TAKOrO MOTEHIHaa. [Jist 9Toro HaM HeOOXOAUMO HAYIUTHCS MOJIYIATh aCHMII-
TOTUKY THIEPTeOMETPUIECKON (DYHKITMN BOIU3U €IUHUIIBI, T/e ¥ Heé 0COOEHHOCTH. JleTaeTcst 3TO peryaspHbIM CITOCOOOM — JIJTst
THIIEPreOMEeTPUIECKOl (DYHKIUU eCTh IeJiasi CepUsl TOXKJECTB, KOTOPbIE BBIPAXKAIOT TUIIEPreOMETPUYIECKYIO (DYHKIIUIO BOJIU3H
O/IHO#t 0COBEHHOCTH uepe3 Heé Ke (C IPYrHMM MHJeKcaMu) BOIM3H Jpyroii ocoGoii Touku (To ecth cBsisbiBaloT 2 4+ {1 — 2, 1}).
Oj10 U3 TAKUX TOXKJECTB, CBA3BIBaIONIEe z — 1 — z, B3ATOE U3 CIPABOYHUKOB, MBI U HCIOJIb3yeM. OHO BBINVISIIUT JOCTATOYHO
3aMBICJIOBATO:

I(e)l'(c—a—D)

Te)T(a+b—c)
I(c—a)l'(c—0)

2Fi(a,bsc; 2) = T(a)T(b)

oFi(a,b,a+b+1—c,1—2)+ (1—2)" b Fi(c—a,c—bjc+1—a—b;1—2) (4.34)

ITockonbKy 2z & 1, TO B IIpaBoil YaCTH TOXKJ/IECTBa HEIOCPeICTBeHHO IUIlepreoMeTpudecKue (DYHKIMU PacKJIaIbIBaloTCs Kak
9Fy(...;1—2) & 1, M OCHOBHAS ACUMIIOTHKA OTIpeIeisieTcs BhipaskeHmsivu ¢ Lavma-ynxmusamu u (1—2)¢7970 = (1—z)tkae ~ e2ik,
Benomunas Takxke o mpedakrope (z(1 — z))~Ha/2 kT \B] HEMEJJIEHHO IIOJTydYaeM aCHMITOTUKY BOIHOBOH (DYHKITUH IPH

T — —00, KOTOpAasi, CJIeIys ODIIeil JJOruKe 3a/1a91 PACCESHIS, COAEPKUT IATAIONLYI0 U OTPAKEHHYIO BOJIHY:

~ e

D(—ika+ OD(<ika) g,  D(=ika+1)D(ika)
—ika — s)I'(—ika+ s+ 1) I'(s+ 1)I'(—s)

Y(x — —o0) = T e~k (4.35)

O6BIYHO B 3a/1a4e paccesHust Ko3DUIMEHT Ipy naaroleil Bosre €'F% GepéTcs paBHBIM €IHHUIE; TOI/[A OCTAIbHBIE KOI(hdH-
[IMEHTHI OTBEYAIOT AMILIATYE OTPAYKEHUS U MIPOXOXK/I€HUsI. ¥ HAC HOPMUPOBKA UyTh APYyTasi, M AMILIATYIbI JAIOTCST OTHOMEHUEM
K03 PpurmenTos:

['(—ika — s)['(—ika + s+ 1) _ D(—ika — s)I'(—ika + s + 1)

b T T ket Dr(—ika) T(s+ DI(—s)

(4.36)

D10 — oKOHYATEJbHBII 0TBeT. OJIHAKO OCO3HATH €r0 JIOCTATOYHO TAXKEJIO, TIOCKOJIBKY OH TPEJICTABIISIET COOOM HETPUBUAIBHY IO
roMmOuuanuio crer.pyuknnii. K cuacrsio, Boipaxkenune i KO3(MOUINEHTOB TPOXOXKIEHNAST U OTPAXKEHUsI JOCTATOTHO XOPOIIO
YIPOIIAIOTCS, UCHOb3ys cooTHomenns Ha lamva-pynkmmn I'(2)* = I'(2*), T'(2)I'(1-2) = 57—, T'(2+1) = 2I'(2), 6marogaps
YeMy OT HUX MOYKHO IIPOCTO M30ABUTHCS:

sinh?(rka)

sinh?(mka) 4 sin®(s)’

sin?(7s)

sinh?(mka) 4 sin®(7s)

T=|t?= R=r]*= (4.37)

Taxoit orBer yke HAM cuMmaTudeH. MoXXKHO TPOBEPUTDH, HACKOJIBKO ITIOJIyUYeHHbIH OTBeT dusndeH. Bo-mepBoix, pasymeercs,
JIJIsT HeTO BBIMIOJTHSIETCA ODIee COOTHOIIEHNE, HAKJIAIbIBAEMOe YHUTAPHOCTHIO KBAHTOBOI Mexanuku R + T = 1; npu OosbImoit
sueprun ka > 1, ko3 duImenT oTparkKennsi yMEHbIIIAETCs, YTO PA3yMHO — Be/Ib JIBI2KEHNE C OOJIBINON SHeprueil KBA3NKJIACCUIHO,
a B KJIACCHIECKON MEXaHUKe IACTHUIIA, IPOJIETAIONIAs Ha [ siMoi (1 ropbom!) coBepIieHHO He paccemBaeTcs. JIFOGOIBITHO TakkKe,
9TO pH HEIOM § € 7, KoabMUIHEeHT oTparkeHusi 06PAIAeTes B HOJIb (HA YPOBHE aMIUIATY/(bl OTPAXKEHHsI STO COOTBETCTBYET
TOMy, 94TO y aHaaurudeckoil dyukimu ['(z) uMeoTes moJoca nepBoro mopsaaka Ipu 2 = —§) — TO €CTh UMEeeTCsd PE3OHAHCHOE
Ge30TparkaTeIbHOe paccesiHue Ha 6cex snepeusx! Boilte Mbl TOJYyYIHId, 9TO TEJI0e S TAKKE COOTBETCTBYET CUTYAIIUU, KOTJa B
AMe 3apoXKJaeTcs odepe/IHOe CBA3aHHOE COCTOAHHE.



I'JIABA 4. MATEMATUYECKHUE JOIIOJIHEHU A 41

ObpaTuMm BHUMAHUE, YTO IIPHU [EJOM S TPOUCXOIUT PE30HAHC, U OTPAaKEHNE TOJTHOCTHIO OTCYTCTBYET. Kpome Toro, mpu 1esiom
S B sIMe TIOSIBJISIETCS. HOBOE CBA3AHHOE COCTOsIHUE Ha HyJIeBoOil suepruu. Hasn4ane pesonancoB B KO3 dUIMEHTe TPOXOKIEHIST IIPHU
TIOSIBJICHUH B SIME CBSI3QHHBIX YPOBHEH — 00ITee CBOMCTBO KBAaHTOBON MEXaHWKHU.

4.3 Beipoxaennas runepreomerputieckas dyukims 1 F(a;b; z)

IIpeambyna

Ha mpormiom cemuuape obcyzknajics oOmuil Kaace THIepreoMeTpUIecKuX (OYHKIHWHA ,Fy; onHAKO MJIst IPUIOXKeHu Hanbosee
YaCTO BCTPEYAIOTCs MMeHHO (byHKiuu o F (06cyKnénnas ua npomwiom cemunape) u 1Fy. OHa, ecTecTBEHHO, TOXKE OILIPEIEJISIeTCs
qepe3 TUIlepreoMeTpIUIecKuil ps{

o0

a ala+1) 22 alm) zn
Filabz) =14+ — AT = E -z 4.38
111 (a; b; 2) + bZ+ b(b+1) 2 + — b(n) n! ( )

Kpome Toro, agprepuaTuBHOe €€ onpenesnenne — depe3 pernenne 1uddepeHnuaaIbHOr0 YPaBHEHUS CJIETYIONIEro BIIA:

21"(2) + (b= 2)f'(2) —af(2) =0, f(0)=1] (4.39)

Cpasy oTMeTnM, 9TO BTOPOE JIMHEHHO-HE3ABUCUMOE PEIIEHNE, KAK PABUIIO, B HyJIe CHHTYJISIPDHO, W, B YéM HECJIOXKHO YOEIUThCS,
TOXKE BBIPAXKAETCS YePe3 TUIEPreOMETPUIECKYIO (byHKum(ﬁ fA(2)=2"""Fi(a—b+1;2 - b; 2). Kak u ¢ o6branoii rumepreo-
MeTpHuuecKoil (byHKIMeil, HeCJI0KHO BHIETh, YTO IIPU IeJbIX OTPUIATEILHBIX b = —n (QyHKIUS He OlpejesieHa, a IPU HeJbIX
OTPHIATEIBHBIX @ = —7 OHA SIBJISETCHA KOHEYHBIM IIOJMHOMOM CTeIleHH 1. B obmmeM ciydae, OTHOIIEHnEe COCeQHUX Kodddum-
€HTOB Pa3JIOKEHUS B Pl BeJIET cebg Kak 1/n, I03TOMy pajiyc CXOIUMOCTH TOr0 psijia — GECKOHEUHOCTh (B orymanu o Fy, rie
PaJMyC CXOAUMOCTHU ObLI €IUHAYHBIM ). ACUMITOTHYECKOE [IOBEICHHE Ha GECKOHEYHOCTH CJIE/LyIOIee:

b ~ F(b) a—b _z
1F1(a;b; 2) =~ I‘(a)z e*, z>1 (4.40)

OnsTh-Takn, Mbl paHee TOBOPHJIN, YTO BCSIKOE YPABHEHHE C TPEMsi OCODEHHOCTSIMI CBOJIUTCS K TUIIEPTEOMETPUIECKOMY BULY —
TaK U BCAKOE ypaBHeHHe ¢ KO3hdUImeHTaMu, KOTOPBIE IIPEJICTABIISIOT c000il JinHeliHble (DYHKIUH 2 IPUBOIUTCS K BBIPOXKJIEHHOMY
TUIEPreOMEeTPUYECKOMY BHJLY.

3agaga

[ToyunTenbHo OymeT pacCMOTPETh BBIPOKICHHYIO THIEPTEOMETPUIECKYIO (PYHKITUIO Ha MPUMEPE MPOCTOTO TAPMOHIUIECKOTO OC-
2.2
mw-xT

HUIATOPa — YacTunpl B norennumane U(x) = M55 . Tlockombky norenmuanbuas sueprusa Uz — +00) — oo, To B 9TOM
NOTEHIHaj e HeT HENPEePBIBHOIO CHEKTPa, a TOJbKO JuckperHbiil. [lepexosnsa Kk GespasmepHoft KoopjuHate y = xy/“;> U BBOJIA
Ge3pa3MepHyI0 Hepruio corsacHo E = hiw(e + %), MBI Tosrytdaem ypasaenue IIpénunarepa B Bue:
U (y) + (2e+1 -y )Y(y) =0 (4.41)
CriemaeM 3aMeHy KOODIHHAT z = Y2 = y = +/2:
dip dy AP d di ” /
— =2Vz—, ——=2vVz— (2vz— | =42¢"(2) + 2¢'(z 4.42
dy \[dz dy? \[dz fdz ¥i(z) +20(2) ( )
429" (2) + 24" (2) + (2e + 1 — 2)1(2) =0 (4.43)

Mps1 nosryunn ypaBHEHHE C JIMHEHHBIMA KO3 dUImenTaMu — 3HAYUT, €ro MOYKHO npuBectr K 1F. CranmapTHbIil criocod Takoit
IIPOIIE Ty PBI — 3TO BBIJETIEHNE ACAMIITOTHK. B 9aCTHOCTH, IPK 2 — 00, ACHMITTOTHIECKUT BUJ| yPABHEHUS BBITJISLIAT Kak 421" (2)—

2h(2) = 0 = (2) = e~*/2. Tlosromy MbI crienaem mogcTanosky ¥ (z) = x(z)e™*/%; nomy4aaewm:
7 1 / €
)+ (5 -2 ) V) + xt) =0 (4.44)

506parumM BHUMaHUE, OHA BBIpaXkaeTcs uepes o[ cormacuo 1 Fy (a;¢; 2) = limp_s o 2 F1 (a, b; ¢; 2/b)
63ror TpIOK, KOHEUHO, paboTaeT ToMEKo mpu b # 1. Oamako, npu b — 1 MoxHO mocrponTs npexen suma (f(2) — f<1>)/(b — 1), xKoTopslii 1 Gyzxer
JlaBaTh BTOPOE pelleHne



I'JIABA 4. MATEMATUYECKHUE JOIIOJIHEHU A 42

B mamem xoukperHOM citydae b = %, a = —5, 1 1103TOMY OOIllee pellienyre ypaBHeHUs 3alUChIBAeTCs CJIe/lyIoNuM 00pasoM:
e 1 e—1 3
x(z) =C1-1Fy <2;2;z) + Cov/z 1 Fy (2;2;2) (4.45)

B obmmem ciryaae 1 F1 ~ €7, 9T0 COOTBETCTBYET KCIOHEHITUAIBLHO PACTYIIEH BOJIHOBOM (DYHKIINK U HAC HE YCTPANBAET; [IOITOMY
psia moskeH oOpbIBaThbes. VIMeroTes /1Be aJlbTepHATHBHIL:

1 : 1
Ci#0, Co=0, ¢=2n=|taly) =1 Fi(—n 559°) - e V2 By, = hw(2n + 5) (4.46)
3.9\ _y2 1
Ci1=0, Co#0, e=2n+1= ¢2n+1(y) =y k| —n; 5; y°le , Bopgr = ﬁw(Qn + 1+ 5), (447)

9TO, KOHEYHO, MCUYEPIIBIBACT BCE PENICHHUS 3389l O IPOCTOM TapMOHUYECKOM OCImLIATOpe. [IId crnpaBKu mpuBEnEM CBA3b
HAIUCAHHBIX TYT TUIIEPreOMeTPUIeCKUX (DYHKIUI C TOJUHOMAMA JPMUTA U HOPMUPOBAHHBIMU BOJIHOBBIMU (DYHKITASIMU:

Hon) = 0" B B ), Haa() = (0" E Dy e D) (1.49)
Yo =~ Ho(y)e "2, By = b (n+ (4.49)
n = \/W n\Y s n = 5 .

4.4 JlectHuuHasa aJjrebpa

Opnako, ropaso 6oJiee TPOCTOit Crrocod PEeHns 3a1a91 O TAPMOHIIECKOM OCIIAJLISITOPE — ITO Yepe3 TaK HA3BIBAEMYIO aJIreo-
Py JIECTHUYHBIX OIEPATOPOB. JTOT ClOCOD YHUBEPCAJIEH, OH [O3BOJIIeT DellaTh JioOble JuHelHble (B CMbIC/e JIMHEHHOCTH,
CKayKeM, KJIACCHYECKUX YDaBHEHUI JBUKeHUsI) 3a/a4u. Jjisd OCTPOeHUsI STUX OIePATOPOB IOJIE3HO PEIIUTDh CIIepBa KJacCHYe-
CKYIO 33J1a49y 00 OCIIMJIIISITOPE, BBIJIEJUB TAK HA3bIBAEMbIE IIUKJINIECKUe IIepeMeHHbIe. [[epBhIM J1e710M, OJTHAKO, [IPEJJIATaeTCs ITY
3aJ1a1y 00e3pa3MepuTh, «coOpaBy M3 HapaMeTpoB 3aJaquu i, m, w nmapaMerpbl MaciiTada JJIMHBI U UMILYJIbCA:

~ T . D
X=—12_ p=_1L_ (4.50)
Vh/mw hmw
KaKaH IIO/ICTAHOBKa 9YTh MEHAET KOMMYTAaIlMOHHbIE COOTHOIIICHU A [X, P} =1 (HOE)TOI\Iy P = —Z%), " IIpUBOJUT I'aMHJIBTO-
HHUAH K CJIeJyIoleMy BUIY:
H= 7(X2 + P?) (4.51)

Kiaccuueckue YpaBHeHUd ABUKEHUA

M Ha HeDOJIBINOEe BpeMs O KBAHTOBOW MEXaHWKE'| W BCIIOMHMM, Kak TOUT YKU3Hb B KJIACCHIECKO# ¢dusuke. B meit
3abyaem Ha HEGO 0e BpeMs O KBAHTOBOM Mexa CIIO , KaKk 00cTO 3 aCCUIECKO 3uke. B me
ypaBHEHUSs JBUKeHus B hopMe ypaBHeHNN ['aMUIbTOHA UMEIOT BHJL:

de _OH(w,p) _p dp_ 0H(p) o (4.52)

dt op m’  dt Ox
D10 — cucTeMa JIMHEHHBIX YPABHEHWH, U JUIs €€ PEIleHHs] CHCTeMY HeOOXOJMMO JMArOHAJN30BATh. DTO JEJaeTCsi IyTéM
BBEJICHUST KOMILIEKCHBIX KOODJMHAT (€CTECTBEHHO, MX MOYKHO BBECTH C TOYHOCTBIO JIO TIPOM3BOJIBbHON KOHCTaHTBI C' — BoOGIIE
roBOPsi, KOMILJIEKCHOI1!)

d ,
a = C(mwzx +ip) = — = —iwa = a(t) = ae” ™" (4.53)

a
dt
* . dCL - * * * _jwt

a :C(mw-x—zp)éazzwa = a*(t) =a"e (4.54)
7COFJIaCHO COOTHOIIIEHUIO HeOHpe,H‘eJ'IéHHOCTI/I, 9TOOBI 3&6])ITI) O KBAHTOBOM MEXaHHKE Ha MaJIEHbKOE BpeM9, HeO6XO,E[I/H\Ia 60JIB]_H3,H JHEeprus nopdaaka

E ~ h/At.
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KBanToBass mexaHukKa

B KBaHTOBOH MeXaHHKe KOODIMHATAM @ U a* COOTBETCTBYeT KaKas-TO Iapa omeparopos @ u a'. Koncranry C yao6HO BBIGpaTH
Tak, 9TOOBI OIIEPATOPHI MOy YMINCh OE3PA3MEPHBIME, YTO COOTBETCTBYET CJIEIYIOIIEMY BBIOODY:

F— Ly PP —  /mws 4 5 s — R (4 AT
a—\@l(XAHJi) VT sl T 7 (@ + @) (4.55)
at = 55X —iP) = \/GFE - b’ |p = —iy/tme(a-af)

(BBIGOD (ha3bI OCTAETCS TIPOM3BOJIBHBIM — CKaKeM, OIIEPATOPHI de'? 1 ate™ auuem me xye). HakoHel, MOXKHO BBIDA3UTh Yepe3
3THU OIEPATOPHI TAKXKE U FAMUJILTOHUAH. [ PUBUAILHON MOICTAHOBKOM, IOy IaeM:

H = hw (a*& + ;) (4.56)

Anrebpa JecTHUYHBIX omepaTopoB Baxweiinryio posib B majbHeeM OyIyT UIPaTh UX KOMMYTAIIMOHHBIE COOTHOIICHIS;
dakTHIecKn, MBI TIOJIYYUM TIOJTHOE PeIeHne 3a71a9u 00 OCIMIIISITOPE UCIOJIb3YsT TOJBKO JIUIND UX:

[a,af] =1 (4.57)

3ajiaBaeMast STUM COOTHOIIIEHIEM ajrebpa — oJlHa M3 BakKHeHmux ajrebp B KBaHTOBOH Mexanmke. Ceiidac MbI OymeM ncce-
J0BaTh, KAKHe BBIBOJBI MOXKHO CJIeJIaTh, UCXOMS UCKIIOUNTEILHO U3 HEE.

e 3ameruM, 4TO omeparop a'é — SpMHUTOB U HOIOKHUTEIBHO OIpeeIéH (a emme 9T0 — HAIl rAMHJIBTOHUAH C TOYHOCTBHIO JIO
KOHCTAHTBI U MHOYKUTEJIsT). SHAUUT, er0 COOCTBEHHBIE COCTOSTHUS 00Pa3yroT 6a3nc, B KOTOPOM MbI U OyneM paforarh. JTu
COCTOSTHUST 0DO3HAMUM CJIE/LYIOIUM OOPA30M:

a'aAn) = An | An) (4.58)

e HecjioxkHO TIpOBEPUTH, YTO [&,de] = a. IlomelicTBOBAB STUM COOTHOINEHUEM Ha |\,) U PACKDPBHIB IBHO KOMMYTATOD, MBI
MIPUXOJUM K COOTHOIIIECHUIO

ataa |\ = A — Da |\, (4.59)

TO €CTh @ |\,) TOKe ABJIAeTCa COOCTBEHHBIM I d'd ¢ COOCTBEHHBIM YHCIIOM HA €IMHUILY MEHBIIHM, 4eM y |A,) :
G| An) =cnlAn—1). (4.60)
W3-3a 9T0Or0 yC/I0BUA, OIIEPATOD G HA3BIBAIOT IIOHU2KAIOIIMM OIIEPATOPOM.

e Koncranra Cp MOZKeT ObITH BbI6paHa BeHLeCTBeHHOfI " olIpeJiesisieTCsa U3 yCJI0OBUA HOPMHUPOBKHA

A= MnlalaiN) = O — 1A —1) =2 = ¢, =V (4.61)

n

e IlockobKy crexkTp oneparopa afd obsa3am GBITh HEOTPUIATELHO OHPEIEISHHBIM, TO J0JIXKHO OBITH COCTOsHEE |\g) TakKoe,
4970 G |Ag) = 0 (B IPOTHBHOM CJIydae, «IIOHUXKATb» MOYKHO JI0 GECKOHEYHOCTH ) — M3 9TOrO MbI 3aKJII0YaeM, 4To ¢y = Ag = 0,
a 3Ha4UT \,, = n. TakuMm 06pa3oM, CIeKTp orepaTopa a'd 1aéTcst HeOTPHIATETBHBIMI TeIBIME THACTAMHA.

e Ilocrymas ananormuno ¢ kommyraropom [af, afa) = —al, y6eammces, uro
allny=vn+1|n+1), (4.62)
I TeM CaMbIM OIIepaTop ! HA3LIBAIOT IMOBBIIIAIOIIIM.

Hakownerr, cobepém Bce COOTHOIEHNSI, KOTOPBIE CJIEIYIOT U3 ajredphl, BMeCTe:

ataln) =nin), n=0,1,...
aln) =4ynn—1) (4.63)
atln) =vn+1ln+1)

O6paruM BHUMAHKE, YTO BCE ITU PACCYKIECHHs CTPOATCS UCKJIIOIUTEIHHO Ha KOMMYTAIMOHHOM COOTHONIEHUN [, &T] =1!
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IlpusoxkeHnsi K TApMOHUYECKOMY OCHUJLIIITOPY

Bepuémcst K BbIpazKeHHIo Jijisl raMuIbToHIaHa. 1locse mpojieslaHHOro aHan3a Cpas3y MOXKHO 3aKJ/IIOUUTD, UTO Y 9TOI0 FAMUJIBTO-
HUAHA UMEeTCs TUCKPETHBIA CIIEKTD COCTOAHUIN |n); WX 3HEprust JaéTcd 3HaMeHuTOH HopMyIioii

2

E, = hw (n + 1) (4.64)

Ho na maxoxxmeHun criekTpa IpesiecTh 9TOH aareOphbl HE 3aKAHIMBAETCH; MPOJEMOHCTPUPYEM Iapy MPOCTHIX TPUIOKEHMUIA.
MozkHO HAWTH, HAIIPUMED, BOJHOBYIO (DYHKIINIO OCHOBHOI'O COCTOSIHUS B KOODAWMHATHOM IIpejcTaBienun. s sroro 3amerum,
aTo @|0) = 0; mozCTaBIIsIsT KOOPANHATHOE MPEJICTABIEHNE OIEPATOPa G, MBI MOJIydaeM (BO3BPAIIASCH K MCXOJHBIM OMEepaTOpaM &
u P BMeCTO Ge3pa3MEpHBIX, ¢ KOTOPBIME MbI PABOTAJIN JI0 9TOTO):

h 0 mw mwax?
\/ D +4/ %x Yo(x) = 0 = 1hg(x) = const - exp (271) . (4.65)

Ob6paruTe BHUMaHAE, 9TO BMECTO YPABHEHUsT BTOPOTO TOPSIKA MbI Oy YUIN yPABHEHNE TIEPBOTO MOPSIIKA, PEIIUTh KOTOPOEe
CYIIIECTBEHHO TPOINE. DTO BHIUUCICHUE TaKKe IMOJTBEPKIACT €IMHCTBEHHOCTH OCHOBHOIO COCTOSIHUSI W, CJIEJIOBATEJIHHO, BCEi
110CJIeJOBATEIbHOCTA PABHOOTCTOAIINX YPOBHEH.

B kauecTBe BTOpOro mpumepa, pacCMOTPHUM BbIMHCICHUE (DIYKTYaIllnd KOOPAUHATHI B ITPOU3BOILHOM COCTOSIHUM TapMOHUIE-
ckoro ocrimyagTopa. st aToro 3ameTnm:

hw (aTa +aat +a? +a2)|n) = % ((2n +1)n) +V(n+1)(n+2)|n+2)+/n(n—1)|n— 2>) (4.66)

CIpoeIrmpoBaB 9TO COOTHOIIEHHE Ha COCTOSHME (n| W BOCIOIL30BABIIACHL OPTOTOHABHOCTBIO, MbI Togaydaem (n|2? |n) =
i 1
mw (n + 5)'

~2 _
#n) = 5

Pemapka o Teopeme Bupmana O6parnm srnmannme, aro (n|U(z)|n) = Shw(n + 1) = L1E,; us uero cuexyer, uro s
OCIIMLIIATOPA B CTAIIMOHADHBIX COCTOSHUSX CPEJIHHE 3HAUEHNS KUHETHYECKON M MOTEHIMAJbHON SHEPIUH COBHAJAIOT. DTO —
He CJIydailHOe COBIAJICHUE, a SBJISETCS KBAHTOMEXaHHIECKHM ODOOINEHMEM KJIACCHYECKOI TeOpEMBI BHpHAJIa. JTa TeopeMa

[JIACHUT, YTO UpHU JBUKeHuH B norenimase U(r) o< r™, cpejiHue 3HAYEHUs] KUHETHYECKOH ¥ IIOTEHIMAIBHONW SHEPIUU CBA3AHDI
2 <T> =n <U>

4.5 ODyuknua diipn

Qynknusa Jipyu BOZHUKaET OyKBAJILHO IIpH pernennn ypasaennst IIIpénunrepa mos neiicTBreM HOCTOSHHON CUIIBI (B ITOCTOSTHHOM
JIEKTPHYIECKOM T10Jie) — moreniwan U(z) = Fu:

2

() + () = B(a) (467)

IlepBbIM mesioM, Kak U paHbIle, CTOUT 9TO ypaBHeHHE obe3pazMepuTh. OOpaTuM BHUMAHME, YTO OT SHEPrun F MOXKHO TPUBHUAJIBHO
n30aBUTHCS, CHEIAaB JOMOJHUTEIbHYIO CABUYKKY Havaaa KOODIAHAT:

x—FE/F
S = R (4.68)

Takast 110/ICTAHOBKA IIPUBOJWUT ypaBHEHUE K YPABHEHUIO Diipu:

(4" (2) — 2p(2) = 0. (4.69)

Ero obriee pernerre — Ipon3BoJibHAS JTMHEHHAsT KOMOMHATWS (DYyHKIM DAUPHU MepBOro U BTOPOTO POJIA:

P(z) = C1Ai(2) + CoBi(2) (4.70)

Cuteftyst o011elt JIOTUKeE, B KJIACCUYECKH Pa3PENIEHHO 00/IaCTH PEIIEHUsT — PACTYIINE U 3aTyXaIOIIIe SKCIIOHeHTRI. [ KBaHTO-
BOIl MeXaHUKN HanboJjiee MHTEPECHO PEIeHNE C 3aTyXalOIIeil aCUMIITOTUKON — COOCTBEHHO, (DYHKINS Ditpu — KOTOpasi 00J1amaeT
CJIeAYIONEe aCUMITOTUKON:



I'JIABA 4. MATEMATUYECKHUE JOIIOJIHEHU A 45

exp (7223/2) R Z — +00,

Ai(z) ~ 2ﬁz1/4 3
=) 2(=2)¥2+ 7)), z— —c.

4.71
7= s .

Bropoe snHeitHO HE3aBUCHMOE PEIIeHNe BBIOMPAETCS U3 YCJIOBUS, YTOOBI HA —0O €r0 aCUMIITOTHKA COOTBETCTBOBAJIA KOCHHYCY;
DU 9TOM, pa3dyMeeTcs, Ha +00 pelleHue — pacTyllas dKCIOHEHT

1 2
o) - e (7). =

4
4.72
fﬁ cos (%(—2)3/2 + %) , 2z — —00. ( )

OyaKnust DAPH BOSHUKAET €CTECTBEHHBIM 00Pa30M ITPH BBIBOJIE TPAHMYHBIX YCJIOBHI I KBAZUKJIACCHIECKOTO TIPUOTNKEHAST
(MBI 0BCYIUM 9TO B COOTBETCTBYIOMIEM CEMUHADE).

3amaua

I/IccnegyeM JABUXKEHUE YaCTHUIbI B ITIOTECHIHAJIC:

Fz, >0
U(z) = ’ - (4.73)
oo, x<0
IMockonbky U(x — +00) — 00, TO B 3a/1a9e IPUCYTCTBYET TOJBKO JUCKPETHDIH criektp. [Ipu & > 0, ypaBHeHue coBnajaer ¢
ypaBHeHueM Diipu, B cBa3u ¢ 4eM ero pemtenne naércs ¥(x) = C - Ai(z(z)) (Bbibpano 3aTyxaroliee Ipu & — 0O PEIICHUE), & 2
ompegessiercs (4.68). Hasmune 6eckoneunoii osuadaer rpannyunoe yeiaosue 1(0) = 0, 4ro onpenessier CleKTp:

Ai(zp) =0, E, = —z,(h2F?/2m)"/3.

Jlist cipaBKu IpUBEIEM CHUCOK HEepBbIX HyJeil dbyukimn Ditpu z, = {—2.33811, —4.08795, —5.52056, . . . }. Ucnonnsys acumi-
TOTUKY JIJISI Z — —0OO MBI MOYKEM IIOJIyYUTh ACUMIITOTUKY JJisd Hysel (byHKinn ditpu:

sin (i(—zn)?’ﬂ + D =0z~ — (32” (n— 1/4))2/3 (4.74)

K npumepy 1o sroit dpopmysie momygaercs z1g ~ —12.8281, 4To oTsinyuaeTcs OT YHCJIEHHOI'O TOJIBKO B DOl 3HaUyInel mudpe
(obpaTuM BHEUMaHWE, UTO ecsau npeHeOpedsb 1/4 mo cpaBHeHWoo ¢ n To Juist n = 10 TounoCTh yxymmaercs B 1000 pas). st
ACUMIITOTUKY YPOBHEN MOJIydaeM:

2 p2 2\ 1/3
E, ~ (9” WE ) n2/3 (4.75)
8 m

Pemapka 0 kOMIIJIEKCHOI mjtocKocTu lVIMeercsi HECKOJIBKO TOHKOCTEl, CBSI3aHHBIX C TOBEJEHUEM (DYHKIMU DUpPHU B KOM-
wrekcHoit wiockoctu z € C. Bosee moapobHO 3TH TOHKOCTH OYIAyT OOCYKIAThCsl B CJIEAYIONIAX CEMUHAPAX, a ITOKa IIPOCTO
HAMETHM, B 96M OHU 3aKJIOYAIOTCs. KaskeTcst eCTECTBEHHBIM, YTO ACUMITOTHIECKIE BBIPAYKEHUS MOYKHO aHAJTUTHIECKH TIPOJIOJI-
JKaTh 3a MpeJieibl BerecTBennoit ocu. O1Hako, 0OpaTuTe BHUMAHNE HA, TO, YTO ACUMIITOTUKHU HE MIPEJCTABIISIIOTCS OTHOZHATHBIMU
(GYHKIMAME Ha KOMILJIEKCHOI IIJIOCKOCTH — JIJIsl MX OIpeJlesieHus TpebyeTcs IIPOBe/IeHre pa3pe30B U BhbIjeJIeHne BeTBeil. B To xke
BpeMst cama (PYHKIUsT DIPH, pasyMeeTcs, sIBJIsIeTCs OJHO3HAYHON. /Ipyroit TaKoil TOHKOCTBIO SIBJISIETCSI TO, UYTO, HAIIpUMEp, DYHK-
g Ai(z) Ha 400 CONEPKUT OHY IKCIIOHEHTY, & Ha —00 — JBe (B COCTABE CUHYCA), U OJHO U3 JIPYTOro MOJIYIUTh AHATUTUIECKUM
MIPOJIOI?KEHIEM HEBO3MOXKHO.

Bcé aTo cBazano ¢ Tak HasbiBaeMmbiM siBjieHMeM Crokca. B meficTBuTeIbHOCTH, aCUMIITOTUKHA PabOTAIOT TOJILKO B OIpee-
JIEHHBIX CEKTOPaX KOMILJIEKCHOH IIJIOCKOCTH, PA3JIENEHHBIX JydaMu (OHM Ha3biBatoTcs JimHUsAMEU CTOKca), Ha KOTOPBIX Ko3dh-
GUIMEHTDI TIepe] KOMIIOHEHTAMYU aCUMITOTUKY (OHA KOMIIOHEHTA, COIEPKUT €XP (2 3/ 2), apyrast — exp (—fy?’/ 2)) MEHSIFOTCSI
ckagkoM. Ha 3TuxX JIMHUSIX BBIDAXKEHUE B SKCIIOHEHTE sIBJISIETCsI BEIIECTBEHHBIM, TAK YTO OJHA M3 IKCIIOHEHT SIBJISIETCS MAaKCH-
MaJIbHO yOBIBAIOIIEH, a IpyTras — MaKCUMAJIBHO paCTymeI/“ﬂ 3a sTuMu HABJIOJEHUSIMU CTOUT UHTEpecHas pa3paboTaHHas HayKa,
€ KOTODBII HEKOTOPBIE U3 BaC €Ié CTOJKHYTCSA B IPOIECcce 00y IeHUSI.

8To, 4TO JIUMNIL B OJIHOM U3 YETHIPEX MECT CTOMT MHOXKHTEb 1/2./T, a B oCTambHbIX — 1/4/T He sBJIsieTCs onevaTKoii!

9Ha 9TuX JMHUSX HOPENIHOCTb PACTYIIEH aCHMITOTUKN CPABHUBAETCS IO MOPSIIKY BEJMYMHBI C 3aTyXAroMleil 9KCIoHeHToi. CKavyoK B KO M-
€HTaxX Mepej] SKCIOHEHTAMU KOMIICHCUPYET CKAUOK B MOIPABKE K PACTYINEH SKCIIOHEHTE, TaK UTO CYMMAaPHOE BBIPDAXKEHUE OCTAETCs PEryJIsIPHBIM, KaK 1
JTOJIZKHO OBITh.
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4.6 Meron Jlamiaaca
Meron Jlammaca — odenb MOIHBINA MeTOn pemnteHus AuddepeHnnaIbHbIX YPAaBHEHUN TPOU3BOJIBHOIO HOPSIIKA C JIMHEHHBIMI
Koa(i)deuHeHTaMI/ﬂ

N

Z (am + bpx) -

m=0

dmY
Z =0
dx™

Merom, 3aKJII0O9aeTCs B MIOUCKE PEIIEHUs B BUJE HEKOTOPOIO MHTETrPAIBLHOTO MPeoOpPa30BAHUS:

Y(2) = /C dtZ(t)et

Hareit koneunoit nennio Oyaer onpemenenue pyakinuu Z(t). aTerpupoBanus MpoOU3BOAUTCS BIOIb HEKOTOPOro KouTypa C
B KOMIIJIEKCHOI ILJIOCKOCTH, KOTOPBIN TOXKe OyJeT OnpeeaéH HOTOME IlogcranoBka B ypaBHEHHE JIAET:

N N
/ dtZ(t) Z amt™ | + Z but™ | z| et =0
C m=0 m=0

TyT yno6uo sBectu obosnadenns P(t) =Y an,t™ u Q(t) =Y, bnt™. Bo BropoM djene HaM «MeIIaeT» I; OJHAKO, OT HEro
MOYKHO M36aBUTLCA IyTEM HHTErpupoBanus 1o dactam: re®'dt = d(e®). TlosTomy:

t 0 xtd
[ dzneee = 20w~ [ Gznw

[Morpebyem, 4ToObI Ha rPAHUNAX KOHTYDA MHTErPUPOBAHUA BHEMHTEIDAJIBHBIA YJIeH 3aHyJIsICs (3TO OyIeT HEKOTOPBIM TPe-
GoBaHueM Ha KOHTYD uHTerpupoBanus). [logygaem:

/C it [Z(t)P(t) - % (Z(t)Q(t))} et =

0

Eciu MbI Teneps noabepém dyHkmo Z(t) Tak, YTo0bl BIpaXkeHHe B CKOOKAX 3aHyJIsLIOCh, TO TEM CAMBIM MBI DEIUM yDPaB-
P Z(t) = Lo PO ). T 6 / .
HEeHue. elIeHue 9Toro ypaBHeHI/IH 3allUChIBaETCA TpI/IBI/IaJIbHO = Q(t) exp Q(t) . aKHNM O pa30M7 MBI HO.HyLIael\l CJIe

AYIOIUI «penentTs:

1. Cmorpum Ha jauddepenimanbHoe ypasaerne, crpouM dyukmmu P(t), Q(t); soranciasiem dynknuo Z (t).

2. UceneryeM BO3MOYKHbBIE KOHTYPA B KOMILIEKCHO! IJIOCKOCTH, Ha KOHIIax Koroporo dhyakius Z(t)Q(t)e*t = exp (o:t + [ %dt)

3aHyssiercs. Kak nmpasmiio, 310 b0 3aMKHYThIE KOHTYPa, 00XOIsIIe KAKNe-TO OCODEHHOCTH TO/IBIHTErPAILHOTO BhIPaXKe-
Hus; Tub0 KOHTYDA, yXOdInue Ha OECKOHEYHOCTD BJI0JIb KAKOTO-HUOY/Ib U3 HAIIPABJICHUII.

3. Hambine Tpebyercs: BHIOpATh KAKOW-HUOY/Ib OIUMH KOHTYD WHTEIPUPOBAHUS, KOTOPBIN 00BIMHO (DUKCUPYETCs BHIOOPOM rpa-
HUYHBIX ycjioBuit. [IpmaémM B KBAHTOBOI MeXaHUKe, KaK [IPABIIIO, TPAHUYHBIE YCJIOBUsI (PUKCUPYIOTCS IIPU T HA BEIECTBEH-
HO#t ocu, mpu r — +0o. [losromy 111 BbIOOpa KOHTYpa MHTEIPUPOBaHUSI, ClIEpBa TPEOYETCS BBIYUC/IATH ACUMIITOTHKH
pelleHuit, KOTOPbIE MOJIYyJAKTCs, €CJIN TO-PA3HOMY BBIIEISITH KOHTYPA.

4. HaKOHeI_[, TJIdad Ha Ppa3/InIHbIe aCHUMIITOTUKH, MbI JOJI2KHBI BLI6paTb I/IHTepeCyIOIHI/Iﬁ HaC KOHTYD.

4.7 DysKnusg Jiipu M KOMILIEKCHBIII MeTO/] mepeBaJjia

IIpumenum Tenepsb pazpaboTaHHBI MeTOJ K JuddepeHInalbHOMY YPABHEHUIO DUpH:

Y (2) - ay(a) = 0

1006parum BHUManue, uto Tpu N = 2 obImee pelleHre TAKUX yPABHEHHI BBIPAXKAETCS Y€pe3 TUIEPreOMeTPHYECKYIo (DYHKINIO; B TaCTHOCTH, C
IIOMOIIBIO 3TOI'0 METO/Ia MOXKHO IIOCTPOUTD /I He€ MHTerpaJsibHOe IIpe/ICTaBIeHne

1 3amerrm, 9TO €CTH KOHTYD MHTErPUPOBAHES COBIAAET C MHUMOI OCBIO, TO 3TO TIPeobpa3oBaHye COBIAIAET C OOBIMHEIM MpeobpasoBanunem Dyphbe.
Ha cam MeTon MOXKHO CMOTPETH KaK Ha HEKOe O0OOIIEHUE II0CIEIHETO.
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Emy coorsercrsyer P(t) = t? u Q(t) = —1. Tem campinm, [ gdt = —g uZ = exp(—% Tem caMbIM, MBI TIOJIydYaeM

MHTErPAJIbHOE TPEJICTABJICHHE:
t3
y(x) = / dt exp (xt - )
c 3

JaJibIiie TpebyeTcst OIpeIesiIuTh KOHTYP. II0CKO/IBKY y OABIHTErPAIbHON (DYHKIIME 0COOEHHOCTEH HET, eJIMHCTBEeHHAS] BO3MOXK-
HOCTBb 3aKJ/IF0YaeTCsl B BHIOOpE KOHTYPA, IMPUXOISINEro n3 OECKOHEYHOCTH U YXOJAIIEro Ha 6ecKoHedHOCTh. IloaTomy Tpebyercst
HOCTPOUTH CEKTOPA, B KOTOPHIX (bYHKIMA B 9KCIOHEHTE 3aTyXaeT (3TO COOTBETCTBYeT ycaosuio ZQe™ — 0). Umen ¢ 3, Boobme
roBopsi, Ha GECKOHEUHOCTHU BayKHee; II0STOMY YCIOBHE, OIIPeIe/Isiolee ceKTopa, (bopMy/Impyercs caemryiomum obpasom: Ret? > 0;
ecsm BBIOpATh t = [t|e! 8! 10 310 3HAUHT cos(3 argt) > 0. Beibupas pazamaabie KOHTYPA, MOYKHO TOJTYIaTh PA3IHIHbIC PeITeHTS.

[
T
Il

)
T
1

Puc. 4.1: Cekropa, B KOTOpble MO2KHO YBOAUTH KOHTYP mHTerpupoBanus C mpu t — 0o

Yro6uo BEIGpaTh Tpu KoHTypa C) (cHU3Y-BBepX), Co (cBepxy-Hanpaso) u Cj (cupasa-BHu3). CoorsercTByomme (DyHKIMA
Y1,2,3 OYJLyT PELIEHUsIME YPABHEHHST; IIPUUEM Y1 + Y2 + Y3 = 0, IIO3TOMY Cpeiil HUX UMEIOTCsl [Ba JIMHEHO-He3aBUCHMBbIX. Jlasbiine
Mbl ToKazKeM, 1o Ai(z) = sy (z).

Ux2

4.7.1 Metoa nepeBaJjia

Iycrs 3adukcupoBa HEKOTOPBIH KOHTYD; U HaMm Tpebyercd Hafitu acumuroTuku dyHKmuu y(x — +00). DTy 3a7ady OTIUIHO
peraeT MeToJ1 TiepeBaJia, KOTOPhIN IIPUMEHSIETCsl K HHTerpaJjiaM BHJIa:

y:/ A(2)e*@dz
c

C BelecTBEHHBIM METOIOM IIepeBasia Mbl YK€ CTAJIKUBAJIUCh; ecan GyHKIws P(z) 4ucTO BelecTBeHHa Ha KOHTYPEe MHTEerpu-
POBaHUs, TO JOCTATOYHO HaifiTn MakcuMyMbl 91oil GyHKImn @' (z9) = 0, pasioKuThCd KBaIPATUIHO BOIN3U ITHX MAKCHMYMOB
(a «MmemIenHyIO» ormbarortyio A(z) MOXKHO IpocTo B3dTh B MakcuMyMe A(zp)). Meros mepeBaia B KOMILIEKCHOM IJIOCKOCTH
Gasupyercs Ha ITOIl 2Ke IPOCTO Hiee, U OH HCIOJB3YyeT TO XOPOIIee CBOMCTBO KOMILIEKCHBIX HHTErDAJIOB OT AHAJUTHIECKHUX
bYHKIMIA, & IMEHHO — BO3MOXKHOCTB MO/IN(UIIIPOBATH KOHTYD HHTErpUpoBaHus. Takum oOpa3oMm, /i aCUMITOTUYIECKOI OIleH-
KU UHTerpaJia Beerja MOAudUIupoBaTh KOHTYD Tak, 4TOOBl «XOJUTh» TOJBKO IO JIMHUAM MOCTOSHHON (da3el Im®P(z) = const.
O6parnM BHUMAaHWE, YTO JIMHUU [TOCTOSIHHON has3bl TOXKJECTBEHHO COBIAJAIOT C JIMHUSMHU HAUCKOPEUWe20 CNYycka, TO eCTh C
nanpasyienneMm VRe®.

12TTockonbKy ypaBHEHHE IHHEHHOE, TO €r0 MOYXKHO JOMHOXKHUTE HAa, IPOM3BOJILHYIO KOHCTAHTY; B 9TOM CMbIC/IE 3HAK Z HE UIPAeT HUKAKOH POJIH
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HTar nepssiit  Coepsa Tpebyercst HANTH MOJIOYKEHNE TAK HA3LIBAEMBIX CEJJIOBBIX Toqelﬁ ®’(29) = 0. B mamewm ciryuae ectb
3

bynkuus () = at — & = & =2 — 2 = 0. Ilpu & > 0, nmeeTcs napa CeUIOBBIX TOUCK Ha BEIECTBEHHOI oCH t1 5 = +1/T; npn

2 < 0 nMeercst mapa CeJUIOBbIX TOYEK Ha MHUMOI ocH t3 4 = Fiy/|x|. Oupenesum cpasy 3nadennst GyHKIMH B 9THX CEJJIOBBIX

TOYKAX:

i%IB/Q, t:tLQ = :l:\/E

o(t) = . .
:F%dx\?’/z t =134 = Li/|z]

IMTar Bropoit 3arem Tpebyercst HaifiTu HAIPaBJEHHUE JIMHUH HAMCKODEHIEro CIycka W3 TOYKU Zg. BOJIM3M KaxKIO0H TOUKH
byuKims B 06lIeM Bije pacK/albBaeTcs Ksajgpatnano ®(z) ~ ®(zg)+ 39" (20) (2 —20)?+. . . . Paccmorpum noseenue Gynxium

. 2i . . 1"
Re®(z) B okpecrHOCTH Z0; eciu monoxkuth @7 = [®”]e@8 %" u z — 2z = pe'?, rorna Re(®(z) — (z))) = 5|®"[p?ei(@r8 7 +26),
VMeroTcst coteyommue B3aMMHO-TIEPIIEH UK Y ISPHBIE HATIPABJICHUSI:

1 1
arg ®” 4+ 20 = 2rn = 0 = —5 I8 o’ 0= —5 ars ®" + 7 (nanpapJieHHs HACKOPEHIIEro BO3PaCcTaHUs )

1
arg®” +20 =7 +2mn = 0 = —5 arg " £ g, (HanpaB/IeHUs] HAMCKOPEHIIEro CIIycKa)

B namem ciygae mosydaercs Ciieayrolnee:

—2\/§:>9:0,7T7 tlzﬁ, x>0
" 2\/E=>9=ig to=—Vz, >0
¥(t) = 2=V PR .
—2i\/|z| = 0=—5,°F, tz=iy/|z|, x<
2iy/Je] = 0=-32  t,=—i/|z], <0
4 2 1) 2 4 4 2 0 2 4
(a) Cay4ait x = 3 > 0. Bunno, 910 ay151 1€BOIi CeII0BOI TOYKU (b) Cayuwait x = —3 < 0. BepxHeit cemyoBoil TOuke COOT-
JIMHUST HAMCKOPEHIIEro CIycKa uAST BepTHKAILHO, § = T a BETCTBYeT HANpaBJIeHHe HauCKopeiimero cmycka § = —7, a
JUIsl IpaBoii — HaobopoT, ropu3oHTaIbBHO, § = 0 HiKHelr — 0 = §

Puc. 4.2: AHasm3 TOIOIOTNK KOMIITIEKCHOI IJIOCKOCTH. 3aTeMHEHHBIE 00JIACTH COOTBETCTBYIOT O0JIACTAM, Ky1a DyHKIIUS 3aTyXaeT
Re®(z) < Re®(zp). JIurum coorBeTcTBYIOT TUHASAM HOCTOSHHON a3kl ImP(z) = ImP(z)

13Hazsanue csasano ¢ cieayronmm yreeprxaenuem. Kak ussectno us TOKII, byukmus Re®(z = z + iy) — rapmonuteckas DyHKIHsS, TO eCTb
2
yaosJsierBopsieT ypaBuenuio Jlammaca A® = 0. DTo 3HAYUAT, YTO €CIU BAOJb KAKOrO-TO HAIIPABJIEHUs (DYHKINSA UMEET JIOKAJIbHBIA MUHUMYM < 8R§<I> <0,
x
3?Red

TO BJIOJIb II€PIEHIUKYIAPHOIO — JIOKaJIBbHBIH MaKCUMYyM 302 0. DTO 3HAYUT, YTO B OKPECTHOCTH TOUKH 20 PyHKImA Re®(z) ycrpoena Kak cemo.

Y
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IITar Ttperuii Takum obpazom, HaM OBl XOTEJIOCh MYCTUTL KOHTYDP €Yepe3 TOYKY 2o IO YTJIOM, COOTBETCTBYIOIINM JIMHUU
TOCTOSTHHON (ba3bl — JIMHUN HAMCKOPEHIero ciycka. Ecin Mbl IOCTYIIMM TaK, TO BKJIAJ B HHTETPAJ OT OKPECTHOCTHU Z(g OIEHUTCS

catetytommm o6pasoM }

< ” 2 )
Y :/ dzA(z)e_(b(Z) w/ ewdpA(z)e‘b(Zo)—%@ lp® _ |(I)7,T/|A(Zo)e<1>(zo)+w
c

— 00

O6paTuM BHEMAHEE, 9TO BeIyINas 3aBHCHMOCTD OT IAapaMeTpa, KaK IPABHIIO, Taércs mpocto mocpeactsoM e?(%0), Koneuno,

TYT IPEJIIOJIAraeTCsl BBIOJHEHNE CTAHIAPTHBIX KPUTEPUEB METO/Ia MepeBasia (& MMEHHO, 9TO MAaKCHMyM JOCTATOYHO y3KHil, u
dyukuusa A(z) J0CTATOYHO MeJIeHHA, TaK UTO TAKOE PA3JIOKEHUE OIIPABIIAHO).

HTar yerBéptohiii Temepb HaM MOXKHO HAKOHEIT BBIOPATh KOHTYD, COOTBeTCTByOmuil pyHknuu diipu. OyuKiwmst Ditpu ormpe-
JensdeTcd KaK BeIeCTBEHHOe pelenne, Koropoe nmpu x > 0 3kcrmoneHnmaanbHo 3aTyxaeT. [losromy mpu & > 0 KOHTYp J0/1KeH
[IPOXOJIUTh TOJILKO Y€PEe3 CEJJIOBYIO TOUKY lo, M HUKAK He uepe3 t1. Takoil KoHTyp exuHcTBeHHBIH — 910 C7 (KOHTYD, MIyIImil
U3 HUXKHEro ceKropa B BepxHUil). st yno6CcTBa €ro MOYKHO IIyCTHTb YUCTO 110 MHMMOI OCH; BbIOMpas KOHCTAHTY TaK, 4TOOLI
OlIPEJIeJIEHNe COBIIAJIO C CTAHJAPTHBIM (OHA PaBHA ﬁ), MBI MOXKEM HaIllCaTh:

1 1 [ t3
Ai(x) = 7/ "Bt = 7/ cos (xt — ) dt
2mi J e, T Jo 3

HTar msareiit - Tenepb npoBeEM HEITOCPEICTBEHHO «IIEPEBAJIbHYO» OIEHKY HWHTErpaJia 0 BBIOPAHHOMY KOHTYDPY JIJIs PA3JIAIHBIX
3HaKOB T. llpn x > 0, KOHTYp <HACAYKWBACTCA» HA €IMHCTBEHHYIO CEIJIOBYIO TOUKY ¢ = to = —+/T U TIPOXOIUT Yepe3 Heé TOo
HaIpaBIeHuIo 0 = 7 HoJIyIaeTcs BRI
1 2. 3/2
Ai(z - 00) ® ————e 37

2\/77' X 1/ 4

[Ipu x < 0 KOHTYp «HAacayKUBaeTCsI» Ha 0b6e ceToBble TOUKU. OIHAKO CTOUT OOPATUTH BHUMAHWS, ITO (DA3bl B HUX PA3JTHIHBI
Im®(t3) # ImP(t4); B cBsI3U € 9T1IM, BOODIIE FOBOPSI, HE CYLIECTBYET €IMHOIO KOHTYDPA, KOTOPBIi IIPOXO/IUT II0 JIMHISAM HOCTOSTHHOMN

asbl gepes obe ce/y10BbIe TOUKU. B 1eficTBUTE/IbHOCTH Ke KOHTYD UJST «CHU3Y», TIPOXOJUT Yepes ceyio t = —2iy/|x| momx yriom
0 = 7T; 3aTeM yxoqut Ha t — +00 (momobno Koutypy —C3!). Tam om «mepeckakmpaeT» Ha JPYTyIO JIUHUIO TIOCTOAHHON a3,
OTKyJla OT «BO3BpAIAeTCs» 110 Heil J10 Broporo cefia t = 2i4/|x|, mpoxoaut ero nox nanpasiennem 6 = 3T u yxonur «HaBepx»
(kax KoHTYp —C; CMOTPU PHCYHOK . IlepeBasbHAs OIEHKA TE€M CAMBIM JIAET:
Ai(z — —o0) ~ L T {e%“ﬂﬁlwi% + e*§i|ﬂf\3/2+i%} — sin (2|9C|3/2 + 7T>
2mi '\l 24/|x| V|z|t/4 3 4

4.8 Ilpumep: 3amada Jlanmay — 3eHepa

Hanomuum, aro 3amaqa Jlannay — 3enepa onucbiBaeT obumii ciydail «mnepecedenus yposaeit» (level crossing), u onucbizaercs
CIICLYIONMM TaMIIbTORnaHOM: H = (C;t 704 t>' Ha —oo MbI cTapTyeM ¢ BOTHOBOI (byHKIAA 1)1 ~ (é), U WHTEPECYEMCsT MBI
BEPOSITHOCTSIMI OKA3aTbCsl B KAXKJOM U3 COCTOSHUI mpu ¢ — 00.

B joMalneM 3aJaHui K TeOPUH BO3MYIIEHII MBI y2Ke pas3bupasm cirydail «6bICTPOros IIPOCKOKa, o 3> y2, Tiie MbI Oy JHIIH,
YTO BEPOSITHOCTH IIEPEXOJIa B COCTOSIHEE 1o MaJia U B BEIYyIIEM IOPsJIKE TEOPUU BO3MYyIleHUil paBHa P = w%z. B aguabaru-
JecKoM Ipejiee o < 72, HAIPOTHB, ¢ GJIM3KOM K €IUHHIE BEPOATHOCTH MBI OCTA8MCS B TOM K€ aIHabATHUECKOM COCTOSHHII
(obparuM BHUMAaHUE, YTO OHO IIPU ¢ — 0O COBIAJAET C 13!); a mepexoibl — IKCIOHEHIMAILHO peaku, P = #e*“’ﬂ/ ® (KoHCTAH-
Ta Iepe]] SKCHOHEHTOH U3 a/uabaTuKu He HAXOAUTCH). DTa 3aJada MOMUMO BCErO IIPOYero O4eHb BaKHA XOTd Obl HOTOMY, UTO
JIOIIyCKAET TOYHOE PeIlleHre, KOTOPOe MOYXKHO IIOCTPOUTH, UCIOIb3ysd MeTo Jlammaca. Vtak, MbI permaeM CJIeAyIONyi0 CUCTEMY
auddepeHnnaIbHbIX YpaBHeHHTI:

10y = at -y -

o012 = oy =
iatl/JQ 7'¢1—at-1/)2’ Wl( OO)| 1, ¢2( oo) 0

1 He crouT 3a6biBaTh bazy e'?, cazaHHyIO ¢ TIEpeXOmOM OT WHTErpasa Mo dz K HHTErpajy BIOJIb HAPABIEHHS HAMCKODEIero cruyckal
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CucreMa u3 IByX ypaBHEHUIl IIEPBOrO MOPSIKA IKBUBAJIECHTHA OJHOMY yPABHEHHUIO BTOPOTO HOPSJIKA, KOTOPOE MOYKHO ITOJIY-
T

2
4uTh, nckmouas P (t)° Kpome Toro, cpasy obespasmMepuM ypaBHeHHsl, BBeJd 2 = a?tu g = ;—a

T4+ GE+28+2)1 =0
Yrobbr CBECTH 9TO yPABHEHHE K YPABHEHIIO C JITHERHBIME KO DUITMEHTAMHI, MOYKHO SBHO BBIJICJINTD «INHAMUYIECKYIO» (dazy
bi(2) = =2
J 42z f 26+ B)f =0
Urax, MbI TIOJIy9aeM ypaBHEHHE, KOTOPOE MOYKHO peIiaTh ¢ oMOIIbo Meroa Jlamraca. Jasaitre ero npumenum! Iosryaaem:

Pl) =2 +26i+5), Q)= 2it, /gdt _ —%P 4+ (—if+1)Int

f(z) = /C dt -t~ exp (iﬁ + zt>

OHpe,ﬂeJ’II/IM CeIJIOBbI€ TOYKH IIOJIyYIE€HHOI'O MHTEerpaJia:

o(t) = —itQ +z2t, ¢ (ty) = —%to +2=0=ty = —2iz, @(ty) = —iz*

.2 -2

Takum 06pa3oM, BKIAT OT «Ceas Oymer masarbes f(z) ~ e % = ahy(2) ~ e /2,

Kpome 3TOro, ajst TOro, 9To6bI OMpeIenTh MHOTO3HAUHY0 (byHKImo ¢t *?, Tpebyercst mposecTn paspes. Boobirne roBops,
[epPeBAJIbHBII KOHTYD MOXKET 9TOT pa3pes3 3aJeTh, U B HHTerpaJ OyieT BKJIAJ OoT paspesa. Takoil BKJIaJ yiao00HO OyIeT OIEeHHUTD,
ecM pa3pes MyCTUTh 10 BEIECTBEHHON ocu BieBO t € (—o00;0); Torja BIoib paspesa (yHKIMsS SKCIOHEHIMAIBHO 3aTyXaeT, U

)
BKJIa [ OT paspesa Oymer f ~ 1 = 1) ~ e** /2, lcxo/st 13 MOCTAHOBKY 33144, MBI IIOHUMAEM, 9TO IPH Z — —00 BKJIAJ] JOJIKEH
OBITH TOJIBKO OT CEJIJIa, & MPU 2 — +00 — U OT CeJijia, U OT pa3pesa. ITO JOCTUTAeTCs BHIOOPOM KOHTYDa, KOTOPBIH uaér u3 4
YeTBEPTH BO BTOPYIO (CMOTPH PUCYHOK).

Cayuaii z < 0 TyT uMeercss TOTBKO BKJIJ, OT cenya. IIpn sToM MHOro3HauHast QyHKINA t; B = emB/2. to| =%, m momyuaem
22
(Beromumas, uto 1 (2) = e~ /2 f(2)):

.92 . .
77&1(2 N —OO) ~ /27T67rﬁ/267zz /27161r12\z\717r/47 W)l(z s —OO>|2 _ 27T67TB
Bocrosib3yemcesi iepBbiM ypaBHeHHEM, YTOObI I0Ka3aTh, 4T0 W (—00) = 0. Ilogcrasiss, mosydaem:

e’

—0
22

1 2 . ;
Yoz = —o0) m —/mpe e BTN, - fy(z  —o0)]
TGI\/I CaMbIM, MbI ITDOBEPUJIX, YTO Haﬁ,ﬂeHHoe perrenue — pOBHO TO, YTO MBI I/IH_[eM'

Cuaywyaii z > 0 Hama mHOro3navyHas GyHKIM JaéT ) B = g=mB/ 2\t0|_”3 ; TEM CaMbIM, BKJI&J OT CEJJIa JIAETC:

gl)(z 5 +00) = /727r677rﬁ/2€7iz2/27i61n227i7r/4’ |¢§1)(z N JrOO)|2 — 9re—TB/2
OnenuM Terepb BKJIaJ OT paspes3a. Ha pasHbix 6eperax paspe3a Mbl IMEEM:

e™t=8,  Imt = 40

7B = (=t = \
(=IeD e~ ™P|t|=%#, Imt = —0

15370 MOXKHO CIeTaTh, HAIPUMED, CIIeIyIOIM 06pa3oM: poanddOEPEHITHPOBATE IEPBOe YPABHEHHE; TOICTABATL B HETO O11)2 M3 BTOPOTO ypDABHEHHS,
¥ 12 — HAIPOTHUB, U3 MCXOJHOIO IIEPBOTO
1606mee pemenme 3TOro ypaBHEHHS BBIPAYKAeTCS dUYepe3 TaK Ha3bIBaeMble (OYHKIHE TapaGoMdecKoro umiueapa D_; 3(\/56“"/ 4t) u
—ir/4
D_i1ipg(—V2e™/41)
17310 ypaBHeHUE y>Ke MUIEPreOMeTPUUECKOEe
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~ AIHI?L
N
N
N
~ .
Xt=—2iz,2<0
~
~
~
N ~
N ~
M AN
Y
. N
. N
_________ . N
5 >
N inintinlilili I ~  Ret
. N
~
Y
~
“~
~
~ .
Yt =—29z,2>0
< :
~
~
~
~
~
~

Puc. 4.3: CrpykTypa KOMILIEKCHOI TIJIOCKOCTH U KOHTYD WHTEIPUPOBaHUs Jijisl 33j1a49u Jlanay-3enepa

TeMm caMbIM, BKJI3J, OT Pa3pe3a OLEHUBAeTCs cJerylommM obpaszoMm. Ha méM saTyxalommas KCIOHEHTa ¢! «Barkmee», deM

-2
MemtenHas e /4 momyqaen:

- O . oo .
ng)(z) — eizz/2 |:67r6/ dt - |t|71662t + eﬂﬁ/ dt|t|zﬁezt:| —
—0o0 0

, o0 , 1. , 47 B sinh
= 6”2/2(6_”'8 — e”’g)/ dt -t Pe #t = —2 sinh 7 gT'(1 — iﬁ)fewlnzﬁzz}ﬂ, |¢§2)(z — +00)|? ~ 7ﬂﬁ sinh 75 —
0 z

22 0

(TyT MBI BocTonmb3oBammck TeM, uto [['(1 —if)[2 = (1 —iB)[(1+iB) = iBstingy = ﬁ)

OrBer Mpbl nocTponan Bee HEOOXOAUMbBIE ACUMITOTUKA. AuabaTUIecKoe COCTOSIHME, KOTOPOe Ha —0O COOTBETCTBOBAJIO B Ha-

0

1 (t— 2 - —nn? .
P = % =e 2™ = ¢~/ (obGpaTuM BHHMaHHE, UTO BKJIAJ, OT pa3pe3a B Ty BEJMUMHY, BOOOIE TOBODS, HYJIEBOI).

2
10T OTBET BOCIPOU3BOIUT KaK IepTypOaTUBHBIN oTBeT (npu ToM 1 — ™™ /o~

1 0 ..
meM Oasmce ( , Ha +00 COOTBETCTBYET 1) [TosTomMy BepOATHOCTH aaMADATHIECKOrO MEPEXO/A MAETCA MPOCTO BETUIUHON

72

L), Tax u aqmabaTmaecKmii.



I'maBa 5

Teopust BoaMmyI1eHuii

5.1 CrammoHapHasi Teopus BO3MYIIEHUIA

Touno-pernaeMbIx KBAHTOMEXaHUYIECKUX 33/1a49, B JEHCTBUTEIBLHOCTH, OYEHb MAJO, W OTPOMHOE 3HAYCHUE UMEIOT PA3THIHbIE
npubINKEHHBIE METO/BI. PaccMOTpeHre Mbl HAYHEM C KJIACCHYIECKON Teoprur BO3MYIIEHWIl. 3a/adva CTABUTCA TaK — HWMEeTCsl

- - ~ .. ; 0
ramunbTornan H = Hy + V, T/1e cuekTp «HEBO3MYIIEHHOTO» TaMuaIbToHuana Hy |n(0)> = Ey(, ) |n(0)> U3BECTEH, & MaTPUYHbBIE

3JIEMEHTBHI BO3MYIIIEHUA V — B KAKOM-TO CMBICJIE MAJIbI (IasbIe Mbl BBISICHEM, 9TO UMEHHO 3T0 o3Havaer). UHTepecyeMcst xKe Mbl
YCTPOMCTBOM CIIEKTPA IIOJHOI'O raMUJIbTOHMAHA. K Bo3MyieHne JeficTBUTEIbHO MAJIO, TO MAaJIbl U ITOIPABKH — MBI OXKHJIAEM,
9TO TOYHBIE BOJTHOBBIE (DYHKIIUU U TOYHBIE YPOBHU SHEPTHUH H |n) = E, |n) 6yayT napaMerpudeckn GJaM3KA K HEBO3MYIIEHHBIM.
Wnest MmeTosia 3aK/II09a€TCs B MOACTAHOBKE B cTannoHapHoe ypasHerue [IIpéaumarepa BOTHOBBIX (DYHKIINN U SHEPIUil B BUJE Psia
110 MaJIOMy HapameTpy, KOTOPBIA COJEPKHUTCA B OollepaTope V:

In) = ‘n(0)> - ‘n(1)> +..., E,=EO94+EW® 4+ .. (5.1)

U TaJbHENIeM HTePATHBHOM HAXOXK/IEHUU STUX CAMBIX MOnpaBok. Cpa3dy OTMETHM, YTO PsJIbl TEOPUU BO3MYIIEHUN 9aCTO UMEIOT
CMBICJT ACHMIITOTHIECKUX PSIJIOB, U B JICHCTBUTEILHOCTH PACXOJISITCSA. DTO HUKAK HE YMAaJISeT €€ IeHHOCTH — YAallle BCEero TOYHOCTD,
KOTOPO# MOXKHO JIOCTUYb Teopueit BO3MYIIEHU B HECKOJIbKUAX II€PBbIX OPA/KaX, BIIOJIHE JIOCTATOYHA JJId IPUJIOXKEHUN.

Crout cjesiaTh 3aMedaHue, UTO YCJIOBUS H [ny = E, |n) HEmocTaTO9HO, YTOOBI OJHO3HAYHO 3abUKCUPOBATH BCE MONPABKU
TeOpUU BO3MYIIEHHII — KaK MUHUMYM, HEOOXOIUMO JO0ABHUTH TAKKe YCJIOBAE HOPMUPOBKU B IIPOU3BOJILHOM IOPSIJIKE P, KOTOPOE
3aIMCHIBAETCS CJIETYIOIIIMM 00pa30M:

(nfn) =1 = zp: <n<l>\n<P*l>> =0 (5.2)
=0

5.1.1 HeBbIpoxKaAeHHBIN ciydail

Urak, cremaeM HCKOMYIO TOACTAHOBKY B craruonapuoe ypasuenue [Ipéannrepa, n cobepém UjeHbl OpsiaKa p:

i, ’n(p>> v ‘n<p—1>> _ zp:Ega—Z) ’n(1>> (5.3)

DTO ypaBHEHHE PEKyPPEHTHO BhIpaykaeT IOIMPAaBKY MOPsJIKa p depe3 mpeapiiyrime. VckaTh MompaBKy MPOU3BOJBHOTO MOPSIKA
n(p)> =>. c&’;) |m(0)>; B TAaKOM CJIy4ae, MPOENUupys 3TO YpaBHEHHE Ha

6pa-BeKTOp <m(0) ’, MBI TIOJIyYaeM CHUCTEMY YpaBHEHHUI Ha KO3MDPUIIMEHTHI cgﬁ):

MOXKHO B BH/I€ Pa3JIO2KE€HUA II0 UCXOJHOMY 6a31/Icy:

p—1 p—1
_ _ 1 _ _
EO ) 4 ZmGcg’ D= EOcP) 4 ZE,SP Dell) = cg;n = ZmGc,(Cp n_ ZET(LP De )| (5.4)
k 1=0 nm k 1=0
W TYT BBEIACHBI OOO3HAYMEHUS Wy = E,(LO) — ET(,?) u Vym = <n(0)| 14 |m(0)> — BEJIMYMHBI, OIpPeJe/ITeMble YUCTO U3 PEIIeHUsT

ucxonnoii 3axaqu. IIpu m = n, 310 Ke ypaBHeHUE 33]a€T MIOIPABKY P-TOT'O IOPSIIKA K YPOBHIO SHEPIHU:

52
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p—1

E® =3 Vope? ™V =3 EP-DD (5.5)
k =1

D10 ypaBHEHHE TIO3BOJISIET HAWTH Bee KOI(DMDUIMEHTHI, KPOME 1M = N, KOTJ/Ia 3HAMeHATeJ b obparnaercs B HOJb. Koaddurment
[IpU N = M OJHO3HAYHO (PUKCUPYETCsl TPeOOBAHNEM HOPMHUPOBKH, KOTOPOE JIAET:

p—1
9+ )+ S (000 =0 e = 2SS 39
l

=1 l_l k

(p)

OusiTb-Taku, MHUMAZ YaCThb Imc;  NPOM3BOJbHA — M CBI3aHO ITO C OcTaBIueiics cBo6G0I0il BbIOOpa (da3bl cocTogHus |n),

KOTOpast OCTAETCs J1ake IOC/e HAJOXKEHUsI YCJIOBUS HOPMHUPOBKU. ECIU MBI JIOMOJHUTEIHHO TOTPEeOyeM, ITOOBI <n(0)\n> OBLIO

) = 0, To MBI U306aBUMCS U OT 3TOH CBOOOMBI, TIOCTE UErO BECh DS/ OKa-
3bIBAETCHA OHO3HAYHO OIIPENIEJIEHHBIM. B3sThle B paMKy ypPaBHEHHs MOYKHO UTEPUPOBATDH SBHO, MOJIy4asl HOPSIOK 33 ITOPSIIKOM.
Ha npakrtuke ke, Kak IIPaBUJIO, JOCTATOYHO IIEPBBIX JABYX-TPEX HOPAIKOB, POPMYJIBI JJII KOTOPBIX MBI U IIPUBEIEM.

9HCTO BEMIECTBEHHBIM, 9TO OYKBAJIHLHO O3HATAET Imc(zJ

IlepBrlii IOPS/IOK TEOPUU BO3MYIIEHUI

(0)

qTO6I)I HalTH IIOOPAaBKY HEPBOTO MHOPAIKA K OBHIO SHEPIruu En OCTaTOYHO 3aME€TUTb, ITO C 5nk. IIOTOMY HEIIoCpeI-
) k )
CTBEHHO ypaBHEHNA, BbIIIMCaHHbIE BBIIIE, JTal0T:

Vinr
ED =V, b, =" D) =0 (5.7)

n
an

Bropoii mopsifjok Teopuu BO3MYIIIeHUA

Kak npaBujio, uccienoBarb BTOPOil OPSIIOK TEOPUH BO3MYIIEHHI UMeeT CMBICI, eCJIA [TEPBBIN [0 KAKUM-TO TPUIUHAM 3aHYJIUIICS
(aro, BOODIIE rOBOPsI, HE SIBJISIETCS PEIKOCTHIO — B MPHJIOKEHULAX YAIIE BCErO B CHJLY CUMMETDPUM, MATPUYHBIN 3JieMeHT V,,,, paBexn
uymo). Tem e menee, obriue HOPMYIIBL JIAKOT:

Vi Vs Vi Vi VoV, \V |2

(2) _ nmYmn (2) o mkVkn — VnnVmn nm

pp -y Yonten, ) 5 ot Yonten, L5 el 59
m¥#n k#n nm

Qopmysa Ui TOMPABKU K HEPTHH OCODEHHO YaCTO BO3HUKAET B MPUJIOKEHUIX. e MOXKHO MHTEPIIPEeTUPOBaThH, KAK BKJIAI
BUPMYANLHBIT NePerodos ¢ YPOBHsI N Ha, YPOBEHb k U 00parTHO. 3aMeTUM, 9TO U3 Hee CJIEJyeT, 9TO IOIPaBKa BTOPOIO IMOPSIIKA
K 9HEPI'UU OCHOBHOT'O COCTOSTHUS BCETJa OTPHUIIATE/IbHA.

Tpetuit mopsiOK TeOpUN BO3MYIIIEHMIA

ITonpaBka 9HEPIrUN TPETHETO MOPSIIKA ITOJIYUIAETCS JOCTATOYHO [IPOCTO U3 IOIPABKU K BOJHOBBIM (DYHKIIUSIM BTOPOIO IIODsi/IKa,
[IO3TOMY IPHUBEJEM TakzKe U (POpMYITy JIsd Heé:

E(S Z Z Vnmvmkvkn ‘/nn Z Vnm;/mn (59)

W W

anbHeiliniee obcyKaeHue

Bo-nepBbix, hopMyJIbl HEIIOCPEICTBEHHO 0000IAIOTC U HA CIIydail HEIIPEPHIBHOI'O CIIEKTPA — IIPOCTO CYMMBI 110 IIPOMEZKY TOYHBIM
BUPTYaJIbHBIM COCTOSTHUSIM HY?KHO 3aMEHUTh Ha MHTErpaJl ¢ COOTBETCTBYIOIIEN 3TUM COCTOAHUAM IIJIOTHOCTBIO COCTOSTHUI f dvy
(¢ 3TUM OOBEKTOM MBI O3HAKOMUJIMCH PaHee, Ha CEMUHAPE IIPO HEIPEPLIBHBINA CIIEKTP).

Crout Takke 00CYyINTh KPUTEPUU MPUMEHUMOCTH MeTOma. Pa3ymeercs, Kak U Jjis JIIOOOTO UTEPATUBHOIO METOIA PEIIeHNUs,
pa3yMHO TpebOBaTh, YTOOBI MOMPABKHU OBLIM MAJBLIMA — YCJOBHO 3TO MOXKHO 3aIUCATh KakK E7(Lp ) « E7(Lp Doy <n(p)|n(p)> <
<n(p’1) |n(p’1)>. DTO — caMblii TVIABHBII 1 TPUMEHSIEMbIIl KPUTEPUii, KOTOPBII 000CHOBBIBACTCS G-POSteTior: — CIepBa IPUMEHSI-
eTCsl TeopUsi BO3MYIIEHUI, a 3aTeM TPeOYEeTCs MaJIOCTh IIOIPABOK.
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Tem ne menee, Kakme-TO 0OIIUE CJIOBA MOYXKHO CKa3aTh. [JIsifisd, HAIPUMEDP, Ha IMOIPABKY I[IE€PBOrO IOPSIKA K BOJIHOBBIM
DYHKIMSAM cg;n MBI, B IPUHIUIE, BUJUM, 9TO OHU MaJbl el |Vim| < |wpm| — TO ecTh MaTpUYHbIE 3J€MEHTHI BO3MYIIEHHsI
MEHBIIIE TUITHIHOTO PACCTOSTHUS MEK/Ty COCETHIMHU yPOBHAMU. Bpocaercst B ria3a sBHO MPOOJIEMATHIHBIN CITydail, KOT1a HMEIOTCsT
KaKMe-TO yPOBHM, KOTOPBIe OJIU3KU IPYT K APYTy — WA JIaXKe B TOYHOCTH COBIAJAIOT — KAK TOBOPHAT, CIydail 68uipooicienus.

s Hero ToXke MOKHO IIPUMEHUTH TEOPUIO BO3MYINEHUN, HO TpebyeTcs e€ MOmumMuKaIims.

5.1.2 IIpumep: ckatme chepuvecKoit SMbI

B kagecTBe npumepa paccMoTpuM Takyio 3amady. Vimeercs: Tpéxmeprast cpepa paguyca R ¢ 6eCKOHETHBIME CTEHKAME; TIOTEHIIAAT
uMeeT BUJ:

0 R
vy = Irl< (5.10)
oo, |r|>R

YTO COOTBETCTBYET IPAHUYIHBIM YCJIOBHIM (T) r = 0. Tpebyercs ma#iTu CIBUT SHEPTUH OCHOBHOI'O COCTOSHHSA IIPH CJIa00M

|‘r|:

cxxarun cdepbl BIoJIb ocu z (cdepa NpeBpamaercs B 3JLIUIC leyﬁ + 1%22 =lme= R%F < 1).

Boob1ie roBopst, raMrIBTOHMAH ¥ BO3MYIIEHHON M HEBO3MYIIEHHON 3819l COBIIAIAIOT — 3TO IMIPOCTO TAMUJILTOHUAH CBOOOI-
HOTO JIBUKEHUST H= %,
c/lesIaeT IpaHMYHbIC YCJIOBHs COBIAIAIONIAMU — & UMEHHO, ¢JIeIaTh IpeobpasoBanue 2 = 2 - %, KOTOPOE IIEPEBEET JLIUIICOU/],
obpaTHO B cdepy; IIPI STOM U3-32 HEHYJIEBOTO AKOOMaHa TAKOrO Iepexoja BOZHUKHET IONpaBKa K raMujibToHuaHy. [Ipu takom

cxarun pl, = p, - &+ U I09TOMY TaMUIBTOHHAH

~ ~ N 2 N A
p° p* P2 (R> . p? | ple

U CXOJly HEMOHSITHO, KAK IPUMEHSTH TeOpuio Boamymiernii. OIHAKO, MOXKHO CJIeJIaTh 3aMeHy, KOTOpast

R/

= =9 " om ~ om (5.11)
S~

Hy 1%
Teneps MbI y2Ke MOXKEM IPUMEHSTH TeOPHUIO BO3MyIeHuit. HeBO3MyIMEHHBI raMUIBTOHUAH TPEICTABIIAET COOOM MIPOCTO
cBOOO/IHOE JIBUKEHNE B chepe, KOTOPOe MOXKHO PEIIUTh, UCIO/Ib3Ys chepraeckre KoopanHaTshl. OCHOBHOE COCTOsTHUE C(hEePUIecKr-
CUMMETPUIHO, u iyt Hero YIII 3anumchiBaeTcst CIeIyommM 00pa3oM:

1 (0% 20y
_ L (o7 209 L — R =0 5.12
s (G 4+ 250 ) =BV, v =F) (5.12)
Crannaprras nojcranoska 1 (r) = x(r)/r ceomuT 3a1a41y K oqHOMepHOMY ypasenuto Ipéaunrepa:
L "(r) = Ex(r) = x(r) = Asin(kr) + B cos(kr) L =F (5.13)
2m " 2m

B cuty rparnuHbIx yeaosuit, x(r) = rip(r) u 3Haqm‘E| x(0) =0 = B =0, u ycsioBre KBAaHTOBaHUE Ha UMITYJIbC AT kR = 7n;

B YaCTHOCTH, JIJisl OCHOBHOT'O COCTOsiHUsL k = % 1 Fy = 57— . Jjia npUMeHeHHst TeOPUM BO3MYIIEHUI, 3TO COCTOsIHIE HEOOXOIUMO
OTHOPMHUPOBATH:
R .2 .
sin” kr 1  sinkr
/ drrdr - — =2mR= () = —(——— (5.14)
0 r V2rR T
. 1 - .
Hakomer, monpaska MepBoro Mmopsijka TEOPUH BO3MYIIEHUH 3allUChIBACTCS KaK Eé ) = WV ) = e/m (]| p? |1). TockombKy
OCHOBHOE COCTOsIHHE CPEePUIECKU CUMMETPUIHO, TO <p§> = % <p2> = QTm <H > = 2TmEO. 3HaYNT:
2
1) 0
EM = "¢ 5.15
0 3mR3 ( )
Ob6paruM BHUMAaHWE Ha CJIEIYIONHI (DaKT. DTOT CABUT MOXKHO OBLIO HAWTH WMHAYE, IIOCIUTAB pabomy, KOTOPYIO HEOOXOIIMO
.. 1
ObLI0 OBl 3aTPATUTh, UTOOBI AMADATUYIECKN CXKATh TakKyio cdepy. Pabora maércs BhIpaKeHHEM E'((J )= p. AV, e AV =
4?”(R3 — R?R') = 4?”R‘?e — wusMeHeHne oO0béMa, a P — jmaBjieHne, KOTOpOe OKA3bIBaeT JacTUIla Ha cTeHKu. /laBjieHue yi00HO
HaifTH, PacCMOTPEB M30TPOITHOe n3MeHenne obbéma: P = —90E/0V = —1/(47R?)-0FEy/OR. Tlony4ennoe BhIpaykeHUe B TOTHOCTH

BOCIIPOU3BOJIUT IIOJIYYEHHBII paHee OTBET, 3TO IOJITBEPK/IaeT YTBEPZKJIEHNE O TOM, YTO B IIEPBOM IIOPAIKE TEOPUHU BO3MYIIIEHU

1Kak y»xe obcyskmaoch panee, BOOBINE IOBOPsl HUYUErO HE MENIAeT BOJHOBOH (byHKIMHM MMETh OCOGEeHHOCTL B Hyste Tuma (r — 0) ~ C/r —
IpM 3TOM BOJIHOBasi (YHKIHSA OCTAHETCs HOpMHpyeMoii, Beab muTerpat |¢(r)|2r2dr cxomurca. Ho Takas oCOBEHHOCTH COOTBETCTBOBAJA GBI JETbTA-
GbYHKIMOHAJIBHOMY IIOTEHIMALY B HYJIE.
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BayKHO JIMIIb M3MeHeHne 00bEMa — U COBEPIIEHHO He BayKHO, KAK UMEHHO cdepa CKuMmaercd (10 Tex 10D, [OKa 3TO CKaTHe
maJi0). Hanpumep, Tak MOKHO GbLI0 OBI pENIUTh 3a1ady 06 U3MEHEHHN SHEPIUH B Cily4dae, Korja y cdepsl oTpe3aior cdhepudecKuii
CerMEHT MaJioro o0bEMa.

3aMeTuM, 9YTO B 9TOM PACCYKIEHUM BaXKHYIO POJIb UrpaerT chepudecKkasi CAMMETPHUs HEBO3MYIIIEHHOI'O COCTOSTHUSI — B IIPO-
THUBHOM CJIy4ae JaBJjieHre Obl 3aBUCEJI0 OT YIVIOB, X €r0 BBIYUC/IEHNE OBLIO OBl y2Ke He CTOJIb TPUBUAJIBLHO.

5.1.3 Ilpumep: oasspu3yeMoCThb JIeJIbTa-sIMbI

Kiraccuaeckoe nmpumenenne Teopun BO3MYIIEHAN — 3TO PA3JIMIHbBIE 3312491 O JIMTHEHHOM OTKJIHKe. [Iprmvepom Takoit 3a1a4u saBisi-
€TCsl HAXOXK/IeHHE MOJIIPU3YEMOCTH — K CHCTeMe IIPHUKJIAIbIBAETCs C1ab0€ S/IEKTPHIECKOe T0JIe &, OnmMchBaeMOe raMUIBTOHNAHOM
V= —dS rie d— OIIEPATOP JUIMOJIBHOI'O MOMEHTA; B TAKOM CJIy4Yae CUCTEMA IIOJIIPU3YETCHA U B HEHl BO3HUKAET JIUIIOJIBLHBIN MO-

MEHT <d> = X(‘: Benuauna X HOCHUT Ha3BaHUE ITOJIAPU3YyEeMOCTHU, U €€ MOXKHO U HY2KHO HaXO/JUTb UCIIOJIb3Yd TEOPUIO BOSMyLLLeHI/IfI.

] €KT JIMHEWHBII O II0JTI0, TI03TOM OCTATOYHO HAWTU JIUHENHYIO O IIOJII0 MONPaBKYy K BOJIHOBOI HKIIM, WU II0 IIOIIPpaBKe
’ ’
y2Ke onpeie/inTh IOJIAPU3yeMOCTb. A6CcoIoTHO 3KBUBAJICHTHLII IIOAXO0a 3aKJ/JIIOYIaeTCA B UCCJIICJOBAHUU IIOIIPABKHU BTOPOI'O IIOPAI-

Ka K 9HEpPruu — HOCKOJIbei % = <‘3—‘£> =— <d(€ )> =—x&=0FE) = —% XE2. VIMeHHO BTOPOit HOIPABKON K YPOBHIO SHEPIHI
MBI 1 3aiiMéMcst. st KOHKPETHOCTH, MBI By/IeM HCCIIEI0BATH HOISPU3YEeMOCTh OCHOBHOTI'O COCTOSIHUSL B OJIHOMEPHOI MEJIKOH siMe
Hy = p?/(2m) — (k/m) - §(x), B KOTOpOit TapaMeTp k CBA3AH C SHEPTHell CBA3AHHOTO COCTOSHUA B 3TOil AMe Kak Fy = k2 /(2m);

U B TAKOM CJIydae, OlepaTop JUMOJBLHONO MOMEHTa — 3TO MPOCTO d = —ed.

BonroBast GyHKIMSA CBA3aHHOTO COCTOSTHASI MEJIKOA sIMBI (x\i//()) = Vre #*| guserca géTHOM; BO3MYyIIEHIE XKe — HEUETHOE.
TloaToMy mepBbIil TOPSIIOK TEOPUH BO3MYIIEHUH E( ) = = (o] 1% [ho) = 0 — 9r0 HeyauBHUTENbHO (€C/U CABUT SHEPIUU JIUHEEH
110 TIOJII0, TO 9TO O3HAYAET, YTO MCXOIHO CUCTEMA O6J'I&,ZL&6T JUTIOJbHBIM MOMEHTOM 8313;0 = d = const). Bosnosble dyHkiun

. . 4 ..
HEIPEPBIBHOTO CIIEKTPA TaKKe YI0OHO KIaCCUMDUITMPOBATD IO YETHOCTA — UMEIOTCSI YETHBIE (DYHKITUN ¢1(c ) 1t HewdrHbIe byHKIUN
v
k

<J:|1/11(;)> = sin kz, <£L‘|’(/J](€+)> = cos(klz| + i), Ei= L

o (5.16)

Taxkoit B BOJHOBBIX (PYHKIHIT OOYCIOBIIEH CIEAYIONINM coobpaxkenneMm. Heuéraas PpyHKIUS B Hyse 0OpaIaeTcs B HOJb,
n3-3a 4ero oHa 3(p@PEKTUBHO «HE TyBCTBYET» JE/IbTa~sIMy — II09TOMY BOJIHOBasi (DYHKITUSI HEIETHOTO COCTOSTHUSI COBIIQJIAET C
BOJIHOBOI (DbyHKIIMEH CBOOOIHOIO JiBUKeHusl. JéTHas »Ke (pyHKIUs 00si3aHa UCIBITHIBATE W3JIOM 1Ipu = = 0, 9T0 00yC/IaBIuBaeT
Hasimane $ha30BOro CJIBUTA ), KAK-TO 3aBUCHIIETO OT IAapAMETPOB 3aJIa4N.

Asubrit Bug paszoBoOro caBura, TeM He MEHee, HaM He HYXKEH — Be€[lb, OISTbh-TaKH, U3 COOOPAXKEHUN IETHOCTH, BUPTYAJIbHBIE
epexoJibl OYJYT TOJILKO B HEYETHBIE COCTOSHMS HEIIPEPBIBHOIO CIEKTPa (TOJILKO JJis HUX MATPUYHBIA 2JieMeHT Bo3MyIneHus Vo
oramyer oT Hyud). Ilonpaska Broporo nopsijika Torja MMeer BH/L:

Vi 2
EO _Ek

[InorHOCTD COCTOSIHMIT HEIPEPBHIBHOIO CHEKTPA dVj, HAXOIUTCH U3 HOPMUPOBKU BOJIHOBBIX (DYHKIHIl — HECJIOXKHO yOeIuThCH,

9T0 <¢,(j) |¢l(€+)> = md(k — k'), nosromy dyy, = %. Hakomner, MmarpudHblie 371€MEHTHI BBIYUCIAIOTCA HEIOCPEICTBEHHO:

o0 o0
. ke3/2
Vio = / drsinkz - e€x - /re F1#l = —265\//28kRe/da:elk””*m = 465(1%2’:_7]{2)2 (5.18)
—00 0

ObespasmepuBasi OCTaBIIUICA WHTErpaJj Mo k TOJCTAHOBKON k = K, W BbIpakasi OTBET 4Yepe3 (PU3MIECKYI BEJIUIUHY —
SHEPIUI0 CBA3aHHOI'O COCTOSAHUS B SIM€, MBI IIOJIydaeM:

EéZ):_ I = —— = X:_iz—i. (5.19)

8me2E2? 7 z2dz 5 282 0%E, 5 €2
(1+x2)5 32 mE? 0E? 16 mE3

TR
0

2970 yTBepIKIeHME HOCHT Ha3BaHMe TeopeMbl |emvana-Deitavana, oHO GyeT JOKA3aHO B aanabaTHKe
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5.1.4 Ciyuaii BIPpOXK/IeHUS

I/ITELK7 IIyCThb B CUCTEME Tellepb NMeeTCsA O6paTHaH CUTyaliud: nMeeTcss HeCKOJIbKO ypOBHeIU/I7 JJIgd KOTOPBIX MaTpUYHBbIC 3JIEMEHTBI
BO3MYHIIECHNA OKA3bIBAIOTCA OOJILIIIIMH 10 CPaBHEHUIO C PACCTOAHUEM MEXKJ1y 3TUMU ypOBHHIVH/ﬂ B Takom CJIydae MOXKHO CUUTATh,

(0)

9TO YPOBEHb SHEPTUU OJIFH, HO OH BBIPOXKJIEH — TO €CTh B HEBO3MYIIEHHON 3a/1a1e nMetoTcsd N ypoBHEH |1y >, COOTBETCTBYIOIIHIE

(0)

sueprun Fyp . B takom ciy4ae BbIOOD BBIPOXKIEHHOIO COCTOSIHUSI, K KOTOPOMY MBI HINIEM IIONPABKY, HEOIHO3HAYEH — BOOOIIE
TOBOPsI, B KadeCTBE HEBO3MYIIEHHONW (DYHKIINM HEOOXOIMMO PACCMATPUBATH MPOU3BOJBLHYIO JIMHEHHYIO KOMOWHAITUAIO ‘n(°)> =

Yoa (3510721 n&o) >

IlepBblii TOPs/IOK BBIPOXKJIEHHOM TEOPUU BO3MYIHEHUM

O6HLI/Ie (bOpMyJI])I, BBIBE/ICHHbIE BBLIIIIE, TEM HE MEHEeE, pa60TaIOT, 1 B IIEPBOM IIOPAJIKE TCOPHUU BO31\’IyIIleHI/II>'I MBI MO2KEM 3alliCcaThb:
& 1 9 0 _ 0 1 1 0
Ho‘n()>+V‘n()>fE,(l)’n()>+E,(l)’n()> (5.20)
HOCTyHaﬂ AHAJIOTUYIHO HeBprO}I(‘ZLeHHOI\Iy CJIy4ato, IIOJCTaBUM HOHpaBKy IIEPBOI'O IOPsAJKa B BUJAEC PA3JIOZKCHUA:

i) = 3 [0 + 3 0 50
8 k

n

Z E,(Co)c,(cl) ‘k(0)> + Z cglo)ﬁf/ ‘n(ﬂo)> =EY Z c,(:) ‘k‘(o)> +EW Z cfg)ﬂ ‘n(ﬁo)> (5.21)
k#n B ’ k#n B

(0)

HpOQLLI/IpyH 9TO YpaBHEHUE Ha COCTOAHUA BBIPOZKJIECHHOI'O YPOBHA <7’La

, MBI IIOJIyYaeM:

> Vasclos = B, Vag = (n@|V [0} | (5.22)
5

JlanHOe ypaBHEHME BBIIVIAINT B TOYHOCTH, KaK ypaBHeHue lIIpénunrepa — ¢ €JUHCTBEHHBIM OTJIMYHAEM B TOM, YTO B POJIU
raMuIbTOHHAHA TYT BBICTYIIA€T HE BCS MaTPHUIIA H (KoTOpast, KaK IpaBIIO, OECKOHETHOMEDHA), & JINIIh BO3MYIIEHUE, CIIPO-
€IMPOBAHHOE HAa, BBIPOXK/IEHHOE ITOMIIPOCTPAHCTBO — TO ecTh Marpuna N X N. DTa 3ajada HECOU3MEPUMO 0oJiee mpocTas —
Bellb, KAK IIPABUJIO, BBIPOXKIEHNE €CJIM U NUMEETCsl, TO JOCTATOIHO cyiaboe. B 9ToM BhIpazkaeTcst 3CCEHINS BBIPOXKICHHON Teopun
BO3MYIIIEHHUIT — JIOCTATOYHO PACCMATPUBATDH 334y JIHUIIb [JIsi BBIPOXKIEHHBIX yPOBHEH, KaK OyATO OCTAJbHBIX B 33a/[a9€ BOBCE
HeT.

Hanbueitmuit xon crangapred. [lonmpaBku mepBOTo MOPSIJIKA ONMPEIESIOTCT KaK COOCTBEHHBbIE 3HAUEHUS CIIPOCITTPOBAHHOTO
Ha BBIPOXKICHHOE MOJIIPOCTPAHCTBO BO3MYIICHNA, N3 TaK Ha3bIBAEMOI'0 CEKYJIAPHOIO YPaBHEHUS det(V — E,(ll)) =0—umux N
mrryK. Ecim oHn passimanbl, TO TOBOPAT O CHATUU BBIPOXKIEHUsT BOZMYIIEHUEM HJIA O PACIIENICHITT MyﬂbTHnﬂeTaEl CobcTBeHHbIe
BEKTOpa, OTBEYAIOIIIe STUM 3HAYSHISIM, HOCAT Ha3BaHUE MPABUJIBHBIX BOJHOBBIX (DYHKINI BeIyIlero mpubJIm>KeHns —
UMEHHO TaKWe BOJIHOBbIE (DYHKITUU OYIYT UMETH yKe HEBBIPOXKICHHBIE YPOBHU SHEPTHH.

IIpoenupys ke ypaBHEHDE Ha OCTaJIbHbIE YPOBHU <m(0)|7 MBI IIOJIydaeM IONPaBKYy IEPBOTO MOPSAIKa K OCTAJIbHBIM
ko3 durmenTamM — Jjig HAX TEOPHUsi BO3MYIIEHUI HUKAK HE MOIUMPUINPYETCS:

W N Vma 0 Ve ) _ 5.23
Cm#n ;wnmcn’a an7 cn’a B ( . )

(1)

Sanynenne K03 UINEHTOB ¢y, o CJIE/IyeT, KaK U pPaHee, U3 COXPAHEHUST HOPMUPOBKH.

3K npumepy, B aTOMe BOJOPO/ia yPOBHH SHEPIUH PACHIEILISIIOTCH U3-3a PETATHBUCTCKHAX TIOMPABOK — CIIMH-OPOUTAIBHOMY B3aMMOIEHCTBIIO (cmaboe
PpaCIIeNIeHue), a TaKKe U3-32 B3aUMO/IeiICTBUSA CIIMHOB 3JIEKTPOHA CO CIIMHAMY A/1Ipa (CBEPXTOHKOE PacIIIienne), u 6osIbIioe BrIposkIenue 2n? ypopHeit
SHEPIuU YaCTUYHO CHUMAaeTcs. TeM He MeHee, KOIJa SHEpPreTUYeCKre MacIITabbl BO3MYIIEHMsT OOJIbIIe, YeM 3TO PACIIelJIeHne, UM MOXKHO NpeHebpedn
¥ IPUMEHSTH BBIPOXKJIEHHYIO T€OPUIO BO3MYIIIEHUI [1j1s1 BCETO YPOBHSI.

4CkarkeM, B Cilydae ¢ MATHATHBIM IIOJIEM, IPIJIOKEHHBIM K aTOMY, STO sIBJIEHHE HOCHT HaspaHue addexTa eemana
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Bropoii mopsifok BBIPOXKIEHHOI Teopuu BO3MYIIeHM

Pasymeercst, MOKeT OBITH CHTYaIHsl, B KOTOPOIl BO3MYIIEHNE HE CHUMAETCs B IIEPBOM TOPsIIKe (MM CHUMAETCS JINIIb JaCTHIHO)
— B TAKOM CJIy4ae HYKHO JIBUTAThCA gasbine. OusaThb-Taku, Mbl UCIIOJAb3yeM ypasuenue (|5.3)):

Ho ’n(2)> +V ‘n(1)> — E® ’n(0)> +EW ’n(1)> +EO ’n(2)> (5.24)

TyT MBI OrpaHUYINMCS JIUIITH TOMPABKONW BTOPOTO MOPSIKA K YPOBHSIM HEPIUU, IOITOMY CIIPOEIIMPYEM Cpa3y ITO ypaBHEHUE

Ha, <n,(10) :

Vame,B _ eff) (() (2) (0) (eff) Vame,B
Z Wnm = Z n, En n,a Haﬁ = Z m (525)

m#n,3 B m#n

[Monyuennoe ypaBHeHMe, KAK ¥ B TIEPBOM IOPSIIKE, YCTPOEHO B TOYHOCTH KaK ypasHenue [IIpéauarepa, cripoernpoBaHHOe Ha
BBIPOZKIEHHOE MIOJIIPOCTPAHCTBO, HO ¢ 3(pdeKTrBHBIM ramuiabronnanom H () (KOTOPBIil paHbIIle IOIPOCTY COBIAIA C V)
TlocTynaTs ¢ HUM Hy>KHO TOYHO TaK K€ — eCJIM BBIPOXK/IEHUE He OBIJIO CHSITO B IIEPBOM IOPSJIKE, TO MOMPABKU BTOPOIO MOPSIIKA
OTIPEJIETIAIOTCS CEKYJISIPHBIM YPaBHEHUEM det(ﬁ (eff) _ E,(LQ))
Oy/IyT COOTBETCTBOBATH STUM YPOBHSIM SHEPIUH.

[Ipo 3 deKTuBHBIN raMUIBTOHUAH MOXKHO JIyMaTh, KaK PO BKJIAJ, BUPTYaJbHBIX HEPEXOMIOB C OJHOTO M3 yPOBHEH BBIPOXK-

JIEHHOT'O TIOJIIPOCTPAHCTBA E&O) Ha HEBBIPOXKJIEHHBIII YPOBEHb Eﬁr?)n 0o0paTHO Ha yPOBEHb Eéo), IIPUHA/JIEXKAIUI TOMY K€ BbI-

= 0, a mpaBUJIbHbIE BOJIHOBBbIE (DYHKIIMH BEIYIIErO MPUOIMKEHUST

0 0 ..
POXKICHHOMY IOIIIPOCTPAHCTBY (E,(x ) = E/(3 )), HO He 0053aTeJIbHO SBJIAIONIMNACH TeM YKe COCTOSTHUEM (TOJIbKO st o = [3).

5.1.5 IIpumep: BbIpOKJIEHHAsI T€OPUsI BO3MYIIEHMIA

IIponemoncrpupyem, Kak MOJIb30BATHCSA IPUBEIEHHBIMA BhIITe (hOPMYyJIaMHU, HA IPUMePe MUHUMAJIbHON MOJIESIN — MATpHUIEa 3 X 3,
KOTOpAasl ONUCHIBAET JBYXKPATHO BBIPOXKJICHHBIN YPOBEHb dHEprun F; u OTJAENEHHBIN OT HErO SHEPreTUYIeCKON IME/ThI0 YPOBEHD
sueprun Fy . [Ipu aTOM BO3MyIeHIE — TYHHEJUPOBAHUE MEXKJIY STUMH YPOBHSIMU SHEPTHH, U OHO HE CHUMAET BBIPOXKJICHUE B
IIEPBOM HOPSIKE TEOPUU BO3MYIIICHUN:

A Eir 0 t
H={0 Ei to]|, |Al=|E—E|>t, (5.26)
t1 t2 Ep

Pa3y1\leeTC$I, 3a/1a9y 9Ty MO2KHO PEHINTb TOYHO. Tounnie cOOCTBEHHBIE 3HAYECHUS 3aIIICHLIBAIOTCS CJIEIY IOIIUM O6p3301\11

t+13 t2+t2}

E,, E 2
A B Bt oo (5.27)

ITockobKy BO3MYIIEHNE HE CBA3BIBAET COCTOSHUS C BBIPOXKJIEHHOTO TOJIPOCTPAHCTBA, TO MOYKHO OBLIO OBI TOIMPOOOBATDH
HAWBHO NIPUMEHUTDb BTOPOH MOPSIIOK HEGbPocderntolt Teopun Bo3Mytienuii ([5.8]):

1
p={B. 50+ = ERF P AF | ~ {5 -

pe - el o opey Vel B g Vel | Vel G484 (5.28)
Era E, — E5 A’ L2 7 R — By A’ Ey,—FE, E,—E; A ‘

9TO JJIsi YPOBHYA dHeprun Fo 1aéT TPaBUILHBIA OTBET, & JJI BBIPOKIAEHHOIO ypoBH:A Fy — HeT. YTOOBI OIyYUTh MPABUIbHBIE
OTBETHI, HEOOXOIUMO II0JIb30BATHCS BTOPBIM IOPSIKOM BBIPOXKIEHHON Teopuu Bo3MyleHuil. PerenT roBoput, 4ro HEOOXOIUMO
cocTaBUTh 3(DPEKTUBHBIN raMUJIBTOHNAH JJIsI IEPBBIX JIBYX yPOBHEIA:

Vi3V i (eff) (effy _ Vi3Va2 t1to (effy _ VazVao t3 A 1 /8 tits
H(CH) :——1 HC :HC = — = — HC :7:_72:}[{(6&‘):_7 1
E2 — E1 A7 12 21 EQ — E1 A ’ 22 EQ — E1 A A t1t2 t%
(5.29)
ﬂHaFOHaHI/I3yﬂ ManI/Hly, MbI HEMEIJICHHO HOJIy‘{aeM HOHpaBKI/I BTOpOFO HOpH,ZLKa K BprO}K,ILeHHOMy ypOBHIO:
2, 42
2 2 1 +1t5
EPl =0, EY = < (5.30)

KOTOpBbIE Ha Ceil pa3 BOCIPOU3BOIAAT HpaBWIbHBIA orser (5.27]), mosydenHslii u3 TouHoro pernenusi. HauBHbIil ke moaxon He
YUIUTBIBAET HEJIUTOHAJIbHBIE SJIEMEHTHI MATPHUILI 3P (HEKTUBHOIO raMUIBTOHNAHA, KOTOPhIE JAIOT BKJIAJ] TOI'O XK€ IIOPAJIKA, YTO U
JraroHaJjbHbIE.
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5.2 HecranuonapHasi Teopusi BO3MYIIeHUA

5.2.1 IlocraHoBKa 3ajaun

B cranuoHapHOil TeOpUH BO3MYIIEHUN UCCIEAYETCs TO, KK N3MEHSAIOTCS CBOMCTBA CIEKTPA IIPH BO3MYIIEHHUN, HE3ABHUCSIIEM OT
BpPEMeHH — pellleHns craiponapHoro ypasHenust [[Ipénunrepa. Kak HECI0:KHO 10raJaThCsl, HOCTAHOBKA 331891 HECTAI[MOHAD-
HOJi TEOPHM BO3MYINEHHUH COOTBETCTBYET CUTYAIUH, KOIJA MaJjoe BO3MYIIEHNE 3aBUCAT OT BPEMEHHM, a MCCJIE/yeM Mbl PelleHus
HecranuoHaproro ypasuenust 11Ipénunrepa i% [(t)) = (Ho + V(1)) [(t)).

IIpencraBinenue B3aumoieiicTBusi

IIpexk e, 4eM pa3BUBATDL TEOPUIO BO3MYIICHHI, HEOOXOAUMO U30ABUTLCA OT «OBICTPOIi», HO TPUBUAJIBHON 3BOJIOIUU COTJIACHO
HEBO3MYIIEHHOMY TaMUJILTOHUAHY. DTO JIeJaeTcsl MOCPEICTBOM TaK Ha3bIBAEMOTO IpeJcTaBieHus B3anmojeiictsus. CyTh ero B
CJIEIYIONIEM: MbI PACKJIAILIBAEM BOJHOBYIO (DyHKIMIO |1)(t)) 110 COBCTBEHHBIM COCTOSTHUSIM TAMUILTOHUAHA H, (kaK MbI mesiasiu Obl
OOBIYHO), HO YYUTBIBAEM JJIsl TUX COOCTBEHHBIX COCTOSHUI UX IBOJIOIMIO, KAKasd NMeJIa Obl MECTO B OTCYTCTBHUE B3AUMOJICHCTBHSL:

() =D walt) In(t),  [n(t) = e " ) (5.31)

COOTBETCTBEHHO, Jjisi HEBO3MYIIEHHOI 3a/1a491 penieHne ObLI0 Obl TPUBUAJILHBIM M B KAKOM-TO CMBICIE «MEIJIEHHBIMY: Uy, () =
const; mMeHHO Ha (POHE ITOTO PEIIeHns MbL U OyJIeM CTPOUTH TeOpuio Bo3MmytieHuii. Takas nojacranoBka B ypaaenue IIIpéquarepa
naéT:

a’l/]" ¥ iw
20 STV, Vi = (0] V) m(6) = e Vi (1) (5.32)
(rme, kaK Beerga, 06O3HAYEHO Wy, = E, — E,,). Oueparop v ¢ YKa3aHHBIMUA MATPUYHBIMU 3JIEMEHTAMU HOCUT Ha3BaHUE

«OTIepaTopa BO3MYIIEHNUS B IPEJCTABICHIN B3aNMOJIEHCTBH». DTO ypaBHEHNE TPEKPACHO TE€M, YTO MBI M30aBUIUCH OT «OBICTPOiT»
9BOJIIOLWHN 38 CYET ramMusibronuana Ho, u BeJuaubl ¥, () 3aBUCAT OT BPEMEHH y2Ke 3a CUET cjaaboro BO3MyIeHus. B TakoM Buje
3a/la4gy yzKe MOXKHO pellaTb MeTOJ0M HTepaluii.

5.2.2 BosmynieHus, JeCTBYIOIE B TeYeHUN KOHEYHOTO BpEeMEHU

CaMblii [IpOCTEAIIH ciryJail, IpeJCTaBJIsONUil UHTEpeC ¢ TOYKM 3PEHUs] HEeCTAIMOHAPHOI Teopuu BO3MYIIEHHI — 3TO eCjIu
BO3MYIIEHUE JHCTBYET B TEUEHUE KOHEUHOTO BpeMeHH. I1yCcTh B Hada bHbI MOMEHT BpeMeHU (Iph ¢ — —00) CUCTEMa HAXOIUIAChH
B KAKOM-TO CTAIOHAPHOM COCTOSIHIM HEBO3MYIIEHHOrO raMu/bronuana (initial state) |i); a Bosmymenne V (t) 1octaTouno 6s1crpo
zaryxaer upu t — +0o. Mbl uHTEpECYeMCsl BEPOSTHOCTHIO BO3OYKIEHHMs CUCTEMBbI — & UMEHHO, BEPOSITHOCTBHIO II€Pexojia B
upousBosibHoe cocrosaue (final state) |f) upu t — oo.

Pemaercs Takasi 3ajjaua JOCTATOYHO IPOCTO. B KadecTBe HyJI€BOrO NPHOJIMKEHUS B yDaBHEHUU MBI HOJCTaBIIIEM

(O) —0) = 1, TOI'/la B IIEPBOM II I/I6J'II/I}K€HI/II/I JJId ITPOU3BOJIBHOTI'O [T I'Oro COCTOAHUA (1) t) MBI IOJIyYaeM:
i p p p Py ; y

2

V(il) (T)dT = |wimsp = ’/ Vii(t)e™sitdt (5.33)

w0 =i | t

(BesmrimHa w;_, ; OYKBAJIbLHO COOTBETCTBYET BEPOATHOCTH Iepexoma u3 |i) B |f)). PasyMeercs, MeTon IpHMEHHM TOIBKO €CIIH
BO3MYIIECHHAE MAJIO, U CIaJaeT Ha GECKOHEYHOCTH JIOCTATOYHO OBICTPO — TaK YTO MHTErPAJI IIPEINOIATACTCS CXOIAIIIMCS.

5.2.3 IIpumep: BO30y2kKJI€eHUE OCIUILIJISTOPA

PaCCI\/IOTpI/IM 33139y 00 B036y}K,ZLeHI/II/I TapMOHHNYECKOI'O OCIHUJIJIATOPA IIO/] ,HeﬁCTBHeM CHJIbI, KOTOpasd ﬂeﬁCTByeT B Te4YeHUHN KO-

HEYHOI'O BpEMECHU:

n2 242

- P mwe L 422
= — _Fie /T (5.34)
2m 2
Honycrum, npu ¢ — —00 Mbl HAXOJUWIMCH B OCHOBHOM COCTOSIHUU OCHUJLIATODa |i) = |0); UilleM Mbl BEPOSTHOCTH II€PEXoia B

[IePBOE U BTOPOE BO30OYKIAEHHBIE COCTOSHMUSA.



IVIABA 5. TEOPH: BO3MYIIIEHUI 59

Pemenne OmnpenennM, KaKre MATPUIHBIE JIEMEHTBI BO3MYIIIEHUs BOODIIE OTJIMYHBI OT HYJist. VICIIO/Ib3yst JIeCTHUYIHbIE Oltepa-
TOPBI, MBI BUJIUM, YTO OTJIUYHBI OT HYJId TOJIBKO II€PEX0/Ibl MEXKJIy COCEJHUMU YPOBHAMU:

Fe t/7 [ /m, m=n-—1

Vo (¢ — —Fe /7 (n|d|m) = — .
(t) (n| 2 |m) Vo \Wnd T mendi

(5.35)

B wacrHOCTH, B mIEpBOM MOpsIKE TEOPUU BO3MYIIEHUN IIEPEXOJ] MPOUCXOAUT TOJBKO B IEPBOE BO30YKIEHHOE COCTOSHIUE,
Pa3HUIa YHEPIUil KOTOPBIX PaBHA Wiy = W:

2,2
TFer e_w27_2/2

2
e_tz/TzeMdt’ = (5.36)

F
Wo—1 = |——F——
V2mw J_ s
Tpebyst MAJIOCTD TIONPABKH, MBI IIPUXOIAM K BBIBOJTY, ITO T€OpHs BO3MyTeHuii paboraeT 1o mapamerpy F272/mw < 1 6o
wt > 1.
Yr06bI HANTH BEPOATHOCTH IIEPEX0Ja BO BTOPOE BO3OYKIEHHOE COCTOSHUE, [IEPBOIO MOPSIKA TEOPUHN BO3MYIIEHW HEI0CTa-
TOYHO, U Hy2KHO pemnuThb ypasuenue (5.32)) Tounee. Bo BTopoM npubimKeHnu, oIy daem:

2mw

0 (£) = z/ﬁ dr VD (r ) (1) = (-i)?/ V(s )/jl drs Vi (), (5.37)

a 3HAQYUT, UCKOMasd BEPOATHOCTHL PaBHa:

2 2

o0 T1 [eS) 1
Wo_yo = ’/ dTlVgl(Tl)e“"”/ droVip(12)e™™ / dTle_le/Tz"’”’“/ dTge_TS/T2+M72 (5.38)

C(2mw)?

o o0
MO>KHO 3aMETUTD, YTO CTOSINUI TYT HHTErPAJ PaBEH [I0JIOBIHHE TAKOI'O 7K€ HHTEerpaJia, HO ¢ 0ECKOHETHBIMH IIPe/IeTaMu f dm f
—0o0
GJrarosiapst YeMy MbI MOXKEM Cpa3y BBIIIUCATD JIJIsI HETO PE3YJIbTaT:
2744
e BT 2.2
—WwW T
Woso = ———e (5.39)
8m2w?
ITomyuenHslit pe3yIpTaT OKa3aJICs IIapaMeTPUIeCK! MeHBIIE Wo_1, IIOCKOJIbKY OH CBs3aH CO BTOPBIM IIOPSIJIKOM TEOPUH BO3-
MYIIeHNA.

5.2.4 3oJjioroe npasuiio Pepmu

Bropoii BaxKHbBI KJ1acC 38189 3aBUCAIIEH OT BPEMEHU TEOPUU BO3MYIIEHUI — 9TO BOIIPOC 00 HOHUBAIMU UCXOJHOIO COCTOSHUSI |1)
(OMATH-TAKH, CTAIMOHAPHOTO COCTOSHIS HEBOZMYTIEHIOTO TAMHIBTOHAANA) TIEPHOJMIECKIM BO3MYTIEHIEM OOIIEro BUIa V(t) =
Feiwt 4 FTe“"t (¢ KAKUM-TO IPOU3BOJILHBIM OILIEPATOPOM F — BooGme TOBOps, HE 00S3aTENBHO SPMUTOBBIM; SPMUTOBOCTH 1%
ABTOMATUIECKU yJOBJeTBOpsieTcs ). Takoe BosMyleHne OyneT WHIYIMPOBATH II€PEXOAbI MEXKJY YPOBHIME, W Yepe3 KOHEIHOEe
BpeMsi ¢ BEPOSITHOCTh OOHAPYKUTh YACTUIYY B COCTOSIHUU |i) y2Ke Oymer ormvHa oT exumHunpbl. Kak npasuio, sta BEPOSITHOCTD
CIIaJ[aeT SKCIOHEHIHAILHO P oc e /7 u xapakTepu3yeTcsl Tak Ha3bIBAEMOI CKOPOCTBIO pacmaia (ionization rate) 1/7. ITomckom
3TON BEJIUMIMHBI MBI ¥ 344 lMCSI.

PaccMOTpUM 9BOJIIONMIO AMILIUTY/IBI KAKOTO-TO cOCTOdHUsI |f) # |i), B KOTOpoe OyIyT IPOUCXOAUTD IIepexobl. Pemast ypas-

0
HEHIEe UTEPATUBHO, C HYJIEBBIM IIPUOJINKEHIEM 1/11( )(O) = 1, MBI B IEPBOM HOPSJIKE TTOTYTAEM:

81/’(1)( t) @), 0) ot ot gl
o Vi (O 7 (t) = (Fpie™ ™" + Fjpe™")e'r (5.40)
T ) ) i(wpi—w)T _ i(writw)T _ 1
Ty = —i | dt(Fpei @)t 4 Freientoty — pr,© 7l 5.41
’(/}f ( ) Z/0 ( fi€ + if€ ) fi Wpi—w + if wfi+w ( . )

Hccnemyem cTpyKTypYy MOJIYHUEHHOTO BBIPaXKeHUs IIpH OOMbImuX BpeMeHax 1 >> wy;, w. MccnemyeM, Kak yCTPOEHO KazKI0e U3
9TUX CJIAraeMBbIX:

eilwpEw)T _ sin[(wy; £ w)T/2] s (@i Tw
o T—o0

wri £ w (wpi Fw)/2 2 ) = 2mo{wsi £ w) (5.42)

(sTa dbyHKIHA GHICTPO OCIULIUPYeT Ha |wy; & w| = T, mosromy B npesese moaydaercs JeabTa-QyHKIWs; a 3HadeHne Kodd-
sin(wT'/2)

= 7). IlosToMy mHTepIperalys cjeiyomas — HepexoJbl Yepes3

dburmenTa nosyaercs u3 Toro, 4ro maTerpan [ dw -

oo
_ o dT2,
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6ouibII0e BpeMst 1’ IIPOUCXOMAT TOJBKO B COCTOsIHMsI, SHEPIUs KOTOPBIX OTJIMYAETCs OT SHEPIMU MCXOAHOIO Ha w (HA YKAproHe,
MOXKHO T'OBOPUTH 06 MOHU3AIMY C IIOIVIOIIeHueM omHoro ¢poroHa), mbo —w (4T0 COOTBETCTBYyeT MCILyCKaHUIO (bOTOHA).
13-3a pasHecenust 1o 3HeprusiM, 3TU YIEHHI MOXKHO PACCMaTpPUBATh COBEPIIEHHO HE3aBUCHUMO JAPYT OT JPyra, OHU CYIIECTBEHHO
OTJINYHBL OT HYJIS JJIsl PA3JIMIHBIX COCTOSHUI | f).

Bepostnocts monmsanun gaéres | (T)|%. ByksagbHo BO3BOIUTE JebTa-QpyHKINA B KBaIPAT GECCMBICIICHHO — HOJTYIaeTCst
GECKOHEYHOCTh. DTO Pa3yMHO, BEb Mbl OXKHUIAEM, UYTO KOJUIECTBO TAKUX MEPEXO0B, BOOOIE TOBOPs, OY/IeT MPOIOPIIMOHATIHHO
spemenn T (YTO COOTBETCTBYET JIMHEHHOMY DA3JIOKEHHIO SKCIOHEHIHAIBLHOTO 3aKOHa pacmaza e /7 =1 —T/7 4+ ...), u B
npeziesie T — 00 JefCTBUTEIBHO JOJIZKHA MOJTyIaThCsl GECKOHETHOCTD (Pa3yMeercsi, TeOpHsi BO3MYIIEeHNIT paboTaeT TOIbKO TI0Ka
T/t < 1, nogpobuee obcynum sro nosaee). Mmes sTo B BuIy, Bo3BeAEM BhIpakenue 11 (1) B KBaIpaT, yIATHIBAs, UTO
HePeKPECTHBIE WIEHB CIUIBHO OCHUIIINPYIOT (& B mpenere T — oo mpepamaiorcs B KoMouHanuio 6(w;f + w)d(w;f —w) = 0) u
[IOTOMY BKJIAJIA HE JIAIOT:

sin? (wfs —w)T/2] sin? (wf +w)T/2]
(wri —w)/2)? (wri +w)/2)?

sin? wt
w2

[ (D) = | Fyal? (5.43)

Ousitb-Taku, Ha BpemeHax ¢ (Takux dro wt > 1), — y3Kas MYHKIUA ¢ TUKOM B w = (0, u mo/pkHa ObITH 3aMeHeHa

Ha gesnbra-byHknmo. OQHAKO yC/I0BHEe HOPMUPOBKH 128t [ dw% = 7t; U3 9ero Mbl 3aKJI0YaeM, UTO B 9TOM CJIydae 3aMeHa
JIEJIAeTCsl COTJIACHO S“Z;”t — wtd(w). Monygaem:
t—o00
[ (T)|? =~ 20T |Fpi*(6(Ey — E; — w) + 6(Ef — E; + w)) (5.44)

OueHb BaxkKHOE 3aMeUaHNe 3aKJIOUALTC B CJIEYIONEM. ECIn nMeeTcsi CTPOruil pe30HAHC — a UMEHHO, |f) siBisieTcst cocTo-
SIHUEM JINCKPETHOTO CIEKTPa, C SHEprueil, OTCTOSINIEl OT SHEPTUU UCXOJHOTO COCTOSIHUSI POBHO HA w — TO 3Ta HOpMysa TepseT
CMBICJI, TIPaBas 9acTh 0OpAIAeTCsI B OECKOHETHOCTD Jarke Oy/yun mojenéunoit na dosbinoe Bpems 1. CBg3aHO 9TO € T€M, UTO B
[EMCTBATELHOCTH B TAKOM CUTYAITME Oy /Iy T MPOUCXOAUTH OCHMLIAnuu Pabu Mexmy mapoit pe30HAHCHBIX COCTOAHUIM, KOTOPHIE
00CYKTAJINCh HA TIEPBOM CEMUHAD!

OnHAaKO, ecin Mepexo/ibl MPOUCKOMSIT B HEIIPEPHIBHBIN CIIEKTD (KOHETHOE COCTOSIHME |f) NPUHA JIEXKAT HENPEPHIBHOMY CIIEK-
Tpy), TO opmya UMeeT CMBICT, Oy/Iydr MPOWHTEIPHPOBAHA 110 KOHEYHBIM COCTOSTHUsIM. Mepy Takoro MHTErpUpOBAHUS
obozHavaoT dvy (HaopuMep, B OTCYTCTBHE HMOTEHINATA KOHEUHbIE COCTOSHUS — ILTOCKHE BOJIHBL e’*T ¥ Hy»KHO MHTErpHpOBATH
no k ¢ mepoit dvy = dk/(27)). B sToM ciywae Besuanma

2
dwi_y s = %\FﬂFa(Ef — E; + hw)dy (5.45)

(h BOCCTAHOBJIEHO II0 PA3MEPHOCTH) MMeeT CMBIC]I KOJIMIECTBA [IEPEXOIOB B eIUHHIYy BPEMEHH B IIOJOCKY COCTOsIHUIL dvy Hempe-
PBIBHOTO creKTpa. DTa (hopmysna HocuT HazsaHue 30JioToro npasuina Pepmu (Fermi Golden Rule). ITonpasymesaercst, 9ro
ee Hy»KHO IIPOMHTErPUPOBATH 110 COCTOHHI/IHMH |f), 9TO JacT KOHEYHYIO BEJMUMHY, OLPEIEJISIOIY0 BEPOSITHOCTh HOHU3AIUN B
€JIMHUILY BPEMEHH, UM BpeMs KU3HU cocrosuust: 1/7; = [ dw;_,s. Jenbra-pyHKIms IMeeT CMBICI 3aKOHA COXPAHCHHS] SHEPIUH,
YUIUTBIBAIOIIETO IOIVIOIEHNE NN UCIycKanue hoToHA ¢ dHeprueit iiw.

Kpurepun npumeranmoctu Crout 00CYIUTh KPUTEPUU TPUMEHUMOCTH OJydeHHoro Merona. C oJHON cTOPOHBI, MbI pabo-
TaeM B paMKax TEOPUU BO3MYIIEHUI, IO9TOMY OYKBAJBHO yCTPEMUTH 1 — 0O HEKOPPEKTHO — B PAMKAX TEOPUU BO3MYIIEHU
MBI HAIIUIA 9IHCJIO epexoioB T/7;, KOTOpoe BCE-TaKU JOJKHO ObITh MajeHbKuM: 1T <& 7;. C Ipyroit CTOpOHBI, MBI 3aMEHSLIH
pa3/IMdHbIe OCIUJLINPYIOIIUE WIEHBI Ha Je/IbTa-(QPyHKIIU, YTO KOPPEKTHO Je/IaTh, TOJBKO €CJIA MACIITad «OrubaroIeiis, Ha Ko-
TOpYIO 9Ta sesbra~-byHKIMs JOMHOKAETCs, 0oJiblie MaciTaba caMoil Jejbra GyHKIuU (KOTOPbIH, Kak ObLIO CKA3aHO BBIIIE,
nmeer nopsytok 1 1). Posb «ormbaromeii> B BBIPasKEHUSX HTPAIOT MATPHIHbIE JeMEHTHI Fr;; TaKuM 06pasoM, Mbl 3aKJIHOYAEM,
4TO MacumTab SHEPruu, Ha KOTOPBIX MEHSAIOTCS MAaTPUUHBbIE JIEMEHTHI, 0003HaYeHHBIA Kak ) (pasyMeercs, 3T0 OTHOCHTCS U K
caMoit 4acToTe W), JMOJIKEH COOTHOCUTBHCS Kak w, ) > 1/T. Nmeem, 1/7 < 1/T < w, ), OTKya CJieyer, 9TO 3070TOE IIPABUIIO

Q>1/7|
Jljist 337189 «B AMIAKe» ¢ KOHEYHBIM Pa3MePOM IIPOCTPAHCTBa L MHTETpas TI0 KOHETHBIM COCTOSHUSAM SBJIAETCS MTPUOIIKEHI-

em cymmbl. IlycTh cocesiHue ypoBHH SHEPTHH OTCTOAT JPYT OT Jpyra Ha BejmumHy nopska § ~ 1/L? (level spacing). Torma
3aMeHSTh CyMMY Ha WHTErpaJjl KOPPEKTHO, eCJIU MACIITad d MHOTO MEHBIIE BCEX SHEPIEeTUIECKUX MACIITaAb0B B IIOBIHTEIPAILHOM

(DepMI/I IIPUMEHUMO, TOJIBKO €CJIn HaﬁﬂeHHOG BpeMsl 2KU3HU YAO0BJIECTBOPsACT KPUTEPUIO

5B sTOM CiIyuae HEOGXOAUMO CHAYAIIA B3STh IPEIEI W fritw — 0 B dopmy.te (5.43)), Torma momyaurcs |5 (T)]? o< T?, 9T0 COOTBETCTBYET PABJIOMKEHHIO
JIbTATa TIEPBOTO CEMUH =si - T na manenbkux T
e3 aTa IIepBOro ce apa Py sin? A - T na maJe T

6ImeeT cMBICST TaKKe HHTErPHPOBATH HE MO BCEM KOHEUYHBIM COCTOSTHHUSIM, a IO KAKOMY-TO HOIMHOYKECTBY, COIEPIKAIIEMy HOJb apryMeHTa, JejIbTa-

byuxuun B (5.45)

). Harpumep, Tak MOXKHO OT/I€JIBHO PACCMOTPETH IIPOIECCHI C IIOIVIONIEHUEM ¥ HCILyCKaHueM (POTOHA.
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Boipazkenuu ([5.45)), u maxxe muoro menbie mupunel genbra-pyuxiun 1/7. Takum 06pazom, B 310oM cirydae (B OTMYME OT CIIy-
Yasi CTPOTO PE30HAHCA) MEPEXOIbl OCYIIECTBISIOTCS OHOBDEMEHHO B GOJIBINOE KOJUIECTBO COCTOSHUI BOIM3M MUKa YIIUPEHHO
nensra-pyskimn 6(Ey — E; + hw), oTBevaoneil 3aK0Hy COXpaHEHNs SHEPIUH.

3aKOH paJiMOaKTUBHOrO PacHasa Brle Mbl IOy YH/Id B IIEPBOM HMOPSIKE TEOPUH BO3MYIIEHUI JIMHEHYI0 3aBUCMMOCTD Be-
POSITHOCTH OCTaThCS B CBAZAHHOM COCTOSTHUW W MHTEPIPETUPYS €€ KaK Pa3JIoXKeHNe HACTOAIIEH SKCITOHEHIINATBLHON 3aBUCAMOCTHI
P « expT /7, nauum napamerp 1/7.

DKCIOHEHIUATBHY O 3aBUCUMOCTD MOYKHO TIOJIyIUTh CJIEAYIONUM crtocoboM. Pazobbem mporece noHu3aun Ha HeGOIbIIIe OT-
pesku pasmepa 6T < T, KaxIblii U3 KOTOPHIX ONHUCHIBATCA 30J0ThIM Tpasuiom Pepmu. Panee mbl cuamrasu, uto |¢;|? = 1,
HECJI0XKHO BHJIETh, UTO JUIsl POU3BOJIBHOrO v; B dw;_ ¢ Boiijier MoxkuTenb |¢;|%. D1o mnosposser namucars jauddepenty-
ambhoe ypasrenue d|y;|?/dt = —(1/7;)[1i]?, xoTopoe nolyckaeT TpuBHMAJIbHOE DellleHHe — 3aKOH PaJIMOAKTUBHOIO DPaciajia

[ (t)]? = e~ t/7i | TIpu 5TOM BBIYHCIICHHH HpeHeGperasoch OGPATHBIMA IIEPEXOJAMA W3 KOHTHHYYMA B CBSI3QHHOE COCTOSHHE, I

371€Ch COBEPIIEHHO HEOUEBH/IHO, [I0YEMY MOXKHO TaK J€JIATh, BEIb BEPOSITHOCTb OKA3ATLCA B KOHTHHYYMe GOJIBIIE HE SIBJISETCS
maJioit. OmycTuM 37ech 00CyXKIACHIE STOr0 BOIIPOCA.

IMoydenHbIi pe3ybraT JOIyCKaeT €I OJIHY HHTEPIPETAINIO: 9TOT 3aKOH O3HAYAET, YTO aMILUINTYy/a (paboTasi y»Ke He B
npescTaBiaennn 3aumogeiicteust) (i|1(t)) = exp (—iE;t — t/27) — TO €CTh PE3yJIBTAT HHTEPIPETUPYETCST KAK MAJIEHBKAS MHIMAST
ronpaBKa K yPOBHIO sHepruu F; — E; — é
ITepexoapl B HenpepbIBHOM criekTpe [losyueHHast cxemy TpeOyeT TPUBHAJIBHON MOAMMUKALINY, €CIM MCXOJHOE COCTOSHUE
TOKE HAXOIMIOCH B HEIIPEPLIBHOM CIEKTDE, a Bo3Mymienue mocrosuuo (V = const, w = 0) — K IpuMepy, Takas CHTYAIJis
OIIMCHIBAET 3a71a1y paccestHusA. B TakoM cirydae OKa3bIBaeTCst, 9TO GOPMyJIa YCTPOEHA B TOYHOCTH TaKXKe:

2w
dwi sy = E|vfi|25(Ef — E;)dvy (5.46)

(eMHCTBEHHOE OTIIMYKE — YTO MATPUIHBIE JIEMEHTBI OEPYTCs OT BCEro BO3MYIEHUS, a He OT KO3 (UIUEHTa IIePe/] SKCIIOHEeHTON
et gak GbLIO pamee).

5.2.5 Ilpumep: noHH3aIse MeJIKON SIMbI

~2

PaccmoTpruM MesKyio OMHOMEPHYIO SIMY IO IeACTBHEM HEPHOIUIECKOTO IJIEKTPUIECKOro noss H = fm — Z(x) + efx cos wt.

IIycTs wacTuna HaxomMIaCh B OCHOBHOM COCTOSHUU; TPeOyeTcs HAWTH YacTOTY II€PEXOI0B B COCTOsIHUS HEIIPEPHIBHOI'O CIIEKTPA
B OJIHOPOTOHHOM IIPUOJIAZKEHIH.

Pemrenne 3amada sra — Ha OykBajibHOE NpuMeHeHme 30j0Toro npasmia Pepmu. Bosmymienwe nepenwmmem B Buzme V =
%eé’x(ef“"t +evt) = F = %eé‘z. Cremysi loruke, OMMCAHHON B MPEABIIYINEM CEMUHAPE, TEPEXOIbl N3 OCHOBHOI'O COCTOSTHHS

¥i(z) = \/re 1%l GyayT TOIBKO B HEUETHBIC COCTOSIHIS HEIPEPLIBHOTO CIIEKTPA w,i_)(x) = sin kx, ¥ IJIg MATPUIHOTO JICMEHTA,
TAKHUX MEPEXOJI0B MOYKHO IIPOCTO B3ATHb OTBET ¢ IPONLIOTO CEMUHAPA!

kl<63/2
Fri =208 ———— 5.47
f (K2 + k2)2 (5.47)
C yuérom morHOCTH cocrostauil dvy = dk /T, HelocpeICTBEHHOE IIPUMEHeHNe 30J10T0r0 IpaBmia PepMi B TAKOM CIIydae JaéT
(TyT yureHo, uTo wieH +Aiw, OTBEYAIOINH UCIIyCKaHUIO (GOTOHA, OTCYTCTBYET):

5.48
2m s m w ( )

oo k2 2 dk 2 202 E3/2 / — B
/ 21| Fyi|26 (H w> dk _ 2767 By LZ 0
0
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Puc. 5.1: BaBucuMoCcTb BEPOSATHOCTH OJHOMOTOHHOM MOHU3AIUK 1/7 OT YacTOTHI IPUKJIAIBIBAEMOrO JIEKTPUIECKOro nouist (cxe-
MATUIHO)

1/t

0.20f
0.15¢
0.10¢
0.05¢

2 W,
0.5 1.0 1.5 2.0 2.5 3.0

[$3]

XapakTepHbIit MacTad U3MEHEHNs] MATPUYIHBIX JIEMEHTOB KakK (QDYHKIIMH SHEPTUU TYT — ITO IPOCTO Fjy, M0ITOMY Teopus
BO3MyIIeHn paboraer TOIBKO moKysa Fgr > 1. Cam mapamerp JOCTATOYHO HETPUBUAJEH — CKaXkeM, rojie £ BoBce He 00si-
3aHO OBITH MaJIEHHKUM (YTO, KA3aJi0Ch Obl, €CTECTBEHHBIH IapaMerp — I/l Ha TaMUJILTOHUAH) — OHO MOXKET ObITh BIIOJIHE
KOHEYHBIM, €CJIM YaCTOTa BO3MYINEHHs JTOCTATOIHO Gosbmas. Hanporus, npu w < Ey mansas dhopmysia JaéT HOMb, ITO HE CO-
OTBETCTBYET JAE€HCTBUTEILHOCTH: 3TO OTPeXu OTHOMDOTOHHOTO MPUOIMKEHUI. PazyMeeTcst, UMEIOTCs TaK»Ke 1 MHOTO(OTOHHBIE
IIPpOnEeCChI, COOTBETCTBYIOIINE CTAapPIINM IIOpsJKaM TEOpUuun BOSMyIIIeHHfI — XOTb OHU U IIapaMeTPpUYIEeCKN MEHbIIIe (COJI‘ep)KaT
BEJIMYUHY 3JIEKTPUIECKOrO OJIst B GOJIbIIEHl CTENEeHN) — HO COOTBETCTBYIOT HOIVIONIEHUIO SHEPIUU NW, U TAKUM 0OPa30M, JAI0T
OTJIMYHBIA OT HyJId BKJIJ y2Ke 1pu w > Eq/h.



I'maBa 6

A nmabaTndeckKkoe OpuoOJIMKeHIe

6.1 HecrammonapHoe ajimadbarndeckoe nmpudamkenune. Paza Beppu

6.1.1 IlocranoBka 3amaun

IycTh raMuIbTOHUAH CUCTEMbI aAuabaTUIECKU — OYCHb MEJJIEHHO — MeHseTcs Bo Bpemenu, H = H(t). Mbr 6ynem unrepeco-
BATbCs Te€M, KaK YCTPOEHBI PelieHns] HecTallmonapHoro ypasuenus [Ipéauurepa:

. d A
iy [W(t) = H(t) [4(2)) (6.1)

B npunnume, agqnabaruIHOCTh U3MEHEHUsI [1apaMeTPOB IOApa3yMeBaeT IMPeIeIbHBINA Ciiydail — mapaMerpbl MEHSFOTCsS Oec-
KOHEYHO MeJJIEHHO. FKCTeCTBEHHO, B peasbHBIX 3a/adax OeCKOHEYHO MEJJIEHHO MapaMeTpPbl MEHSATh HEBO3MOXKHO, W IOITOMY
BCErJa MMeeTCs HEeKWil XapaKTePHBIH MacimTabd BpeMeHu 1, Ompeessdionnii CKOPOCTh N3MEHEHUs [MapaMeTpoB, W ajaunadaTud-
HOCTh O3HAYAET, 9TO STOT MaciTab Bpemenu — Gouibiioii. Ho ¢ gem ero Hyxkno cpaBHUBaThH? [Jist 5TOrO0 MpeiytaraeTcst IpUBJIEYh
UHTYUIINIO, IIPUXOJIANIYIO OT HECTAIMOHAPHON Teopuu BO3MyIleHnit. Ecianm nuMeercs BO3MyIeHHE, KOTOPOE 3aBUCUT OT BPEMEHU
TIEPUOJINICCKH, TO UMEIOTCS TIEPEXO/IbI MEXKLY COCTOSTHUSAMU, MPUIEM COCTOSTHUAS PA3HECEHBI M0 YHEPTUU HA W — YACTOTY ITOTO
Bo3MyIneHus. Beakoe Hermeproautaeckoe BO3MYIIEHUE, B CBOIO OY€PE/Ib, MOYKHO pacnucaTh B mHTerpaj Oypbe u mpeicTaBUTh KaK
KOMOWHAIMIO TIEPUOINICCKIX; B HAIIIEM CJIydae, XapaKTepHbIe YacTOTHI peobpazoBanns Oypbe onpeseasiorcs 3 COOTHOIIECHUST
HeonpeesnénnocTeil, w ~ 1/T (TeM caMbIM, 9aCTOTHI 0O4eHb MaJsieHbKue). Terepb MoxKHO Gostee YETKO chOPMYJIMPOBATH KPUTEPUi

aTUA0ATUIHOCTH — & UMEHHO, IaCTOTHI JIOJI’KHO OBITH HEJIOCTATOTHO JI7IsI OOECIIeUEHNsT IePEX0/IOB, ’ w<KAE=T>1/AE ‘, rie

AFE — TunmdaHOe pacCTOsiHIE MeXKJly COCEeTHUMM yPOBHSME Heprun cucreMbl, («level spacing ).

Boobrie roBopsi, eciim raMUJIBTOHUAH 3aBUCUT OT BPEMEHU, TO €r0 yPOBHU YHEPIUU — BeIllb, KAK [IPABUJIO, OECCMBICIEHHAS.
Opnako, B ciiyuae ¢ aanadaTruaecKuM Mpub/ImKeHneM, 6a3uc MIHOBEHHBIX COOCTBEHHBIX COCTOSTHUN TAMUJIBTOHAAHA OKA3BIBAETCS
VAOOHBIM:

H{(t) [n(t)) = Eu(t) In(1)) . (6.2)

Ewé pas nomuepkuém, uro |n(t)) Hu B KoeM cilydae He BJISIOTC PElleHus MU HecTalmoHapHoro ypasaenus: [IIpéaunrepal

IIycTh Teneps B HAYAIBHBIA MOMEHT BPEMEHHU ¢ = o MBI <IIOCAMIN> JACTHILY B OIHO U3 COOCTBEHHBIX COCTOSHHI TAMUIIBTO-
uuana [ (tg)) = |n(to)). Boimenpuseaéunbie paccy K 1eHust HO3BOJISIIOT HAM 3aKJIOUUTh, 9TO B aJuadaTuieckoM upejese 1 — oo,
COCTOSIHWME CHCTEMBI B IPOU3BOJIBHBIN MOMeHT BpemeHu t Gyzer |¢(t)) o |n(t)) (¢ TouHOCTBIO 10 HA30BOrO MHOXKHUTEINSI) — TO
ecTb BOsIHOBasi GyHKIUs GyJeT Ciej0BaTh MTHOBEHHOMY COCTOSIHUIO JIAHHOIO FaMIJITOHHAHA. DTO yTBEPXKJEHNE HOCUT HA3Ba-
Hue aguabarmdeckoii Teopemsbl. Korjia Mbl Gy/ieM u3ydyaTh KBa3UKJIACCHYIECKOe NPUOJIMIKEHNE, Mbl TaKXKe MOKaXKeM, ITO 3TO
YTBEDZKJIEHNE HAIPAMYIO CBI3aHO ¢ COXPAHEHWEM aIabaTHIeCKOr0 MHBAPHAHTA B KJIACCHIECKON MEXAHUKE.

6.1.2 AgumabaTudeckKuii aH3ail

[Mogxpennm paccykieHus, IPUBEIEHHBIE BBIIIE, KOHKPETHBIM BBIUYACIEHUEM, a TaKKe ITOCTPOUM CHCTEMATUIECKOe ajnadaTude-
CKO€ pa3JjIoyKeHne 110 MaJjioMy apamerpy. I1IockosbKy MIHOBeHHBIE COOCTBEHHbBIE COCTOSIHUS MaMUJIBTOHUAHA 00pa3yioT ba3uc, To
IIpe/IJIaraeTcs UCKaTh BOJIHOBYIO (DYHKIMIO B BHJIE PA3JIOXKEHUS 10 3TOMY Oasucy:

[B() =Y wa®)In(®) = i) (Btbn [n(8)) + a0y In() = Y En(t)ba(t) In(t) (6.3)

n n

63
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Ecisin 661 raMuiibTOHMAH He 3aBHCEJ OT BpeMeHu, 10 ectb Fy,(t) = const u |n(t)) = const, o K03hOUIUEHTHI UCHBITHIBAII ObI
«BGBICTPYIO», HO TPUBHAJBLHYIO SBOJIONUIO BO BpeMeHH: ¥, (t) = exp(—iE,t). B 3aBucsamemM or BpeMeHHU CIIydasl IPeJJIaraeTcs
9Ty «OBICTPYIO» OCIJIIUPYIOILYIO 3aBUCUMOCTD BBIJEINTD SIBHO, UTOOBI MOJIyUNTh yPaBHEHHUE, COJEPIKAIIEe TOJIBKO MEeJJIEHHO
MeHsIIoIHecs: Bo BpeMeHn esmuntb] | [logcraHoBKA, KOTOpasi 9TO PEATM3YeT, CJIeLyOIAst:

U (t) = cn(t) - exp (—i /t: En(T)dT) , (6.4)

U HAIMCAHHBIN TYT (Hha30BbIil MHOXKUTEIb HOCUT Ha3BaHWe AUWHAMUUYecKoil da3bl. HecokHO BHieTh, YTO Takasl I10/ICTAHOBKA
coKpamaer npasyl («ObICTPYIO») 9acTh ypaBHeHHus. Ilpoerupysi Terepb BCE ypaBHeHHe Ha Gpa-BekTop (n(t)|, m nosbsyschb
OPTOHOPMUPOBAHHOCTHIO MIHOBEHHOI'O 6a3KCa, Mbl [IOJIy4aeM:

i0rcn (t) = —iZGXp (z/ wnm(T)dT) ()] O Im(t)) em(t), wWam(t) = En(t) — En(t) (6.5)

t
to

IIpaBas gacTb ypaBHEHUS MaJjia — OHA COJAEPXKUT ITPOU3BOJIHBIE TI0 BDEMEHN MIHOBEHHOI'O 6a31ca, KOTOPBI MEHSIeTCsT Ha OOJIBIINIX
BpeMeHHbIX MacmTabax ¢t ~ T'; mo9TOMYy 3TO ypaBHEHHE yrKe IMPUCIIOCODJIEHO I PEIeHUs €ro METOJOM II0CJIeI0BATETbHBIX
TIPUOJIMKEHUIA.

6.1.3 Ilepexoabl Ha Apyrue COCTOSTHUS

Bosspamnasch K HCXOAHOM IIOCTAHOBKE BOIIPOCA, MbI Oy/IeM peraTh CJIeLyIONLyIo 3aady. IlycTb B HAYaIbHBI MOMEHT BPEMEHH
MBI HAXOJMIIICh B KAKOM-TO COCTOSIHHH 7, TO €CThb Cp(to) = 1 U Cpxn(to) = 0. Ceituac MbI Gy/1eM HHTEPECOBATHCS AMIUIHTY 107
nepexofa B APYroe COCTOSHUE 33 KOHETHOE BPEMs Cpp (t).

JIJIs1 OLIEHKM IIPaBON YacTH ypaBHEHUS MMeIONHiiCs «MATPIMHBIL 371eMenT>| MOKHO BBIpasuTh, npomddepenipo-
BaB 10 BPEMEHHU ypaBHEHNE Jutst coctostuust |m(t)), n crupoenupoBas ero Ha 6pa-BekTop (n(t)|. Bocmosp3oBasimces 3arem
COOTHOIIEHUEM OPTOrOHAJIBHOCTH, MBI HOJIY Ia€M:

(n(t)| 0. H |m(t))
Wi (1)

(n(t)| O H [m(t)) = Oy Epbpm + wmn (t) (n(8)] 9y [m (1)) = | (n(t)| 8 |m(t)) = — ;o om#EN (6.6)

IlonyyenHoe BhIparkeHNe y2Ke SIBHO COJIEPKUT MAaTPUUIHBIE JIEMEHTHI IPOU3BOJIHOM raMUJIBTOHAAHA 110 BPEMEHH, KOTOPAas NMEeT
nopsioK ~ 1/T. TIosroMy MBI 3aKJII0UaEM, YTO BECh ITOT MATPUYHBII 3JIEMEHT JIOJKEH cojiepKaTh Masoctb o 1/(AE-T) <« 1.
PaccmarpuBas Tenepb Bejylee IpubIUzKeHue s Cpy, (t), narerpupys ypasaenue (6.5)), Mbr nogygaem:

em(T) ~ /t ’ exp (z /t t wmn(T)dT> (m®]0:H n(1)) . (6.7)

0 0 Wmn (t)

DT0 BhIpazKeHMe, B JIeHCTBUTE/IBHOCTH, IIPEJCTABIIAeT COOO0I HHTErpaJl THIIA «MeJJIEHHAasT Orudaromast Ha ObICTPOOCIIU/LIUPY FOITH
dakrop». Takoro poja WHTErpaJjbl, KaK MMPaBUJIO, COAEPKAT IKCIOHEHIINATHHYIO MAJIOCTb, 9TO MBI U IPOJIEMOHCTPUPYEM Ha
mopuMepe CJIeTYIONel 3aJatu.

6.1.4 IIpumep: 3amaua Jlangay — 3enepa

[TockombKy mapameTp aanabaTUIHOCTH SIBHO comep:KuT level spacing, KOTOpbIil, BOOOIE TOBOPsI, 3aBUCUAT OT BPEMEHH — TO MBI
3aKJII0YAEM, ITO OOJIBIIE BCETO TIEPEXOIbl MEXKIY PA3JINIHBIMU COCTOSHUSIMU OY/IyT IPOUCXOUTD, KOT/a KAKas-TO apa YPOBHEH
MaKCUMaJIbHO COJIMYKAIOTCS; W IEPEeXOIbl IIPU ITOM OyJyT IMPOUCXOIUTH UMEHHO MEXKJy 3TO# mapoil ypoaeii. IlosroMy Takyro
CUTYAIMIO MOXKHO C(DOPMY/IMPOBATH B JOCTATOYHO ODIIEM BHIE€ KAK YHCTO JBYXYPOBHEBYIO 3a/1ady. Takas 3ajia4a HOCUT HA3BaHUE
zagaan Jlanmay — 3eHepa, U OIMUCHIBAETCS CJIEIYIONIM TaMUIBTOHUAHOM:

H(t) = (O;t 0 t) (6.8)

Cutetyst nmoruke anabaTUIecKoro MpUOINKEHUs, cliepBa TpebyeTcs HaTH MIHOBEHHBIE COOCTBEHHBIE COCTOSIHHSI TAKOTO T'a-
MuibToHnaHa. OHU BBIPAXKAIOTCS CJIEIYIOIUM 00pa3soM:

1M neonormyaeckn, mpoxoasiye TyT BHIYACAEHUS TOXOXKH Ha BBIYUC/ICHUS U3 HECTAIOHAPHON TEOPHM BO3MYIIIEHIHA
2CTporo roBops, 5TO He MATPUYHBIH SJIEMEHT, IIOCKOJIBKY <OIepaTops O He SBJISETCA OIEPATOPOM, AEHCTBYIONMM Ha ['MIL6epTOBOM IPOCTPAHCTBE
BOJTHOBBIX (DYHKITUA.
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Eo(t) = VT (@R, [0 (t)) = ! < V“(‘Y“”‘“) (6.9)

V202 + (at)? + at /77 ¥ (a)?) "
E_(t) = 5 @D?, (1) ! ( 77+ (at)? - ‘”) (6.10)

-

Puc. 6.1: MruoBennble ypoBHHU 3HEprun ramusbronnana Jlammgay-3enepa kak (yHKust BpeMenu. [IpsiMble — acUMITOTHKA TPH
at >y

st KOHKPETHO 3TOM 3aJ1a9u, IYTOOBI 10 MAKCUMYyMYy HU30aBUTHCHA OT KOPHEH, yI0OHO MCIIOIH30BATh TAPAMETPUBAINIO Yepe3
ruttepbomyeckmit mapamerp ot = ysinh 6. B takom ciygae, 9Tu BbIpaykKeHUs CJIETKa YIIPOIIAIOTCS:

1 0/2
BL(0) = ot [0s0) = ——— () (6.11)

E_(6 ho 0 L (< 12
0) = —yeosho, 10-(0) = ———(“ ) (6.12)

ITycrs B MomeHT Bpemenu § — —oo (6 — —00), crcTeMa HAXO/UJINCH Ha HIDKHE BeTKe, TO eCTb ¢_(—00) =1 u ¢4 (—o0) = 0.
MBbI 3ke WHTepecyeMcsi BEpOITHOCTBIO TIepeiiTH Ha BepXHIoIo BeTKy, P = |c4 (+00) |2, B pesy/bTaTe ajmabaTnaecKoro IpoXozK IeHus
3TOr0 IIepecedeHnst yPOBHEil.

Cpa3y BblIeINM IapaMerp agnabaTuaHOCTH. Ecim ypoBHH HAXOJATCs JOCTATOUHO JIAJIEKO 110 IHEPIUH, TO [EPEXOJIOB He
GyeT — mosToMy MaciiTab BpeMeHH 1, KOTOPBIl BXOJUT B KpUTEPHil anabaTHIHOCTH, OIPEIEISAeTC U3 YCIOBUS JJOCTATOIHOI
6mmsoctu yposneii: ol ~ v = T ~ 1. C apyroii croponsl, MaciTab pacCTOSHHS MKy YPOBHSMHI Ipu 9TOM pased 7. [lostomy
amabaTHuecKoe IpUOJIIKEHIIe COOTBETCTBYET CIydalo, Koraa v2 > a.

IMonbaysick dhopmy.roit , MBI MOXKEM Cpasy 3armcarTh’| (MCIoIb3ysl IapaMeTpU3aIun Jepes 0):

oo 0 3
. dr V| OgH |t_
Bxopsimue ciona BeJIMIHHBI PABHBI:
- cosh @ 0 -
it = (07 _ o) = Wl nf 1) = (6.14)
[% 2 0 2
dr 2y 9 ¥ 1 .
_ - — = — ‘h = — —S h2 ~1
/(; wy_(6) pT dé " /0 cosh” 6df . (9 + 5 sin 9) (6.15)

1 ITO9TOMY MbI OKOHYATEJbHO IIOJIy9aeM C.TIe,HyIOHlI/IIU/I uHrerpaJi:

SBrIGOp HIPKHEro Mpejiesia WHTErPUPOBAHUS B SKCIOHEHTE HECYIECTBEHEH, MOITOMY TYT MbI MOJOMKUJIH €ro PaBHbLIM Hymo. JleficTBUTENbHO, U3-
MEHEHHEe OHOro He MOAUMUUIUPYEeT 3aBHCHUMOCTH OT BPEMEHU BCETO IOIBIHTEIDAJILHOIO BBIPAKEHHS, a JAET JIUIIb IIOCTOSHHBIN (pa30BbIli MHOXKHUTEJb,
KOTOPBIH MOXKHO BBIHECTH 3a 3HAK MHTerpasa.
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< de A2 1.
cy(400) = /Oo Jooshid P (104 <9 + 3 sinh 20>) (6.16)

[Tepen HaMu — KJIaCCHYIECKUIT IpUMep WHTErpaJja Buja «ObICTPO-OCIMILIAPYIONias GyHKIINsA+MeAIeHHass orubaromasty. -
TerpaJibl TAKOTO BHUJA OEPYyTCS METOJOM CTalMOHApHON ¢asbl, mam 6ojee ObIO — METOIOM HepeBanaﬂ B mammom koHKpeT-
HOoM ciryuae, dasa f(0) = 6 + 2sinh20 u f/(6) = 1 4 cosh2 > 2, mosTomy Touek craluoHapHOil (a3bl Ha BEIIECTBEHHO!
ocu HeT. TyT Mbl He OyleM IOHSATHCS 38 TOYHOCTBIO OIEHKH, & BBIJAEJIMM JIUIIb BEIYILYI0 SKCIIOHEHIHAJbHYI0 aCHMIITOTUKY
uHTerpaja. s 9Toro Mbl MOXKEM CIIeJIaTh TaK, 9TOObI B IKCIOHEHTE CTOsJIa JIMHEHast (DYHKIWS, Mepeilisi K WHTErpasIy o
z=0+ %sinh 20 = dz = dA(1 + cos 20) = 2 cosh? Adf, u nepemucas unTerpa B BuIe:

0 exp (z%z)

Tenepb MbI MO2KEM IIpDUMEHUTDL JIEMMY }Kop,U,aHa, 3aMKHYB KOHTYD UHTETPUPDOBaHUA B HIKHEN MMOJTyIIJIOCKOCTH (Fﬂe IKCIIO-
HEHTA 3aTYXAET), U CBEJId ero K BhIYeTaM B II0JIIOCAX, KOTOPBIE ONPEIEIsIoTca u3 ypaBuenus cosh§ = 0 = 6, = im(1/2+ k) = 2.
Bepst Topko mostioc ¢ k = 0, 1 ocTaBiIsist TOJBKO IKCIOHEHTY, MBI TIOJyIae€M OTBET:

e (+00) ~ exp(~m1?/20) = | P ~ exp(~1+* /) (6.18)

e Bo-11epBhIX, OTBET MOy YMICS SKCIOHEHIINAIHLHO MaJl — UTO U 0DOCHOBBIBAaET anuabarnaeckoe npudinxkenne. /leiicrBuresib-
HO, IIEPEXOJIbI B JIPYTHAE COCTOSHUST TPAKTUIECKN OTCYTCTBYIOT! DTO — yTBeprKJeHNe BeChMa ODIIEro XapaKTepa — TUIsi/is HA
ypaBHEHHUE , MBI TIOHIMAEM, UTO MOIIPABKa BCETIa GyIeT yeTpoeHa KaK ObICTPO-OCIMUUpyomast GyHKIWs (CBsI3aHHAST
¢ quHaMudeckoii dasoif) + MejieHHas orubaromasi (CBs3aHHAS ¢ MEJJIEHHON 3aBUCHMOCTBIO MIHOBEHHBIX CTAIIMOHAPHBIX
BOJIHOBBIX (DYHKIIHU{T), & HHTEIPAJIbI TAKOIO BUJIA, KAK NPABUJIO, JEHCTBUTEIBHO COJAEPIKAT IKCIIOHEHIUAIBHYIO MAJIOCTD.

e Bo-BTOpBIX, CIlleryeT cuesaTh KOMMEHTApHUil IO TOBOJy TOTO, MOYEeMY MBI HE CTaJU OIEHUBATH IPEIIKCIIOHEHTY. [leso
B TOM, UTO €CJIA CAEJIATb BTOPYIO UTEPAIUIO aInabaTHIECKOTO MPUOJINKEHNs, TO IOMPABKA OKAXKETCS MAaJoil ¢ TOil Ke
9KCIIOHEHTOI U He OYJIeT COIEPKATH MAJIOCTHU IO CPABHEHUIO C IIEPBON. DTO — JOCTATOYHO HEMPUATHAS CATYAIWs. B JaHHOM
cJIydyae 9TO O3HAYAET, UTO aNadaTHIECKOe IPUOJIMKEHNE TT03BOJISeT IPABUIILHO OIPEIEUTh I0KA3aTelb SKCIIOHEHTHI, HO
IIPEJIDKCIIOHEHTA HAXOAUTCS 34 IIpeiejiaMu €€ TOYHOCTH.

e B-Tperbux, NOKa3aTesb SKCIOHEHTHI B GOJee WM MeHee OOINEM BUJE MOXKHO ONPEJIEJIATh, UCIOJIb3ysl MeTOJ IePeBaJa.
JeficTBUTEIBHO, /I 9TOrO JOCTATOYHO OIPEIEINTh KOMIUICKCHYIO TOUKY [IepeBaJla, yCIOBUe Ha KOTOPYIO, B NeHCTBUTEIb-
HOCTH, OY€Hb IIPOCTO: Wy (o) = 0 (B HaIleM ciiydae 9TO COOTBETCTBYeET t = —iJ

E)’ U TOT/Ia BEPOATHOCTD IEPEX0/Ia JACTCH
UHTErpaJio

to
P~ exp —2Im/ Win (t)dt (6.19)

BoJtee Toro, Touno Takoe ke BbIpaKeHNE BO3HUKAET IIPHU U3yYIEHUH BOIPOCA O COXPAHEHUHU aINa0ATHIECKOTO MHBAPUAHTA
B KJIACCHYECKOI MeXaHUKe, UTO IOJIEPKUBAET CXOJICTBO ITUX JBYX 3a/1at.

e Hakonen, 3anaua Jlanmay-3eHnepa pemaercss abCOJIIOTHO TOYHO W 6e3 auabaTHIecKoro an6m/I>KeHI/15ﬂ U OTBET B Heit
OKa3bIBaeTCs TOYHO paBeH 3Toil sKcronente: P = exp(—my2/a).

4Tqua51 ACUMIITOTHUYIECKasA OIEHKa BEJIUYUHBI CTOANIIECrO TYT HHTErpaJa (BKJ’IIO‘{aIOH_IaSI B cebst l'IpeJISKCHOHeHTy) C IIOMOIIIBIO MeTOJa IIepeBaJia —

3abaBHOE MaTEMATUIECKOE YIIpaKHeHue, 1 CBA3aHO 3TO C AByMA dt')aKTaMI/I. HepBbIP‘I 3aKJ/II049aeTCcd B TOM, 4YTO IepeBaJibHad TOYKa 9() = 72% COBIIaJa€eT C

T0JII0COM HOBIHTErPabHOf byHKiui. Bropoii — pas/osKenne B OKDECTHOCTH IepeBasia HAMHHAETCH He ¢ KBajparnanoro wiena suna 5 f” (60)(0 — 6o)?
— KOTODBIH, KAK HECJIOXKHO 3aMETUTh, TOXKE 3aHYJISAETCA — a C KyOUIeCKOro, é 73 (00)(0 — 6p)3.

i e ~ | T r'(2/3) —mz/2
OrnenKy mHTErpasa JIOGONBITHOMY YATATENIO [IPEJIaraeTcs IPoJesaTh caMoMy. [IpaBuibHblil oTBeT Takol: I(z) ~ [5 + 557335765273 | © / (rme

z = ¥2/a > 1). JTio6ONBITHO, YTO TMOJMydYaeMas TaKuM oBGpa3sOM KOHCTAHTA B NPEIPKCIIOHEHTe Jjis Tepexosa Jlammay-3emepa % ~ 1.096, cmabo
OTJINYIAETCS OT MPABUJILHOIO OTBETA — €IUHHUIIBL.

5 JIpoiika TyT BOSHHKJIA OT BO3BEICHHST aMILTATY B! B KBAJIPAT, & MHMMAst 9acTh — OT B3sATUS MOJTY/Is aMIUTUTY 16, HavaabHas TOUKa HHTerpHPOBAHMS
JOJIKHA HAXOOHUTLCS B IIPOM3BOJILHON TOUKe BemecTBeHHOM ocu. Ilonpobmee 06 aToMm moxkHO mpouurars B 3 ToMe, §53 «Ilepexonnr mon BimsiHMEM
aanabaTUYeCKUX BO3MYIIEHUN>.

6o Tpebyer, KOHEUHO, HEKOTOPOI BO3HH CO CreribyHKIHAME — B JJAHHOMN 3aj1ate PelleHne BLIPaskaeTcs deped by HKIUH TapaboHaecKoro MuInHPA,

D,
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6.1.5 DBoJroiuda UCXoaHOro cocrosinusi. ®aza bBeppu

Mps1 mcciieoBaJi BOIIPOC MIEPEXOJIOB IO BJUSIHUEM ainabaTUuIECKOrO U3MEHEeHHs [1apaMeTpOB FraMUJIBTOHUAHA B JPYTHe COCTO-
AHAS — SBOJIONUIO KO3(DQMUIUEHTOB Cpy U BBIACHUIM, UTO TaKHe IIEPEXOJbl SKCIOHEHIMAILHO DEJKH; Telepb HepeilnéM K
00CY K ICHHUIO BOJIIOIIH CAMOT0 KOI(DMUIUEHTA Cyy. [IpU 9TOM J0CTATOIHO OYEBUIHO, ITO HUIETO KPOME «HAKPYJIUBAHUSAS (DA
¢ KO3(PPUITUEHTOM TTPOUCKOTUTH HE MOKET.

Urak, ypasuenue [6.5] ¢ m = n 3alUCBIBACTCA U TPUBHAIBLHO HHTEIPUPYETCH:

Orcn, = iy (t) (n(t)] 10 In(t)) = en(t) = ¢n(0) exp (iyn (1)), /dt )| 90 |n(t)) (6.20)

Besnmunna v(t) Hocur Haspanue (pasbl Beppu. Vcenenyem mosyueHHbIH 0ObEKT.
Bo-niepBbIxX, cTOUT yOEIMTHCsI, 9TO 3TO JEHCTBUTENBHO (pa3a — a MMEHHO, YTO 3Ta BeJMuuMHa BellecTBeHHas. Clenarh 3TO
pocTo, JuddepeHnupys yCjIoBre HOPMUPOBKH MIHOBEHHBIX CTAIMOHAPHBIX COCTOSTHUI:

0 =9 (n(t)|n(t)) = (9 (n(t)]) In(t)) + (n(t)[ O¢ n(t)) = 2Re ((n(?)| O¢ [n(t))) = (n(t)[0; [n(t)) € R (6.21)

Bo-BTOpBIX, MBI MOZKEM PacCMOTDETh CJTy'aif, KOrjla FaMUILTOHIAH 3aBUCHT He sBHO OT BPEMEHH, HO 3aBHCHT OT KaKOTO-TO

koHevHoro Habopa napamerpos R = {R;}: H = H(R), KoTOpble, B CBOIO 0Y€pe/b, KAK-TO MEHSIOTCS CO BPEMEHEM — OIIUCHIBAIOT

HeKOTOpYI0 TpaekTtoputo R(t) B mpoctpaHcTBe mapamerpoB. B ¢BOK0 0vepeib, MTHOBEHHbBIE COCTOSIHUSI TAMUJIBTOHMAHA TOXKE
sIBJISTIOTCsT PYHKIMAME 3TuX napamerpos [n) = [n(R)). Torma Beipazkenune jus dasbl Beppu MOXKHO 1epenucarh:

¢
1= [ R Rln(R)) - Gt = [ A(BJAR. AR = (RS r|n(R) (6:22)
to
D10 — KpUBOIMHENHBI HHTErpa 2 poja. Beanunna A, (R) HOCHT Ha3BaHWe CBSI3HOCTU Beppwu u sBjsiercss BEKTOPOM, YKUBY-
IEM B TOM-2Ke IPOCTPAHCTBE HapaMeTpoB. B Takoil 3ammcn BUHO Cile/IyIolnee HeMaIOBayKHOE CBOiiCTBO: (hasa Beppu He 3aBucur
OT TOrO, Kak uMenHo MbI MeHsieM mapamerpbl R(t) (0T ckopocTn ABUKEHUS BIOJIb STONH TPAEKTOPHU — JIHIIb ObI 9TO M3MEHEHHE
6bUI0 aMabaTUIecKn) — HO 3aBUCHT TOJILKO OT caMOl Mpaekmoput B IPOCTPAHCTBe napamerpos. V3-3a sroro dyHiaMenTab-
HOTI'O CcBOlicTBa a3y Beppu HasbIBalOT TakKe reOMeTpUYecKoi (pa3oii.

B-rperbux, cBssHocTh u dasza Beppu He sIBISIOTCH KaJHOPOBOYHO-MHBAPMAHTHBIMU BeJnmdnHaMu. Anpuopu BbiGOp dasbl
coberBennbix cocrosamii [n(R)) MpOU3BOIEH — MbI JIHIIb TPEGYeM, YT0OB OHO BBLIO COBCTBEHHBIM s ramMuibronuana H(R).
Bumecto HaGopa cOCTOSHMIT MOZKHO BHIGpaTh J1060it apyroit — [7(R)) = (B |n(R)) (310 HasbIBACTCSH KATHOPOBOUHBIM TIPEO6-
pazoBaHueM); GOPMYIIbI IS CBA3HOCTH U (ha3bl H3MEHATC:

An(R) = An(R) = VRO(R), Tn =7 — ¢(Rf) + ¢(R;) (6.23)
(rne Ry nu R; — KoHe4Hble U HaYaJIbHBIE TOYKH TPAEKTOPUH, II0 KOTOPBIM MBI H3MEHsIEM HAIN IIAPAMETPHI).
OnHako, eCTh BaXXHBIN cilydail IUKIndecKnx Tpaekropuit Ry = R; — torma dasza Beppu yke He 3aBHCHUT OT BBIOOpA

KaimOPOBKH, U, BOOOIIE TOBOPs, ABJsIeTCA (DU3MUECKU U3MEPUMOil Bejnaunoil. VIMEHHO i IUK/IMYecKux Tpaekropuit R(t)
“MeeT CMBIC TOBOPUTH O daze bBeppu.

6.1.6 Ilpumep: cimH B MAarHUTHOM II0JI€

Knaccuaeckas 3amada, Ha npruMepe KOTOPO MOYKHO IIPOJIEMOHCTPUPOBATEH KOHIEHINIO dha3bl Beppu — 9T0 3a/1a9a O ABUKEHIH

CHI/IHa—% B MarubmMTHOM IIOJI€, KOTOpO€ ME/JIECHHO MEHAETCA BO BPEMEHHU. laMuabTOHNAH CHCTEMBI KIMEET cne;xyfomm‘/i BU:

HB)=B-& (6.24)

(rne 6 = (64,0y,6.) — Marpurpl [Taymun). Paccmorpum cocrosinne ¢ sneprueit £ = +B, KOTOpoe COOTBETCTBYET CIIUHY, MOJIsI-
PU30BAHHOMY BJIOJIb [0JI. FEC/i Tereph IoJie 3aCTaBUTh POATH 3aMKHYTBIA MUK/ (IPX 9TOM HAIl CHUH ajauabarundecKu Oymer
CJIEZIUTD 32 MOJIeM, B CHIYy aauabaTUdecKoil TeopeMbl), TO B KOHIIE MbI IOJYYUM UCXOJHOE COoCcTogHue. V3ydmMm, Kak ycTpoeHa
daza Beppu mis mammHoit 3312907,

Nsyuars eé mbl 6yzem B cdepudeckux Koopaunarax: B = (Bsinf cos ¢, Bsinfsin ¢, B cos ). Cuepsa nam Tpebyercst HailTu
MI'HOBEHHBIE COOCTBEHHBIE COCTOSIHUS TAMUJIBTOHIAHA:

cos &
. . E+:+B7 W+>= ip .29
o cosf  sinfe*® e'? sin 5
H=DB/{ . - (6.25)
sinfe*¥  —cosf sin ¢
E_= _B7 W)*> = i 2 0
—e'¥ cos 5
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Puc. 6.2: BaMKHyTasi 9BOJIONU MATHUTHOTO 110Jisl (U CIUHA)

Z

KimroueBbix mapamerpa TyT 2 — yrisl 6 U ¢ (MMeoTcd B BUJLy llapaMeTphl, 3ajatonie BekTop R; n3menenue jymHbl B, Kak
MBI BUJIUM, HA BOJHOBbIE (DYHKIMU He BJIMsieT HUKAK). [losToMy y cBsisHOCTH Beppu GyJer jBe KOMIIOHEHTHI:

) . . o0 1
AGH = (10 |64) = 0, ALY = (4]0, [by) = —sin® 5 = — (1~ cos6) (6.26)

7 TIO9TOMY it JIE000# 3aMKHYyTO# 3Bostonuu (asa Beppu Oymer nmers Bu;:

1

1
=g 56(1 —cosQ)dyp = _59 (6.27)

B neiicrBuTesibHOCTH K€, 3TOT MHTErPAJ B TOYHOCTH PABEH TEJIECHOMY yTJIy, KOTOPBIil 3aMeTaeT 3aMKHYTas TPAeKTOpUs Ha
enmHnaHOl cdepe. TIpore Bcero 3o MpogeMOHCTPUPOBATH B IIPOcTOM ciydae § = const = 7 = —m(1 — cosf); B TO Bpemsi Kak
resiecHblii yros paser 2m(1 — cosf). D10 — nemoncTpalms Toro dakra, uro daza Beppu siBisiercst reomerpuyeckoit dbasoil, B
JAHHOI 3a/1a9e OHA OIPEIEJISeTCsS YMCTO T€OMETPUIECKON XapaKTepUCTUKoi TpaekTopun. CrenaeM emé HeCKOIbKO 3aMeTaHMIA:

e TejiecHBIIl yroJI OpHEHTUPOBAH — €CJIM U3MEHUTh HaIlpaBjieHne 00X0/la KOHTYpa, TO IIOMeHsieTcs u 3HakK ).

e MoxkHo BIGpaTh KaK TeJIEeCHBI yroJl «BHYTPH» KOHTYDa ), Tak M TeJIeCHBIH yrojl «BHEe» KOHTYpa, 41 — (—)) — npu srom
3HaK {) IOMEHsIeTCsI U3-3a HelIPaBUJILHOIO HallpaBjieHust 0oxoja. O4ueBuIHO, 9TO moJiyueHHble (a3bl Beppu ormyatorcs: Ha
27 — 9TO He sABJseTCs OOILIION mpobIeMoil, BeIb 3TO (ha3a.

e DTOT pe3ysbTar JA0CTATOYHO HPOCTO 060OIIAeTCsl HA IPOU3BOJIbHBINA ciuH S (He %) ¥ Ha COCTOSIHUE C ITPOU3BOJIBHOI IIPO-
exmueit M € [—S, 5] Ha HampaBJIeHHe MArHUTHOTO TOJIsl — OTBET 3amuchiBaeTcs Kak vy = —MQ. Tlockonbky M GbiBaeT

JI0OO TIOJTYTIEIBIM, JIMOO TETBIM, TO TPOOJIEM ¢ HEOJHO3HATHOCTHIO (pa3bl HE BO3SHUKAET.

e YTBep:K/I€HUE PO KAJUOPOBOUYHYI0 HEMHBAPUAHTHOCTDH CBS3aHOCTH Beppr MOXKHO TYT IIPOJIEMOHCTPUPOBATH ABHO. Jleii-
CTBUTEJIBHO, MOYXKHO BBIOPATH BOJIHOBYIO (DYHKITHIO, CKAXKEM, B IyTh WHOM BHJIE:

[3+) = (e_w C‘353> . (6.28)

S11 5

OTO U3MEHUT U BbIpazKeHue 1Jigd CBA3HOCTU BeppI/I:

~ 1
AGH = 5(1 + cos ). (6.29)
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Opmako BbIpazkeHue Jisi HHTerpasa or $hasbl N0 3aMKHYMOMY KOWMYPY TP STOM HE H3MEHHUTCS (Pa3yMeeTcs, 10 MOJLYJIIO
2m).

Haxkomer, ormeTnM, 9T0 B COBpeMEHHO# (pru3nke KOHACHCUPOBAHHOTO COCTOSHUS K (a3e Beppu mposiBiisiercss orpoMHbIil HHTEPEC,
CBSI3AHHBIN C €€ MPUMEHEHUSIMU [IPU HCCJIEIOBAHUN TOIIOJIOTUYECKUX H30JATOpPOB. B nux dasa Beppu wurpaer kiroueByio
POJIb, ¥ UMEHHO B CBSI3U C Hell 9TH BEIECTBa MPOSBIISIIOTCS] HETPUBHAJIbHBIE (TOIOJOIHYECKUE) CBORCTBA.

6.2 Crammonapnoe aanabarndeckoe rmpubsmmkenne. [Ipnoankenne Bopua — Onen-
reimepa

6.2.1 IlocraHoBKa 3ajga4n

Ha mpormiom cemuaape 06cy K 1a,10Ch perieHne KBaHToMexanmdeckoro ypasaenns [IIpéaunrepa B curyanum, KOrga raMuIbTOHIAH
3aBUCHUT OT M€ IJIEHHO MEHATOIINXCS TTapaMeTpoB. Ternephb Mbl pa30epéM CUTYaInio, KOT/[a TH MEJJIEHHO MEHSIONINECS TapaMeTpPhl
CcaMU TPEJICTABJISAIOT CO00M KBAHTOMEXaHUYIECKNE CTEIIeHN CBODOIbLI, KOTOPBIE TOKE HEOOXOIMMO PACCMATPUBATE C TOUYKU 3PEHUST
CTallUOHApPHOT'O YPaBHEHUA Hlpem/IHFepa KaK KOJIMYECTBEHHO BBLIPA3UTH <«MEJJICHHOCTL» WJIN <<6I)ICTpOTy>> cTerneHei CBO6O,,HI)I7
OyzeTr pa3obpaHO HUKE.

WTak, TpeImoI0KIM, ITO B CHCTEME IMEIOTCA «OBICTPBIE» CTEIIeHN CBOOOBI T ¢ W «MeJIJICHHBIC» CTETICHN CBOOOMBI &g, KOTOPHIE
OIINCHIBAKTCAd KBAHTOMEXaHUYECKHU. FaI\H/IJH)TOHI/IaH npejacraBJideT CO6OI>’I CyMMYy I'aMUJIbTOHHUAHa 6bICTpOI71 IIOACUCTEMBI ﬁf ((Ef, J?)
(KyZia BKJIIOYEHO B TOM YHC/IE U €€ B3auMOJeiicTBUe ¢ MEJJICHHON ), KOTOPBI 3aBUCUT OT KOHKPETHOI'O IOJIOXKEHU Me [JIEHHON
KaK OT IIapaMeTpOB, 1 raMUJIbTOHHaHa l\le,IUIeHHOIL/'I IIOACUCTEMBI:

H=H,(x,) + Hy(xy,x,) (6.30)

KanonnaeckuM puMepoM, It KOTOPOTO BIIEPBBIE OB PA3BUT aauabaTUIeCKUi METOI, SABJISIeTCA 3a7a9a O KBAHTOMEXaHH-
AN, N, ,

“IeCKOM OIHCAHUM MOJIEKY/Ibl. MOJIeKyIa COCTONT U3 aTOMAPHBIX L = {IR;}; ™ U 9JIeKTPOHHBIX X ¢ = {7;}; % CTeleHei cBOOOIEL.

TToCKOTBKY ATOMBI B THICSIUU Pa3 TSKEJIee JEKTPOHOB, TO UX JIBUKEHNE (B TOM UYHCJIE U B KBAHTOMEXAHUIECKOM CMBICJIE) — MeJI-

JIEHHOE, a JBUKEHHE 3JIEKTPOHOB — ObIcTpoe. JIs MOIeKy/Ibl raMIJILTOHUAH TIPeCTaBIsgeT coboil CyMMy KMHETUIECKUX SHEPruil

BCEX aTOMOB M 3JIGKTPOHOB, a TaKxKe NonapHblx KyJIOHOBCKHX sHepruil BzammojeiicTeus. Pazbuenne raMuIbTOHHAHA B TAKOM

CJIydJae €CTEeCTBEHHO CJIEJyIOoIiee:

Nnp 2
~ _VR Z'Z'€2
H,({R;}) = i s 6.31
(BD =3 57 +zi<j Ry (6.31)

Ne v2 2 2 2
- -V e Z;e
T K3
Hi{rd AR =D 5=+ D 7 = 2 D TR = (6.32)
. 2m — |7’1' 77’j| - - |Rz 77’j|
i=1 <] =1 j=1
B npumenennn K onmmcaHnio MOJIEKYJIbI, 8 TAA0ATHIeCKOe TPUOIMKEeHNe HOCUT TaK»Ke Ha3BaHne mpuon>kenust bopaa-OnneHreiimep

Jpyroit KaHOHIHYECKHIl IPUMED — 9TO B3aUMOJIEIICTBUE SJIEKTPOHOB C KOJIeOAHUSIMU PEIIETKY B MeTaJUIax (3JIeKTPOH-(hOHOHHOE
B3anMozelicTeue). [Ipyu 5TOM JBUXKEHHE «3JIEKTPOHOB» SIBJISIETCsI OBICTPBIM, & JIBUXKEHNE aTOMOB — «MEJJIEHHBIM ».

6.2.2 «DBbIicTpBIE» M «MeAJIeHHbIE» IIOJICUCTEMBI

Jloruka Meroma O4YeHb CHJIBHO IMEPEKJIUKAETCS C HECTAIIMOHAPHON aanabaTukoil, pazobpannoii pamee. Ecin mmeercs cuibHOe
pasjieJieHne BPeMEHHBIX MACIITabOB, HA KOTOPBIX <«KUBYT» PA3JIUIHBIE MOJCHUCTEMBI, TO MOYKHO CYUTATH, YTO JIJIsi «OBICTPOI»
[TOJICUCTEMBI, «MeJIJIeHHas» IPaKTHIecKn mokourcs. [loaroMmy pasyMmHO pemiars Jijist Heé crannoHapHoe ypasuenue I1Ipéunrepa,
cunTAd MOJIOXKEHUE OBICTPOI CUCTEMBI IMIPOCTO KAK IapaMeTp (3arjJaBHbIME OYKBAME MbI OyjeM 0003HAYATDH KBAHTOBbLIE UUC/IA
«BBICTPOIi» MOICUCTEMDI ):

Hy(as, @) IN(@,)) = e (@) [N (2,)) (6.33)

Takum 06pa30oM Mbl HAXOJUM IIOJHBIA HAGOP cocTosiHUil «ObIcTpoity mozjcucrembl |N(xg)) u HabOp ypoBHEl sHEpruu 6%)(333),
npu (PUKCUPOBAHHOM IIOJIO?KEHUH «MeJIJICHHON» MOACUCTEeMBI. Teneph, ciielys JOTuKe HeCTAIMOHAPHON aauabaTHKH, eCId «MEJI-
JICHHASA» TOJCUCTEMa OyJIeT MCIBITBIBATD JBHKEHHE, TO «ObICTpag» OyJEeT CJIeJ0BaTh MTHOBEHHLIM YPOBHAM SHEPIUH. Takum
00pa3oM, IHEprust 5%) (xs) BoiCTYIIMT B posin 3(P(PEKTUBHOrO MOTEHIMANA Jisl JABUXKEHNUs MeJJIEHHON nojcucreMbl. [locie
9TOro Mbl MOXKeM 3anucarb ypasuenue [IIpénuarepa mis MemjieHHod mojcucTeMbl (KBAHTOBbIE YUCIa KOTOPOH MbI Oymem 060-

3HaYaTh MaJICHbKUMMN 6yKBaMI/I)I
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Hy(x,) + 55@(:.;5)} n, N) = Ex.p [n, N) (6.34)

U TEM CaMbIM, 3aBEPIIUM DeIleHne 33Ja49n. Pe3ybTupyomue ypoBHI SHEPTUHA B PaMKax ITOTO HPUOJIMKEHUs OYyIAyT 3aBUCETH
KaK OT KBaHTOBBIX 4HCeJI ObICTPOil cucTeMbl N, TaK U OT KBAHTOBBIX YHCEJ MEJJIEHHOW IIOJICUCTEMBI 1.

YyTb 1moz:ke, Ipu U3yUEHNN KBA3UKJIACCUIECKOTO MPUOJINKEHUs, Mbl YBUJIUM, UYTO PA3HUIIA MEXKJIy COCEJIHUMU yPOBHIME
SHEPIUM CBA3aHA C KAGCCUMECKUM TIEPUOJOM ABrKenus dactul Kak AE = fuww = 27h/T. «MeieHHoCTb> U «GBICTPOTA» MOICH-
CcTeM, Ha KJIACCHYECKOM $3bIKe, 03HAYAET UTO XapPaKTEPHBIE TEPUOILI /i «OBICTPO» U It «MEJJIEHHON» MOICUCTEM IOJIZKHBI
ObITE cBazanbl cooTHOmenneM Ty < T, Mcxona w3 sTux cooOparkeHu# MBI MOXKEM 3aKJIIOIHTD, YTO TAKOe Pas3feeHie IepeMeH-
HBIX pabOTaAET 10 CJIEYIOMEMY IapaMeTPy:

AEY > AE®, AEY ~Eni1yn— Enn, AE® ~Ex (i) — Enn ) (6.35)

rme AE($) — xapakrepHOe pacCTOSHIE MeXKIy YPOBHSIMH SHEPIHH <«OBICTPOH» I «MeIIeHHOi» mogcucreM. OTCIONA TAKKe
BHUJHO, 9TO €CJIM MBI UHTEPECYEMCsI HU3KOIHEPIeTUIECKOH (PU3NKON, TO UMEeT CMBICJ PACCMATPUBATH «OBICTPYIO» IIOJICUCTEMY
TOJIBKO B OCHOBHOM cocTostHIH]

6.2.3 ApaumabaTudeckoe pasjejieHne ImepeMeHHbBIX

IIpoBeném Temeps UyTh Ooslee KOHKpeTHbIE OreHKH. [Ipu moboM dukcrnpoBaHHOM HAOOpE KOODIUHAT MEJJIEHHON IT0/ICHCTEMbI
{xs}, MBI MOXKEM DPa3/IOKUTH BOJHOBYIO (DYHKIMIO IO 6a3ucy ObICTpoit mojcucreMbl (1 camu KO3GDQMUIMEHTHI Pa3/IOKeHUs, B
TAKOM CJIydae, TOXKe Oy/IyT 3aBHCETb OT {Xs}):

U, (s, ) ZwNn z )0 (zf, {2s}) (6.36)

Ecam MBI criemaemM Takyro MOJCTaHOBKY B NoJTHOE ypasHenue IIIpénuarepa, n cripoenupyem ero Ha MPOU3BOJIBHBIN Gpa-BeKTOD
(N ()|, TO MBI IOJYUUM CJIEILYIONIEE YPABHEHUE:

S (@), (@s) + e (@) o) (@) = Exat§) (), (6.37)
M
Hyn(zy) = (N(2s)| Hy(z,) | M(x,)) = / de )" (@, {as}) Hy(@ )05 (24, {2,)), (6.38)

CTOUT OTMETHTB, YTO HE CMOTPSI Ha BHEIIHIO CXOKECTb, H v 7 (4, ) He SBIISeTCS: MATPUIHBIM SJIEMEHTOM KAKOIO-TO OIIEPATOPA
— Bexp byskmun |N) oTHOCSTCS K THIL0EPTOBOMY IIPOCTPAHCTBY GHICTPOI mozcucTemsl, a Hy(x;) — oneparop, aeficTByromuit
HA MeJJICHHBIE CTENeHH CBOBOIBI; M03TOMY Hppr(s) ocTaéres oneparopoM, JeHCTBYIONMM HA Me/JICHHBIE CTENCHH CBOGOIBL.
C ipyroif CTOPOHBI, ecim omepatop H, comepkuT BKIAIBI THIA TDaJMEHTOB 10 Xy, TO OH, BOOGIIE TOBOPS, Oy/IeT IefCTBOBATE
u Ha BostHOBbIe bynkmmn |M(x,)), mpocto Kak mddepennuposane 10 COOTBETCTBYIOMEMY MapaMeTpy — HMEHHO T03TOMY
Hpy (). Vimenno 1o sroii npuause, Boobme rosopst, Hyay(2s) # Hy(xs)0nr.

Eciu, oguaxo, 3asucumoctb dyuknuii | M (x)) or napaMerpos 1o Kakoi-To npudune cjiabas («MeIJIeHHAS ), U Mbl MOXKEM
110 KaKoii-To npuaune npenebpeun geficrsiuen Hy(as) ma |M(25)), TO MBI B BEIYIEM HOPSIKE MOXKEM 3aMEHUTD:

Hy () = Hy(xs)0nm (6.39)

YTO HEMEJJIEHHO TPUBOJIUT HAC K yPaBHEHUIO . B wacTHOCTH, 3Ta 3aBUCHMOCTDH 3aBEJIOMO OTCYTCTBYET, €CJIU TTePEMEHHBIE
pasgesnsitorcsi. [losTomy Takoe NMpuOJIMXKEHWE TaKXKe HA3bIBAIOT AquabaTUYeCKUM pas3aejieHNEeM MEePEMEHHBIX — XOTb B
peasibHOI 3a/iade MepeMeHHbIe MOTYT M He PAa3esThCsl TOYHO, HO MOTYT PA3JIesiThCAd MPUOIMKEHHO. UTOOBI MPOIBUHYTHCS
JAJIbITe, HaM HEOOXOINMO MPOBECTH OIEHKY W BBISICHUTD, HACKOJBKO 9TO IPUOIHKEHIE 000CHOBAHO.

"B 4aCTHOCTH, B IPUMEHEHUH K MOJIEKYJIaM, T/ie «OBbICTpasi» IOACHCTEMA OIMCHIBAET IJIEKTPOHBI, IIePBOE BO30YKIEHHOE COCTOSIHUE 3JIEKTPOHHOIM
IMOJICUCTEMBI 06J1a/1aeT HACTOJILKO OOJIBIION SHEPTHUEH, YTO MOJIEKYJIa yKe HEe MOXKET CYIIEeCTBOBATh KaK IeJI0e — IIPOUCXOUT JIUCCOLMAIINSA, U ATOMBI
IepexoAdAT B HEIIPEPBIBHBIN CIIEKTP.
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ITepexonp! Ha apyrue cocrosinus (oddauaroHasbHbIE 3JIEMEHTHI )

Hauyném ¢ oneHKM «MaTpPUYHBIX 3JIEMEHTOB», COOTBETCTBYIOIINX BO30YKIEHHUIO «OBICTpOit» mojcucreMsl. IlocTynuM B mostHOM
AHAJIOTUH C HECTAI[MOHAPHOM a/mabaTuKOi, KOrjia Mbl OIEHUBAJM BBIpasKeHne (n|id: |m); s 9T0ro paccMOTPUM MaTPUYHbLI
3JIEMEHT CJIeTYIONEero KOMMYTaTopa:

(N ()| [Hp (s, 25), Ho(@,)] | M (25)) = e (@) Hyar(ms) — Hyar ()l (@) (6.40)

Onarn HO,IL‘IepKHéI\/I, qTO Hs (SCS) MOZKeET CO/IepzKaTb I'PaJIUCHTHI, ﬂeﬁCTByIOH[He Ha g, U B 9TOM CMbICJIE MO2KET HEe KOMMYTHU-

poBaThb C 55\];) (xs). Mbl MOKEM ydUeCTb 3TOT KOMMYTATOD U 3aIMCATD:

) 3 3 (f)
ﬁNN](ms) — <N(m8)| [Hf(ﬂ?f,il)s),Hs($3)] |M(m8)> + [HN]V[(:BS)’EM (ws)]’ w%})w — EI(\{) _ E](\;) (641)

WJ(\};I)\/I(CBS)

He cMmoTpst Ha TO, 9YTO HaM He YJIAJOCh SIBHO BBIPDA3UTh CaM MATPUYHBIA 37eMeHT Hp s, 9TO BBIpaXKeHHE TeM He MeHee
JEMOHCTPUPYET, 9TO 9TOT MATPUYHBIA JIEMEHT OyJIeT MaJl B CjIydae, ecJn wg\ﬁw B KAKOM-TO CMBICJIE OOJIBITIOE. DTa OIEHKA
HAXOJIUTCS B COIVIACHE C BBIINCAHHBIM paxee kpurepued, AE() > AE®),

AunaroHajbHbIEe 3JIEMEHTBI

Kak 06cyzK1a/0ch paHee, OTIMYHe IHArOHAIBHBIX daeMentos Hyy (xs) or H(x,) Moxer Bosnukars B ciayuae, ecan Hy(a,)
COJIEPKUT OMEPATOPHI TUIA TPAJUEHTA 1O Tg. [103TOMY MBI pACCMOTPHUM JIMATOHAJIBHBIN JIEMEHT Ha IIPUMEPE 3a/Ia491 O MOJIEKYJIE,
IJle HeTPUBHAIBHBIA BK/IA/ Oy/eT BOSHUKATH TOJIBLKO OT KHHETHIecKoil seprun, Hy(x,) = p2/2M — u Torma HAM Hy»KHO yUeCTh
monpaBku OT JuddepeHITupoBaHust «ObBICTPOI» BOJHOBON (DYHKITUN IO «MEJIEHHBIMY ITapaMeTPaM:

Hyn(zs)d(zs) = P3(®s) — 2 (N(2)[iVsN(2s)) psib(ws) — (N(25)|[VIN (25)) ¥(5)) (6.42)

2M (
[TepBbiii wien — 310 0CHOBHON BKJIa, ipocto Hy(xs)w(xs). BTopoii BKIa MOKET MOKA3aThCs 3HAKOMBIM U3 HECTAIIMOHAPHOM
anmabaTUKA — OH COOTBETCTBYET CBa3HOCTH Beppm:

A () = (N(2,)][iV,N(zs)) (6.43)

Ilocnennee cnaraemMoe MOXKHO cilerka IIpeobpa3oBaTh, PACCMOTPEB JIMBEPIEHINIO OT CBA3HOCTH Beppm:

— iV An(zs) = (VoN(zs)|VsN(zs)) + (N(zs)|VEN () (6.44)

B IIEPBOM CJiara€MOM MblI MO?KE€M BCTaBHUTb Pa3JIO2KEHUE €IUHUIIBI 110 6&3HCy u3 <<6bICTpOI71>> IIOACUCTEMBI U 3allUCaTh:

<N(ws)|v§N(iL‘s)> = —’L'VSAN<$3) - Z <sz(ws)|K(xs)> <K($s)|sz(xs>> (645)
K

Hakomerr, MbI MOXKeM BBIIEINTH U3 CyMMBI ciiaraemoe ¢ K = N, KoTropoe, cobepércs B KBaJIpaT CBI3HOCTH Beppu:

(N(x,)|VIN(2,)) = =iV, An () + AX (@) + Y [(K ()| VN (z,))]? (6.46)
K#N

OKOH‘{aTe.HBHO, BC€ YJIeHbI CO CBA3HOCTBIO BeppH CO6I/IpaIOTCH IPOCTO B CJICAYIOILYIO KOM6I/IHaL[I/IIOI

i _ o Av(@)) 1 A A — (K (a,)[iVsN
NN (®s) = S 5 l[Ank (xs)]",  Ang(s) = (K(zs)[iV N (25))
2M 2M
K#N

Tosromy ruasHoe ormune Hy n(s) or Hs(x,) 3aKI09aeTcst B TOM, 9TO «OBICTPBIE» CTENEHH CBOOOJBI IPUBOJST K MOSBICHUIO
cBs3HOCTU Beppn, a Takxke K emmé HebosbInoil mobaBke K addexruBHOoMy moTeHuary. CBsa3nocts Beppu BxomuT Kak OOBIYHBIN
JIEKTPOMATHUTHBIM BEKTOPHBIN MOTEHIINAJ, U, [T0 AHAJIOTUU C 3JIEKTPOMATHETH3MOM, MOYKET COOTBETCTBOBATH KAKOMY-TO «Mar-
HUTHOMY TMOJIFO» (ONUCHIBATD CJIyYall ¢ HEHYJIEBOH KPMBU3HOI). B TakoM ciiydae OHA BIIOJHE MOXKET ABATH 3aMETHBIN BKJIAJ B

abdekTuBHOe ypasuenue [Ipéauurepa i MeIIeHHBIX CTeNeHeit CBOOOIHI.
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PesyabTat
TloapIToKUM, UTO K€ MBI ITOJIY THJIH.

1. Pernenr caemyrormumii: Mbl UKCHPYEM TOJIOYKEHNE MEJJIEHHOM MOJCUCTEMBI, PEIlaeM 3aJ1ady JJIsi ObICTPON. DHEPIUIO, 3aBU-
CSAIILYIO OT TIOJIOZKEHUSI MeJIJIEHHOI TIOJICCTEMBI, MBI IIO/ICTaBJIsIEM B cTaroHapHoe ypasHenue IIIpéauarepa s MeyieHHOM
IIOJICUCTEMBI, U PEIIaeM €ero.

2. OcHOBHbBIE HOIPABKYU HPOUCXOJAT OT BO30Y2K IeHuil 60j1ee BHICOKOIHEPIeTUIHBIX COCTOSHUIN ObICTPOil oacucTeMbl (IpeHe-
Opexerne Hyp(€s)), I MaJIBI IO TAPAMETDY AEW) > AE®),

3. Kpowme Toro, monpaBKu IPOUCXOJAT U OT JUATOHAJIBHBIX 3JIeMEHTOB H,,, (5 ), IPUBOJAT K JOMOIHATEILHON MAJION IOIPABKE
K [OTeHIUAJIbHON 3Hepruu (10 TOMY Ke IIapaMeTpy) U BO3HMKHOBEHUIO KpUBU3HBI Beppu B 3¢hdeKTuBHOM ypaBHEHUU
IIpénunrepa Jys MeJIeHHO TOICUCTEMBI.

6.2.4 Ilpumep: agnabaTndecKnii KBAHTOBBIII TPAHCIIOPT

Ipencrasum cebe JIMHHYIO JABYMEPHYIO TIOJIOCY, IIUPUHA KOTOPOH a(Z) KAK-TO MEJJIEHHO 3aBUCHT OT KOODJMHATHI . Takas
3a/1a9a MMeeT BayKHbIE IPUMEHEHNs] — OYKBAJIBHO TAKNe CHCTEMBI YMEIOT CO3/IABATH YKCIIEPUMEHTATOPHI, 3aHIMAIOIINECS] HAHO-
UHXKeHepuei (cM. cxemy).

I —
a = const(x)

~&

a(x)

Puc. 6.3: Anunabarnyeckuil KBAHTOBLIA TPaHCIOPT

Ecan 6b1 HMIMpUHa HE HU3MEHAIIaChb, TO TO II€pEMEHHBbIC Pa3/IC/IAJTNCH 6BI, 1 TOYHOE DpeIIeHne raMUJIbTOHHAHA IIPEICTaBJIA-

a

moch Gt B Brte YN p(2,y) = €7 - \/gsin (X (y — %)) (ecom cremka coorsercTByeT y € (—%; %

a
paBHeAIaCh Obl By ), = % + 721;1! j . Korpa mupuna Kak-ToO IJIABHO 3aBUCUAT OT KOOPJIUHATHI X, TO MBI MOXKEM IMPUMEHUTDH a/Iha-
bGarmaeckoe npubsmKenre. B naHHON 3ajiade, «ObICTpasi» IMOJCUCTEMA COOTBETCTBYET IOMEPEYHOMY JIBHKEHUIO; MIOITOMY MbI B
[IEPBYIO 0Y€PE/Ib JIO/KHBI 3a(DUKCUPOBATH KOOPAWHATY T M PEIIUTb 3aJIa9y JJisi OBICTPOIl MOICUCTEMBI. PellleHne 3amnchBaeTcst
TPUBUAJIHLHO:

)); 9HEprust TAKOro COCTOSIHUS

V) =g sin |

TN a(x) ) o 7T2N2
a(x) (y - 9 ):| ’ ‘C”‘]\i'c (l’) - 2ma2(33)

B pesyabrare mist octasierocss 3@EKTUBHOTO OJHOMEPHOTO JBUKEHUS MBI MOYKEM 3aIUCATh d(PD(MEKTUBHBIN raMUIbLTOHUAH:

sy D2 w2 N2

HS) = (6.47)

2m ' 2ma?(x)

Jlasbine MOYXKHO y2Ke paboTaTh ¢ 3TUM TaMIJIBTOHUAHOM — K IIPUMEPY, MHTEPECHA 3a/[a9a PACCEesTHUsI, KOTJa JIEKTPOH 3aITyC-
KaioT ¢ (PUKCHPOBAHHON dHeprueit £ ¢ ¥ — —00, U MHTEPECYIOTCs, ¢ KAKOH BEpPOSTHOCTHIO OH MPONIET Uepe3 Takoe CyzKeHWUe.
OnHako perreHne ocTaBIeiicst OMHOMEPHOM 3a1aun (CKaskeM, Korja a(x) 3a/1aH0 SIBHO) y¥Ke IIPOU3BOJUTCS JPYTHUMHA METOIAMHU,
KOTODBIE 00CYXK/IAIOTCS B JIPYTUX CEMHHAPAX, IO9TOMY HA 9TOM MBI OCTAHOBUMCSI.

B nannoil 3amade ajgumabarmdeckoe NpHOJIMYKEHNME, KaK Bcerja, Oyaer paboTarh, MOKyda He OyIyT BO3OYKIATHCS IpPyTHe
TOTIEPEYIHBIE MOJIBI. DTO OyIeT BEPHO, €CJIN IIOTEHITNA IJIABHBI N HEe MOXKET MePEIaTh JYaCTUIE UMITYJIbC MOPSIKa Jp ~ % —a
3HAYUT, MAcCIITad THINYHOIO U3MEHEHUs BEeJINYUHBI a(x) JOJIKEH ObITh MeHbIIe caMoil Besnmdaunsl a(z): da/dx < 1.
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6.2.5 IIpumep: cBoOOgHASI YacTUIIA B IJLJIUIICE
2 2
IIycTs cBOGOIHAA JACTHUIIA MOMEIIEHA B CHIBLHO BBITAHYTHIH siunic 2y + 4 = 1, a > b. MblI 6yIeM HHTepecoBaThCA HU3KOJIEKa-
y Y @ b ) Y. p
[IUMU YPOBHSIMHU SHEPIHH B Takoil 3aiade. OTMETHUM, YTO MbI YK€ PElIaJI TaKylo 3aJa4dy JJid YaCTHUIBI B Kpyre a = b, a TakxKe

—b
B CJIydae, ecIu KpyT cJierKa 1edOopMUpPOBaH € = % < 1.

Pemennre Tummdanblii sHEpreTHUecKuii MACIITAG HOIEPEIHOro ABIzKeHus (BI0/b ) — 310 B ~ —3, GoubINas BeIMTIHA; 13
3TOrO MBI 3aKJIIOYAEM, UTO TOIEPETHOE JBUKEHIE — OBICTPOE, a MPOJOJBbHOE — MejIeHHoe. Kak n B MpesbIayIneM TpUMepe, Mbl
cpa3y MoxKeM 3anucarb 3(bGEKTUBHBINA FraMUIBTOHUAH JJIsl JIBUZKEHIS BIOJIb OCH & (OTIMYue B TOM, 4To Tenepb y € (—y(z), y(x))):

) _ _
V= o g ven| 0 = g = flar= e g = e

T2 N2 R P2 T2 N2 2 72N? 22\ 7!
() - = < — a2> (6.48)

i1t HAXOXKIeHNsT HU3KOJIEXKAIUX YPOBHE SHEPIUU B TAKOM IIOTEHIIHAJIE B IIPEIEse @ 3> b MOXKHO BOCIIOIB30BATHCS OCIIHII-
JISTOPHBIM [IPUOIMKEHNEM — & UMEHHO, PA3JIOKUTD ITOTEHITHAI 110 & K a. 1oy deHublil MOTEHITNA COOTBETCTBYET OCIUILISATODY
€ 9aCTOTOH Wy = ™. I13 5TOr0 MbI 3aK/IIOYAEM, UTO YPOBHH SHEPIUH MOMKHO IIPHOIHKEHHO 3aIICATh KAK:

2mab*

m2N? TN 1

Enp=——s+—-o - 6.49
i 8mb? * 2mab (n * 2) (6.49)

OTMeTHM, 9TO TUIIHYHOE PACCTOSIHIE MEKIY «OBICTPBIME» IOy POBHSIMHE oreHnBaercs kKak AEU) ~ ﬁ, a MEXKJTy «MeJIJIeH-
HBIMI> — Kak AE®) = w ~ 5> 1 HECJIOZKHO BUJIETh, uT0 AF (F) > AE®) nosromy ammabarnaeckoe IpuOINzKeHIe OMPABIAHO.
B srom cmbiciie, 11 OyKBaJIBHO HU3KOJIEXKAIINX YPOBHEN SHEprun HEOOXOIUMO MoJI0KUTh N = 1.

Bropoe, 4o HEOOXOAUMO IPOBEPUTH — YTO PA3JIOKEHHE 10 x/a TOXKe ObLIO 3aKOHHBIM. JIBUXKEHME BIOJIb OCU & B HAIEM
pEIEHIN COOTBETCTBYET OCIUJLIIATOPY, Yy KOTOPOro MacIITad BOJHOBOW (DYHKIMH — ITO Lo ~ \/% = Vab < a — mosTOMY 9TO
MpUOJIMKEHNE TOXKE PabOTAET.

Hakomnern, ormeTrrmM, 9T0 TaKyIo Ke 3aJady MOXKHO ObLIO ObI IOCTABUTH U B KJIACCHYECKON MEXAaHWKE, B KOTOPOI YaCTHILY C
GUKCHPOBAHHBIM MMILYJIbCOM 3aIIyCKAIOT B TAKOW JLUIMNTHIECKN OMbsap. B TakoM cirydae y2Ke ¢ KJIACCHIeCKON TOYKU 3PEHUs,
[OIIEPEeYHOe JBHKEeHHE ObLII0 Obl OBICTPBIM (9TO O3HAYAET, YTO IIPEXKJIE YeM L-KOMIIOHEHTA UMILY/IHCA [IOMEHSIET 3HAK, IPOU30iIET
OrPOMHOE KOJIMIECTBO CTOJKHOBEHWH BJIOJIb OCH ), & BJOJb OCH & YACTHIA OBl MCIBITHIBAJA TPAKTUIECKH TaPMOHUYECKUE
KoJIe0aHus.

6.2.6 IIpumep: koHyc B mosie Tsikectu (*)

Paszbepém takxxke Tperuit npumep. TpéxMepHbIl KOHYC TIOMEIIEH B [TOJIe TSXKECTU ¢ KaK [TOKa3aHO Ha pucyHke. Tpebyercsi, omsTh-
TaK#, HafiTM HU3KOJIeXKAIlle YPOBHU SHEPIUU B CJIydae, €CjId YyIroJl pacTBOpa KoHyca Maj o <K 1.

g

Puc. 6.4: Konyc B mosne Tskectn

B sroit 3agaye nmeercss npoTuBobOpPCTBO JBYX 3hderToB. C OMHON CTOPOHBI, CUJIA TSIXKECTH HOPOBHUT <«3aIUXHYTh» HAILY
YaCTHILy B camMyto BepiinHy KoHyca. C JIpyroif — COOTHOIIEHNE HeOolpe e/ EHHOCTH |eiizeHbepra 3TOMY HPEISITCTBYET, Belb st
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JIOKAJIN3AIIAN SJIEKTPOHA HEOOXOINMO «3aIJIATUTDY OOJIBIITYIO0 KHHETUIECKYIO SHEPIHUIO. B pe3ysbrare 3JIeKTPOH THITHIHO OKAXKET-
CsI Ha KAKOM-TO KOHEYHOM PACCTOSHUU OT BEPIIUHBI, KOTOPOE OIpeeseTcs OasaHcoM 3TuxX IByX 3ddexkros. B nannoit 3a1awe,
ONSITB-TAKH, MOIEPETHOE JBYMEPHOE JIBUXKEHHe — OBICTPOe, M BOJIHOBBIE (DYHKIMHA sl Hero jgarorcst GpyHKimsmu Beccenst (em.
ceMuHAp 5); B CBOIO 0Yepellb, YPOBHU YHEPTUU ONPEIEIISIOTCI HyJaaMu (PyHKImU Beccesist, KOTOpble B KOHEIHOM UTOre BOHILYT
u B orBeT. [IpuBeném B 5T0i1 3a/1a9e OeHKN Ha OyKBEHHBIE ITAPAMETPBI; & BOCCTAHOBUTH UNCJIE€HHBIE 3aBUCUMOCTH JIFOOOIBITHBII
qUTATENb CMOXKET J0Ma. TAKOro po/a OIEHKH BCErJIa MOJIE3HO MPOBOAUTH IIEPEN Te€M, KaK IIPUCTYIATh K PENIEHUI0 3aJa9u —
IIPOCTO YTOOBI IOHATH, KAKMM METOJOM K 33/[a4e MOACTYIUTHCS.

ITak, SHEprHsi IONEPEYHOTO JIBIKEHIsI OlleHnBaeTCs Kak £/ )(z) ~
BJIOJIb OCH 2 IIOTEHIMAJIbHAS SHEPIUs yCTPOEeHA KaK

1

R ﬁ Tlostomy myis 3¢pHEKTUBHOTO TBUKEHUST

1
Uett(2) ~ oo 0 + mgz (6.50)

Ms1 onsaTh monpobyeM IMPUMEHUTH OCIUJIISTOPHOE PA3JIOZKEHHe; TOTA Y SHEPIUU MMEETCs] MUHUMYM Z(, HOJIO2KEHHE KOTOPOTO
(o MOPSIZIKY ) OTpeesIIeTesT U3 PABEHCTBA JBYX BKJIAJIOB:

1
-2/3 —1/3
g ™ MgF = 2o~ (ma)~2/3g=Y (6.51)
0
(obparuM BHHMaHHE, YTO 9Ta BeJIMYMHA — OOJIblnasd, B Mepy Majoctu yria « < 1!). Hacrora ocumsuigropa onpenessiercs us3
BTOPOI ITPOU3BOJIHON, 9TO JAET HAM
2 1 mg

mw= ~ 5
mao-zg 20 Z0

Ounsitb-Taky, ybeaumMcsi, 9ro ajnabaTika TYT IPUMEHHMa HPUOINKeHre paboTaeT — JJIsi 9TOrO MbI JIOJKHBI CDABHUTH YaCTOTY
¢ TUNWYHOH YHEPruell MONMEPETHOrO JBHKEHHs (KOTOpPas IO MOPSJKY, ONATh TAKHU, COBIAJAET CO 3HAYECHHEM IOTEHIMATBHON
sHeprun B MuHEMyMe ~ Uecsf(20)):
ws w (ma)1/392/3
wr  1/mR2(z0) ~ m1/3g2/30-2/3

Kpowme Toro, crout cyieiarh 1 ONEHKY OCHUJIIITOPHON BOJTHOBOM (DYHKIINN — yOEIUTHCS, UTO U OCIIAJLIITOPHOE IPUOJIMKEHIE
paboTaer — B 9TOM MOXKHO COMHEBATBLCsI, BEJlb YaCTOTa OKa3a/ach MajeHbKOI — a 3HAYUT, BOJIHOBasl (DYHKIIUsI, BOOOIIE NOBOPI,
MAPOKAST:

~a<l (6.53)

1
0z ~ W =m~2/3g=1/371/6 (6.54)

Tem e Menee, 3rTa BeIUYNHA OKA3bIBAETCHA MAJIOM IO CPABHEHUIO C 2, IIO3TOMY OCIUJIJIATOPHOE PUOJIMKEHNE BCE-TaKN
IIPUMEHNMO:

5
a2« (6.55)
20

W3 npuBei€HHBIX pACCYKIEHUN, Mbl 3aKJII0YaeM, YTO HU3KOJIEXKAIIIE YPOBHU SHEPIUU YCTPOEHBI KaK:

. 1
E, = #mg*Pa=? 1+ #(ma)' /34?3 (n + 2) (6.56)

EjuHCcTBEHHOE, YTO MBI HE OIIPEIeJIMJIM — ITO IIPABUJIBHBIE YUCJIa, KOTOPBIE B IPUBEIEHHOI (DOpMYJie 0003HAUEHBI PEIIETKAMHI.
OcraBuM 5TO B KAYECTBE JOMAITHETO YIIPAXKHEHMUSI.



I'maBa 7

KBazukjaccunueckoe npudanKeHue

7.1 KBsBa3ukijaccuieckue BOJIHOBbIe (PYHKIINN

Ksasukiraccuueckoe npub/myKeHrne — IOJIE3HBI U MOIHBI MeTO, KOTOPBIA HCIIO/Ib3YeTCsI B PEIIeHUH OOJIBIIIOrO KOJIUIECTBa
zajad. OH xoporro paboTaeT B TOM cJiydae, KOIJa XapaKTepHoe IeficTBre Jjis CUCTeMbI MHOTO 6oJbIie nocrosinuoit [Lranka i u
MTO3BOJISIET HAXOAUTH BUJI BOJHOBBIX (DYHKIINAM, MATPUIHBIX 3JIEMEHTOB, U TIP.

[TocsiemoBarenbublil BoBOA BUia BOIHOBBIX dyHKImiT — MeTon WKB (Wentzel, Kramers, Brillouin) — cBogurces K cienyrorueii
nporeaype. B onaomeproe ypasuenue IlIpénunrepa menaerca noiacranoska ¢(x) = eFiS@)/h: g rasbIme MeTOZOM mOCIIE0BA-
TeJIbHBIX PUOIIMKEHUH cTpouTCst (hOPMAJIbHBI ACUMIITOTHIECKUH psij| Juist «Jefictusi> S(z) mo crenedsm .

B Bemymem mopsiiake Jjist 1eHCTBUS MBI TIOJIyIaeM ypaBHEHNE, U3BECTHOE U3 MEXAHUKHA — ypPABHEHUE FaMI/I.HLTOHa-HKO6T/H

1 (98)? v
— <> +U(z)=FE= S(x) = / p(z)dz, p(r)=+2m(E —U(z) (7.1)
2m \ Oz o

Pemntenns sToro ypasaenns: GyKBaJbHO COOTBETCTBYIOT KJIACCHIECKOMY JAeficTBuio Kak (yHKuun Koopauuatr. OQHAKO, HECTIOKHO
3aMETUTh, YTO BOJIHOBBIE (DYHKIINU B BEJIYIIEM IPUOJIMKEHUH <ILJIOXHE» — OHM HAPYIIAIOT yHUTApHOCTh. JleiicTBuTesIbHO, ecu
BBIYHCJHUTD TIOTOK Ha TAKO# BONHOBON (QyHKImE, Mbl noaydnm j(z) = hp(z)/m — a B CTAMOHAPHBIX COCTOSHUSIX STOT MOTOK
00513aH He 3aBUCETH OT KOOPAMHAT. 1109TOMY HEOOXOMMM yHET CJIEIyIOIero MOpsijIKa, KOTOPBIl BOCCTAHABIMBACT YHATAPHOCTD.
Tem campiM, OOIIHIT BUJT BOJHOBOI (DyHKINN B KBA3UKJIACCHIECKOM IPHO/INKEHIN UMeeT BUJL (TYT M JIATbe MBI ostoxKuan i = 1):

eii fTo p(x)dx

Yi(r) = ———=—, Y(z)=ciPy(z)+c 9 (v) (7.2)
p(x)

KBasukinaccuyecku 3amnpeniéHHasi 06j1acTb ByKBajbHO HAIMCAHHOE BBIMIE OTHOCUJIOCh K KJIACCHYECKH PAa3PENEHHON 00-
gactu — U(x) < E. Oupnako, NOKyja KpUTEPUH IIPUMEHMMOCTH KBA3UKJIACCUIECKOIO HPUO/IMIKEHNs BBIIOJHEHBI, €r0 MOXKHO
TakKe MPUMEHTh 1 K 3aiperiénnoit obgacru U(x) > E — B HUX UMILYJILC CTAHOBUTCH MHUMBIM, & PEIIeHUs — SKCIIOHEHITUAJILHO
PACTYIINMHU UJIN 3aTYXAIOITUMU:

b (@) = ——e= i @l = am(U(e) — B) (7.3)

VIp(2)]

Kpurepun npumennmoctn DopmaibHas IPOINELypa PasIOKEHUs [0 CTENeHsM i TOBODHT HaM, YTO KBa3UKJIACCHIECKOe
npubsmzkenue npumerumo npu i — 0. OpHako I sBIsieTcst pa3MEpHBIM [apaMeTpoM M caMa 10 cebe He MOJKET BBICTYIIATh
B POJII MaJIOro napamerpa. Ecim akkypaTHO NPOCJIEJUTH 3a BBIBOJOM, TO IPABHJIBLHBIM KPUTEPHEM OKA3BIBAETCS MAAGHOCTIY
noMEeNUUaNa:

oU/0x

dp 5 |dx
—= —lx1 1. 7.4
‘dx‘<<p @’dx‘« @m‘ e < (7.4)

DroT KpUTEpUil 03HAYALT, YTO XAPAKTEPHBIHA MACIITA0 U3MEHEHUS IIOTEHIMAJIA JIOJIZKEH ObITh MEHbIIIEe (JIOKAJILHOMN) JIJIMHBL BOJIHDBI
e Bpoits.

1970 yTBep:KIEHIE OTHOCHTCH K IIPOCTPAHCTBY IPOU3BOJILHON PA3MEPHOCTH

75
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B wacrrOCTH 3TO O3Ha4YaeT, YTO KBa3UKJ/IACCUKa, KaK IIPaBUJIO, IDUMEHUMA Ha OOJIBIITNX QHEPru«dax; a TakKzKe, 9TO HeMaJIOBazKHO,
OHa HapyHnIiaeTcd BOJIN3M KBA3UKJIACCUIECKAX TOUYEK OCTaHOBKH, B KOTOPBIX KBa3UKJIACCUIECKUI HUMITYJILC 06pamaeTCH B HOJIb, a
JJIMHa BOJIHBI — B OECKOHEYHOCTD.

7.2 3agadva CIINBKU

B ommoMepue, KBa3MK/IACCHYECKHME TOYKU OCTAHOBKM HAPYIIAIOT CBA3HOCTH 33jadd. Mbl NPUXOIUM K CJELYIONIEdl KapTHHKe
— BeIECTBEHHAs OCh Pa3JIEseTCs] KBa3UKIACCHICCKAMHI TOUYKAME OCTAHOBKH Ha HECKOJLKO 00JIacTell, B KaXKJIOW M3 KOTOPBIX
BOJIHOBBIE (DYHKITUM UMEIOT BT wn (7.3), npuuém B Kax10it — co coumu kosdduruentamu. C APyroit CTOPOHBI, MeXkKILY
sruMu Ko3(hdUIMEHTaAMA, B CHIy JuHeitHocTH ypasHenus [IIpéaunarepa, MoJ2KHa CylIECTBOBATH JUHEHAsT CBsi3b. HaxoxkieHne
3TON JIMHEIHHON CBA3U U COCTAaBJIACT 33134y CIINBKU.

3aJlada CIIUBKK CYIIECTBEHHO 3aBUCUT OT $IBHOIO BHJA OOJIACTH, TJe HAPYIIACTCA KBA3WKJAacCHYecKoe npubsmxkenue. IIpo-
credmuil caydail, KOTOpbIil Mbl pa3depéM — 3TO CiIydail, KOrja HOTEHIHNAJ] B OKPECTHOCTH TOYKH OCTAHOBKU & = Ty MOXKHO
AITPOKCUMUPOBATH JH/IHeﬁHLINH U(z) = F(xz — zg). OcHoBHag uzjes MeTona 3akiuodaercd B cieayiomeM. C oJHON CTOPOHBI, Ha
JIOCTATOYHOM OT/AJIEHUH OT TOYKH OCTAHOBKHM (a mMeHHo, | — x| > (mF)~1/3) ksasukiaccudeckoe npubimkenue HaTHHACT
paborars. C Apyroit CTOpOHBI, B INHEHHOM TIOTEHIIHAJIE UMEETCsI TOUHOE pererne — (gyHkiun Diipu. [losTomy, nokysa JuHelHOE
npubsmkenue padoraer (|r — xg| < a, rye a — MacmTab U3MeHeHHsl OTEHIHAsAa), Mbl 3HaeM BHJ| BOJHOBBIX dyHKImit. Ecim
5TH 06JIACTH TIepeKphIBatoTCs (aro o3Hadaer a 3> (mF)~1/3), umeercss mpomekyTouHAS 06IACTD, T/e PAGOTACT KAK KBA3HK/IAC-
CUMECKOe TPUOJIMKEHNE, TAK W AllPOKCAMAIUS ¢ TOMOMIBIo (byrknmit itpn. «[lomuBas» acUMITOTHKA B 3TOH MPOMEXKYTOTHON
00J1acTH CJIEBA W CIIPaBa OT TOYKHM OCTAHOBKH, Mbl HAMHIEM UCKOMYIO JIMHEHHYIO CBA3D.

Ksasukiaaccudeckmne pemenus O6e3pazmepuM Koopm/IHaT 2z = (2mF)3(x — 29) = p(2) = /—2. B KBasuxmaccuIeckn
pas3peIménHoil 06/1aCTH, TMEEM:

r<zo=2<0: pz)=v—-2 S()= /OZ p(z)dz = —g(_z)3/2’ Pi(z) = ﬁexp <$§i(—z)3/2> (7.5)

C ,prI‘OIU/I CTOPOHBI TOYKMN OCTAHOBKU MBbI IIOJIy9a€M:

~ = 2 1 2
z>zo=2>0, [p(z)=+v2 5(z)= / Ip(z)|dz = §z3/2 =1 (z) = 73 &P <i3z3/2> (7.6)
0 z

Tounbie pemteHnsi C Apyroil CrOPOHBI, aHAJIOIMYHO Obe3pasMepeHHoe ypaBHeHue IIIpénuHrepa B JIMHEHHOM IIOTEHIUAJIE W
€ro perieHre UMeeT BU/I:

S (2) 4 2(z) = 0= $(2) = CLAI() + CBi(2) (7.7)
—L exp (—223/2), z >0, L exp (223/2) z>0

Aifz] > 1) ~ {2V ( 3 1/2 ﬂ . Bi(lz] > 1) & { VP G ) ) - (7.8)
rgmesin(3(=2)2+ 1) 2 <0. Trgmaeos (3(=2)*2 +§), 2 <0

Mb1 cpa3y nosygaeM, 9TU pelleHusi COOTBETCTBYIOT CJIEYIONIMM JIMHEHHBIM KOMOMHAIMAM KBa3uKaccuieckux pertenuit (|7.2))

u (73):

+ —
Cji_ght =0 Cright =1
. o =1 . C.: =0
P(z) = 2V/TAi(z) = { bt g o W(2) = VTBi(z) = { et i/ (7.9)
Cety, =€ Cett = — 2,
— _ —9 4 _ "lﬂ'
Cogy =e Ceft = T3

73 Yero MbI 3aKJIF0YaeM O CJIEYIOIIel JTHHEHHO CBsI3U Ha KOI(MDPUITUEHTHI:

2970, pasymeercs, He Bcerya Tak. HauGosree BayKHBIE MPUMEpPDI, KOT/a 9TO HE TakK:
e llmMeroTca JBe napaMeTpudecKu OJM3KUe TOYKHA OCTAHOBKHU (HAIPHMEpP, OCHOBHOE COCTOSIHHE MAPMOHUYIECKOTO OCHUJUIATOPA)

1(1+1)
2mr2

o IloTeHnma UMeeT CHHIYJISPHOCTD (HAIpUMEDP, TPEXMEPHBIH «11eHTpobexKHbIH norennuans U(r) = nimu Kynonosckuit norennmasn U(r) =

Ze?
- B Ha4daJie KOOp,ILI/IHaT)

3Ummysbe Tozke HEOGXOAMMO 06e3pa3MEPHTh TaK, 4To0bI JAefcTBIe OCTaIoCh HHBapHanTHEIM p(z)dr = p(z)dz
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+ R + . —im/4 imw/4
(Qeft) —A (Crlght> . | A= <6 /4 /2 6i7r/4> (7.10)
Cleft Cright emit/2 e

Bropoii ciy4aii  AHaJOrn9HbIM 06pPa30M MOXKHO PACCMOTPETH 3ePKAJBLHO CUMMeTpUUHbIH ciydail U(x) = —F(x — xg), Korma
pa3peménHas M 3alpelIcHHas 00JacTh MEHAIOTCA MECTaMH. B TaKOM ciydae PeIleHns P4 YCTPOEHBI CJELYIOMAM 00pa30oM:

? 2 1 2
r>x0=2>0, pz)=+v2 8= / p(2)dz = §z3/2, Yi(z) = 71 &P (igiz3/2> , z2>0 (7.11)
0 z

v =<0 A=V B0 = [ Bl = 30 ) = —mew (F3-02) ()

Curyanust 3epKajibHast, M09TOMY pernenust gaiorces Ai(—z) u Bi(—z); oHu pack/aapBalOTCs 110 KBA3UKJIACCUIECKUM (DYHKIUAM
CITETYTOIIIM 00pa30M:

—exp (—223/2) z >0, L exp (223/2) z>0
Aifz] > 1) e § 2V ( N 1/2 i . Bi(lz] > 1) = VT 5 ) ) 32 (7.13)
Tmrgesin (3(=2)*2+ %) =<0 g cos (3(=2)2+ ), 2<0
C:i_ght =1 nght =0
| Ciane =0 | g =1
P(2) = 2y/TAi(—2) = C+ght _ im/a ¥(z) = V/7Bi(z) = C_f“ i/ (7.14)
left = € left = 3
Cleft = e/t Ct = 3
+ ot R —im/4 in/4 -1 1 in/4 1,—im/4 R
Cleft | — f ( Cright _(c. e )2 —( 2¢ 2¢ _ At
(Cleft> B (Cright) , B ( 67,71'/4 efwr/4/2 67271'/4 6177/4 A (715)

7.3 Ilpumep: npaBujio KBaunTtoBanusa bopa — 3ommepdennia

Pacemorpum mpocreiimuit mpuMep KBaHTOBOHM $IMy C JIBYMsI TOYKAMEH OCTAHOBKW, W OOCY/IUM CBSI3aHHBIE COCTOSTHUSI B TAKOM
IIOTEeHIIIAJIE.

U(x)
A

T

£ £

Puc. 7.1: Cxemarmdeckoe m300parKeHns MOTEHITHAJIA, I 3aIa91 O CBI3AHHBIX COCTOSHUSIX

Nmeercs meboubInoit Hroane. [Ipasuia cimuBKy OBLIN BBIBEJIEHBI JIsi CiIydast, Korja jeiicreue B dhopmynax (7.2) u (7.3) 6s110
3alMCaHO OT TOYKHU OCTAaHOBKH. Tem cambiM, B obsiactu 11 Ham Gyier HeOOXOAMMO 3alKcaTh BOJHOBYIO (DYHKIIUIO B BUJE UHTE-
rpaJjia Kak OT JIEBO TOYKU OCTAHOBKM, TaK W OT MPABOil, 1 COOTBETCTBYIOIINE KOI(MDPUIIMEHTHI 4 Oy/IyT CBsI3aHBI TPUBUAJIBHON
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Tpancdep-mMaTpureit:

. rx . . . rx T2
L~ e Jay P(2)d2 + et 2y P(@)d =7 e e i [, plx)dz + ?Hezsefzle 10($)da:7 S — / pla)dz (7.16)

1

—iS

A 0
Crr=5.7cn= <6 0 eiS) I (7.17)

B obnacrn III, BOJIHOBaA (byHKLLI/IH JOJI2KHa 9KCIIOHCHIIUAJIBHO 3aTyXaTb; IIO9TOMY MbI HaKJ/IaJbIBacM I'DaHUIHOE YCJIOBUE

0
crir = (1 . CimmBasi B OKPECTHOCTH TOYKHM OCTAHOBKH Tg, MBI MIOHUMaeM, 9T0 B obsactu 11, BosHOBas QyHKIMS YCTPOEHA KaK

Kl 11 = Acyrr. Hakonen, ucriosib3ysi CIIMBKY B OKPECTHOCTH TOYKH OCTAHOBKHU X = X1, MBI IIOJIyYaeM:

. PO inS
= ATC 1 = A1S15Acy = <QS£S S) (7.18)

J1J1s1 CBA3AHHOTO COCTOSTHNUSA, BOTHOBaA (QYHKINSA B 00J1aCTH | TaKzKe SKCIIOHEHITHAIBLHO 3aTyXaeT, To3ToMy ¢; = 0 = cos S = 0.
Takum 006pazoM, ypOBHU SHEPTUU OIIPEIESIIOTCS U3 CJIELYIONIET0 BEIPAXKEHISI, KOTOPOE HOCUAT HAa3BaHre ITPABUJIA KBAHTOBAHUSA
Bopa-3ommepdenbaa:

[ pterte =n (n+1) 719

O6cyuM JIOTIOTHUTEIHFHO HECKOJIBKO €r0 CBOMCTB.

Ero MoxkHO IpuMeHSTH TOJBKO [IJIsT BEICOKOBO30YKIEHHBIX yPOBHEH 1 > 1.

Yaen 1/2, X0Th U MaJI 10 CPABHEHMIO C 7L — HO T€M He MEHee 3aKOHEH; CJIEJLYIOIIUe WIEHbl PA3JIOKeHUsl Oy T HAYUHATHCS
¢ O(1/n). Kpome Toro, eciu mpocieuTb BHUMATEILHO, 9TOT YIEH BO3HUK M3 PA3IMYHbIX (a3, KOTopble ObLIM B 3ajade
CIIMMBKW; 9TOT WIEH OyIeT APYTUM JJIsl IPYTUX TUIIOB TOYEK OCTAHOBKH. I[09TOMY 1aCTO 3aIMCHIBAIOT IIPABIJIO KBAHTOBAHMSI
B Bugie wh(n + ) B npasoii qacTu.

Homep n TyT B TOYHOCTH paBeH YHUC/Iy Hysell KBa3sUKJIACCUIECKON BOJHOBON (DyHKIMH (KOTOPBIE MOTYT OBITH TOJIBKO B
pa3penénHoii 061acTn), TO €CTh NOIyIeHHAsT BOJHOBas (DYHKIUS OIUCHIBAET N-TOE BO30YKIEHHOE COCTOSHUE.

JlJ1s KBAHTOBOTO rapMOHUYECKOTO OCHUJLISITOPA, IIPABUJIO KBAHTOBAHUS BOCIPOU3BOAUT TOYHBINA oTBeT F = hw(n + %)

b pia)da = 21 (n + ;) (7.20)

9TO O3HAYAET, UTO HOMED YPOBHsI CBSI3aH C KJIACCUIECKUM aInabaTUIeCKUM HHBAPUAHTOM. B 9acTHOCTH, COXpAHEHUsT aIra-
6aTUIEeCKOr0 MHBAPUAHTA B KJIACCHUIECKON MEXaHWKe W ajuadaTudecKkasi TeOpeMa B KBAHTOBOW MEXAHUKE OKA3bIBAIOTCS
CBSI3aHBI [TOCPEICTBOM ITOH (DOPMYIIBL.

Ero MoxkHO mepernmcarh B CIEIyIONEM BHUJIE:

06 sroit dbopmyse MOKHO JyMaThb TaK — €CJIHM B3dATh KJaccudeckoe (ha3zoBoe HpoCTpaHcTBo (p, ), PaccMOTpeTh B Hei
HOBEPXHOCTH TOCTOsTHHOM sHeprun E = H (p, x), TO 9MCII0 COCTOSIHMI BHY TPH TO# MOBEPXHOCTH OYIET JABATHCS CJIELYFOTIei

dopmyJioit
d?pdiz
p) = || Gt~ Hp.a) (7.21)

u 3Ta popMmysa 06001IaeTC s Ha TPOCTPAHCTBO TPOU3BOJILHON PA3MEPHOCTH. B 9acTHOCTH, TOBOPSAT, ITO Ha OTHO KBAHTOBOE
cocTosiHIe TpuxomTCs sueiika (2mh)? dazosoro mpocrpancTa.

Pazuuiy mexk iy coceTHUME yPOBHSIMHU SHEPIUN MOXKHO IOJIyIUTh, PA3JIOKUB 3Ty dopmyiy o AE = E, 1 — E,:

oh = AE%apd A AR, T:AE—Z%h:hw (7.22)
v

2m

rae T' — KJIacCU9ecKuil NepuoJl IBUKEHHS, & W = 5T — €ro IacToTa.
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1.0

(X))
tr

0.0

-0.5}

Xy mw/h

Puc. 7.2: Tounast ocumjIsTOpHAas BOJIHOBas (PYHKINA M €€ KBAa3UKJIACCUUIECKOe HMPUOJIMKEHUE Ui N = 3. 3aMeTHOe OTINYUe
HaAOJII0/Ia€TCA TOJILKO BOJIU3M TOYEK OCTAHOBKMU.

7.4 llpuMep: BEpOSITHOCTh KBAa3UKJIACCUYIECKOTO TYHHEJINPOBAHUS
PaCCMOTpI/IM Apyroe nNpuMeHeHue HpI/IBeﬂéHHOFO d)OpMaJII/IBMa JJIA 3a/1a9U paCCedAHUsd.

U(x)
A

T

T To

Puc. 7.3: Cxemarmdeckoe m300parkeHns MOTEHITHAJIA, I 3a1a9H O CBI3AHHBIX COCTOSTHUSIX

Tpancdep-marpuria B 3anpenénnoit o6aacTu OyaeT yCTpoeHa CIeayonuM 00pa3oM:

(z) = ?}-Iefg% |p(z)|dx + ?I_Ie_ oy Ip(@)lde _ ?}"Iefsefml |p(z)|d + ?I—Iese— I |P(1)\d1’ S = / Ip(z)|da (7.23)
1

— 5 = e 0
011:512011: 0 es ?]1 (724)

t 1
s 3amaan paccesuusi, Mbl (pukcupyeM acuMnToTukKy B obsactu Il xak crrp = <0 , a B obsractu I — kak ¢y = , i n

ME2KJly HUMU UMeeTCd CIeayrolinasd CBA3b:
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e ® S
4
1S
(426
Ota dhopmyna HocuT HazBanne popmyiibl FamoBa. Pasymeercs, B knaccudeckoit dusnke Koaddumnment orpakeHns ObLT ObI
CTPOrO paBeH eIMHUIlE, a IPOXOXKIEHUs — HyJI0. KBaHTOBas MeXaHUKAa Ke JOIyCKAeT BO3IMOXKHOCTH TyHHEJHPOBAHUS, IIPOCTO
BEPOSITHOCTD TYHHEJMPOBAHUS OKA3BIBAETCS IKCIOHEHIINAILHO MaJjoil. OBCyuM HECKOJIBKO CBONCTB BBIBEIEHHON (DOPMYJIBL:

~ €_S T = 6_25

t =
t= = 7.25
S)) roA i R =~1 (7.25)

l

o1 = ASpdter; — (

— e

Q

e FcrecrBenno, 9To JaHHOE MPUOJIMKEHNE TPUMEHIMO TOJBKO mpu S > 1.

e HauBHOe KBa3MKJIACCHUECKOE IIPUOJINZKEHNE YTBEPK/IAeT, UTo IpH HabapbepHoM paccesiuun E > max U (z), koaddurmen
OTpazKeHUs CTPOTO paBeH HyJI0. /I3 TOUHBIX pemennii 119 HeKOTOPBIX OTEHITNAIOB MBI 3HAEM, UTO B JIEMCTBUTEIHLHOCTH 3TO
He Tak — KO3 DUIMEHT OTparKeHns IPOCTO OKA3BIBAETCS IKCIOHEHIINAIHHO MaJjl. Perrenne 9Toit 3a/1a9i Mbl PACCMOTPHUM

B OyyIiem.

o IIpu Ha WYUK JAPYIUX MPAHUYHBIX YCJIOBUH (HAIIPUMED, €CJIU OJHA U3 TOYEK MOBOPOTA IPEACTABJIAET CO0OH CKAYOK IOTEH-
UaJa) IPEJIPKCIOHEHTAa MOYKET IIOMEHSIThCsI, HO SKCIIOHEHIMAJIbHBIN (pakTop (Hambojiee BayKHbBI) ABISETCS COBEPIIEHHO
YHHUBEPCAJIbHBIM.

7.5 Ilpumep: ABYyXbAMHDBIA MOTEHITNAJ

IIpumenum Terepb HAIl MATPUIHBIN (OPMAJIM3M K PEIIeHUIO 33,149 O TYHHEJIbHOM PaCIIeIIEHUU YPOBHSI B KBA3UKJIACCHIECKOM
JBYXbAMHOM HOTeHuHaﬂeﬁ Ecin TyHHE/IBHBIN Oapbep JHOCTATOYHO BBICOK, & BEPOATHOCTH TPOHUKHOBEHUS Yepe3 HEero — MaJia,
TO KaXKIyI0 U3 JBYX M C XOPOIIE TOYHOCTHIO MOYKHO CINTATH HE3ABUCUMBIMU. FC/IM U 9TOM MOTEHITHAJ CUMMETPUIHBIA, TO
B KaXKJIO M3 JIBYX sIM MMeeTCsl HaDOp KBa3WKJIACCHIECKUX YPOBHEH SHEPruu, JaBaeMbIX MpaBujaoM Bopa-3ommepdernba.

Ulx)
A

LY

T

Puc. 7.4: JIByxbaAMHBIN TOTEHITHAT

O/iHaKo, yYET BO3BMOXKHOCTH TYHHEJUPOBAHHUS — XOTh U 3KCHOHEHIIMAILHO MaJleHbKoe, HO KOHeYHOe HePEeKPBhITHE BOJTHOBBIX
GYHKIWHIT B KaxK 101 U3 IM — MIPUBOJUT K THOpuAn3ayu. /[ByKpaTHO BBIPOKIeHHBIE YPOBHE SHEPTUHU ¢J1a00 (B MEpy MaJIOCTH IPO-
HUIAEMOCTH 6apbepa) PacIIeIUIAIOTCA Ha Maphl, COOTBETCTBYIONINEG CAMMETPUIHBIM U AHTH-CAMMETPUIHBIM BOJTHOBBIM (DYHKITH-
SIM, KOTOPBIE ¢ HEKOTOPOI TOYHOCTBIO ABJIAIOTCA MPOCTHIMA JTHHEHHBIME KOMOMHAIMAMY BOJHOBBIX (DYHKIUI B OTIE/IBHBIX AMaX,
[Vs) = %(WJL)—FWR)) ulpa) = %(WL>—|T/JR>) (ltbs,a) — cuMMeTpHYHAS U AHTHCUMMETPUYHAS BOJHOBbIE QYHKIWN, & [¢r, p) —
BOJIHOBBIE (DYHKINH, JIOKAJIM30BAHHBIE B JIEBOH 1 TIPABOI SIMAX COOTBETCTBEHHO). TaKoe PaCIIeIieHne HA3bIBAIOT TYHHEJIbHBIM
paciuenuieHueM. Takyro CUTYaIuio Mbl y»Ke PACCMaTPUBAJM Ha IpuMepe JByX Mesakux sM, U(x) = —Uy(d(z — a) + §(x + a));
Tereph JKe PACCMOTPHM TaKylo 3a7ady B KBA3UKJIACCHIECKOM TPUOINKEHNN.

0
B obnactu V dukcupyercs IKCIIOHEHITNAIBHO 3aTyXAOIee perenne _: cy = (1 . IIpoBonst MaIbHEHIIYIO TTOCTIEIOBATE b
HYIO CIABKY C IIOMOIIBIO TPaHCGEP-MATPHUIL, MbI IPUXOIUM K CJIEIYIOMMM aMILIUTyaaM B obmactu 1:

ip A aa iAo . . —is . e St S = ["\2m(E-U(x))dx
= A1S19ASo3 AT SasAcy, Sip=S3= (€ ) S :( ) 1 7.26
Cr 124023 34 ACy 12 34 ( 0 oiS 23 0 ST Sy = 9123 om(U (@) — B)da ( )

4Umoit crioco6 pemrenus 3Toi 3aaun u3noken B LL3 PasyMeercs, IPUBOMUT OH K TAKOMY YK€ OTBETY.
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T

Puc. 7.5: KBasucrammonapuoe cocrosinue

9TO, IOCJIE COOTBETCTBYIOIIEr0 IEPEMHOKEHNs, U HEXUTPBIX IPeodpa3oBaHuil, IPUBOAUT HAC K CJIELYIOIIEMY OTBETY:
sin 25 (ie‘ST + eST) (7.27)
cr = . .
d 4€5T cos? S — e~ 57 gin? S

Kak u panee, 1jis CBA3aHHLIX COCTOSHUE MBI TpeOyeM c¢; = 0, 4ToO JaéT cegyiomee ypaBHEHNeE:

1 1
cot? S = ze_QST = cot S(E) = i§e_ST(E) (7.28)

B pamkax KBa3uKJ/accuueckoro npubsmzkenns, St > 1, Ho9TOMYy cIpaBa CTOUT MaJjas BeJIndnHa. B BeiyieM npubinzkennu,
YPOBHU SHEPIMH TE€M CAMbBIM OIPEIEJISIIOTCS YCIOBHEM SO(E,(ZO)) =7(n+ %) — 9TO TOXKJIECTBEHHO COBIIJIAET € MPABUJIOM Bopa-
SomMmepdesbia B KaxK 101l OTIe/IbHOI sgMe (B IOJIHOM COIVIACHHU C TeM, 4TO ObLIO CKa3aHO B Hadaje naparpada). Urobsl yuecrsb
BKJI&JT IIPABOIl 9acTU, HEOOXOIUMO PA3JIOKUTHCS:

S oS
cot(So(E?) + 6E,)) =~ cot | So + —=bE, | ® ———bE, (7.29)
OF OF
Tockoubky So(E f pe(z)dr, TO %Sg) = f;; 3 g}”ap = f;; df = % = (I‘,ILG‘ T = <% — nepuoJI KAGCCUMECK020 TIEPUOJITIECKOTO

JIBUKEHUS B KaXKJIOi u3 sM Ha yposHe sueprun F). Tem caMbiM, MbI nonyqaeM OKOHYATEJIbHBIN OTBET (TyT BOCCTAHOBJIEH /i 1O
Pa3MEPHOCTH ):

E = E(O) i 27T R 112 |pE(x)|dz (730)

BaxkHO 0TMETUTH, YTO MHTErPUPOBAHIE TYT IIPOUCXOIAUT MEXK/Y KBA3UKJIACCHIECKUMI TOYKAMH OCTAHOBKHU (& He, HAIIpUMED,
Mex Iy MuHnMyMamu sim)! Paciensienne neficTBUTENIbHO 0KA3aI0Ch SKCIIOHEHIIMAIBHO MAJEHBKIM (CpaBHUTE C 3ajadeil 0 IByX
MeJIKUX siMax ). Kpome Toro, CToMT OTMETHTb, UTO JAHHBIH OTBET, BOOOIIE rOBOPSsI, GBI OJIYyYeH TOJIBKO JIJis BBICOKUX 110 SHEPIUH
YPOBHEI, TO €CTh 1 >> 1; OTHAKO, JlarKe JJIsT OCHOBHOTO COCTOSTHUSA 1 = () OH JIAET MPABUJIBHYIO SKCIIOHEHITNATBHYIO 3aBUCAMOCTD,
7 TIPABUJIBHYIO MMAPAMETPUIECKYIO 3aBUCUMOCTD IIPEIIKCIOHEHTHI. HenpaBrIbHBIM OKA3bIBAETCS JIUIID UUCIO0 B IPEIIKCIIOHEHTE,
KOTOpOe TpebyeT ropasao 6osiee HETPUBUAILHBIX BBIUNCICHUM.

7.6 Ilpumep: pacnag MeTacTadOUJIBHOIO COCTOSTHUS

O meracTaOUIBHBIX COCTOSHUSX MMesach 3ajada B cemuHape 4 «HempepoiBabiii ciekTps. Tem He MeHee, MbI W3JI0KUM TYT
OCHOBHBIE CBOMCTBa MeTaTCAOMIBHBIX cocTosinuit. IlycTh mmeercs sima, oTmesléHHAs TyHHEJIbHBIM OapbepoM. B Takoil 3asate,
BOOOIIE TOBOPsI, HE MMEETCH JUCKPETHOrO CIIEKTPA, a JIBI2KEHUE sBJIAeTCs NHMUHUTHBIM — BCHAKAsd YACTUNA PAHO WU ITIO3IHO
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«yiinérs Ha GeckonedrocTh. OHAKO, U3 HU3NIECKUX COOOPaKeHUil TIOHATHO, 9TO €Cju 6apbhep JOCTATOYHO BBICOK, TYHHEIbHAS
MIPOHUIIAEMOCTD €ro MaJia, & JacTHUIA ObLIa «II0CaYKeHa» B Ty sIMy B COCTOSIHUsI, OJIM3KUe K COBCTBEHHBIM JIJIsT JAHHOM SIMBI, TO
yacTuna OyJeT 0cTaBaThCsl B SIME JIOCTATOYHO IIPOJOJIKATEILHOE BpeMs, I B TeYeHUU 3TOr0 BPeMEeHU BOJHOBas (PyHKIUsS Gyaer
BeCTH cebsl MPAKTUIECKN KaK CTallMOHapHasA. Takue COCTOSTHHSA HA3LIBAIOT KBA3UCTAIIMOHAPHBIMHY, NI METACTAOUIbHBIMUA.

Kak mpaBmIo, yXo/ 9aCTUIIB U3 TAKOH AMBI OMpeIeIaeTcs SKCIOHeHIMAIBHEM 3aKornoM, P(t) = [¢(t)|? ~ eI, ¢ mexoropoit
Mauoii BemmamHoil ['. OKasbIBaeTcss BOSMOXKHBIM YTBEPXKJIATH, UTO YaCTh BOJHOBON (DYyHKIMH, OTBEYAIOMAS SIME, C HEKOTOPO
TOYHOCTBIO SBOJIOIIOHEpPYeET cormacuo 1h(t) ~ e H*=Tt/2 qro mosposser unrepnpermpoBaTh 0OPATHOE BPEMs YKU3HH KBA3H-
CTaIMOHAPHOTO ypoBHA I’ = 77! Kak KOMILIEKCHYIO M00aBKY K dHeprum: F — zg (obpaTuTe BHUMaHME, UTO 3HAK ITOH MHUMON
nobasku Baken!). Besmuuny T’ Takzke 4acTo HA3BIBAIOT IIIUPUHON YPOBH

VckaTh MeTacTabUIBLHBIE COCTOSTHAS MOXKHO TO-pasHoMy. Hanbosree MpsiMOJIMHEHBIM CII0CO00M SIBJISIETCST PEIIEHIE HECTAIHO-
HapHoro ypasueans [Ipéauarepa, NCIOIb3yst pa3IOzKeHue 10 HEIIPEPBIBHOMY CIIEKTPY, W SIBHBIH IMOUCK 3TOH CaMOil BEPOSTHOCTH
(0 uém u umeeTcs coorBeTCTBYIONIAs 3a0aua). OJHAKO 9TO MOKET OKa3aThCs JOCTATOYHO TPYIOEMKOIl 3a1a4eii, u uMeercs GoJiee
npoctoii crnocob. Jleso B TOM, 9TO KBA3UCTAIIMOHAPHBIM COCTOSIHUSIM, KaK IIPABHUJIO, COOTBETCTBYIOT DPEIIEHUS CMAUOHAPHO20
ypasHnenus I1Ipénunrepa, ¢ aCUMIITOTUKON BOJIHOBO# (DYHKIMN, COOTBETCTBYIONIEH TOMLKO BLLICTAIOIINM U3 SMbI YacTHIAM. Ta-
KO€ pelIeHne OYEeBUIHBIM 00pa30M HapyINaeT yHUTAPHOCTH SBOJIOIHH, MOSTOMY MOXKET CYHIECTBOBATH TOJBKO C KOMILIEKCHOM
SHEprueil, 1 OHO HEHOPMUPYeMO (Ha OJHOI U3 GECKOHEIHOCTEH OHO OYJIET IKCIOHEHINAIBHO PACXOIUTHCS). DTO PellleHre Kak pa3
OTBEYAET METACTAOUIHLHOMY COCTOSIHHIO; & MHUMAST 9aCTh S9HEPIMU — ITUPUHE YPOBHS.

KBa3sukiaccudeckoe IpuGIn>KeHune

1
W3 BhImIIecka3aHHOTO CJIeIyeT, YTO HAC MHTEPECYET perienne, Koropoe B obsactu IV coorBeTcTByeT cry = 0/ IIpoBoxs crmBkH,
B objtactu I MbI mosrygaem:

_ i s (e 0 s e ST 0 (7.31)
SN A 0 ¢ 0 eS7 :

[Tomywaem:

[ Le=StHim/dcos § + eST=im/4gin § 7 99
“1 25T —im/4 005 § — Le—STtin/dgiy § (7.32)

ITockosbky B obsacTu I MMeeTcst TOIBKO 3aTyXaloliee pelleHue, Mel TpebyeMm ¢; = 0 U mostydaem:

i
cot S(F) = 1e*25T<E> (7.33)
Kak u pambire, B BefymemM MpUOINKEHUN SO(ESLO)) = mw(n + l) OTBEYAJIO BeJyINeMy MPUOINKEHUI0 — TpaBuiy Bopa-
3ommepdenbia; a Ipu pa3JIoKeHnH, Mbl oaydaeMm [, = ET(LO) iF , IPUIEM:
-2 [rs dx

r, = R e Iee (@)l 7.34
" 27T ( )
O6GpaTHM BHEMAHNE, 9TO BPEMs KH3HH TAKOro yposms maércs 7 = [ 1 = D™ 'T, rne T = 2° — mepuoz KJIaCCHYECKOTO

w
nBukenus, a D = exp(—2 fz ® |p(z)|dr) — TyHHEIbHAS TPOHUIIAEMOCTD HOTEHIMAILHOTO 6apbepa. Takum 06pasoM, IOy YeHHbIH

pe3yJIbTaT UMeeT Cyrybo KIIACCHIECKYIO0 MHTEPIPETAINIO: B fIMe KOJIeDJIeTCsT KIACCUIECKast JaCTUId, U KaXKIbIi pa3 0TpaXKasch
OT TOYKHU TOBOPOTA, OHA MOYKET MPOTYHHEJMPOBATH ¢ KOHEUHOM BepositHocThio D. Ilpm sToM cpempee 9ucio coyaapeHuii co
crenkoii 6ymer pasuo D!, a Bpems xusuun — DT

7.7 Metrogq WKB B KOMIIJIEKCHOI1 IIJIOCKOCTH

Ha mporiom ceMunape n3MeHenrne aMILIATY/T IPU PASJIAIHBIX KBA3UKJIACCUYIECKUX PEIIeHUsIX 00bICHSIICS TEM, 9TO B OJTHOMEPHUE
obJiacTu, pas3/ieJI€HHble TOYKO OCTAHOBKH, HE CBA3aHBI. B /1e/iCTBUTEILHOCTHA 9TO HE COBCEM TaK — €CJIu (POPMAJIBHO PACCMOT-
perb ypaBuenue IIIpéauarepa jijist KOMNAEKCHHT KOOPAUHAT X, TO 00JIACTh IPUMEHUMOCTH KBA3UKJIACCUYECKOIO IIPUOJIMXKEHUST

53710 cBsI3aHO, K HpHMeEpY, C TYHHEIBHOW ILUIOTHOCTBIO COCTOSIHHI. JIJIsl OT/eIBHOrO ypOBHSI, IUJIOTHOCTH COCTOSIHHII yCTPOEHa Kak V(E) =
1 1 (r/2)?
B—Bo+iL 7 (B—Bo) +(T/2)%’

1 1 _ . __1
—;Imm = 6(E — Ep); B cBOIO OYepeh, I KBa3UCTAIMOHAPHOTO COCTOAHUA OHA yCTpoeHa Kak v(E) = —~Im

TO €CTb YPOBEHb ,HeﬁCTBHTeJIBHO OKa3bIBa€TCsdA yIIUPEHHDBIM.
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CTAHOBHUTCH OJIHOCBSI3HON: OHO HAPYIIAETCs IO-IPEXKHEMY JIAIIb B OKPECTHOCTA TOYEK OCTAHOBKU. B TakKOM Cilydae CKadKU B
AMIUIUTY/IaX IPU KBA3UKJIACCUYECKUX PEIIeHUsAX MOTYT BBI3BIBATH BOIPOCHI. J[JIsi pa3pelneHns JaHHOrO MapaoKca IIpejjara-
ercsi 1oJIPOOHO MCCJIEIOBATh PelleHusl B OKPEeCTHOCTU OObIYHON Toukm octaHoBKU. CoorBercrByoiiee ypapHerue 1IIpépuarepa
3AIUCHIBAETCS CJIEJYIONUM 00pa3oM:

1"
—9"(2) = 2p(2) = 0 (7.35)
Kpasukaccuaecknit nMIryibe umeeT Bujt p°(z) = 2z = p(z) = /2. IIoCKOIbKY MBI HMeeM JeJ10 ¢ KOMILIEKCHOI TLIOCKOCThIO,
HaM HY?KHO OIPEJIC/IUTh BETBb KBa/IPATHOIO KOPHS — HaIpaBuM ed BJIOJb MHUMOI ocn BHu3 (arg z = —7 ). Kpasuknaccuieckoe

. z o .
nejicrBue umeer Bux S(z) = fo p(2)dz = %23/ 2w mpousBobHOE pemtenue (BO BCelt KOMILTEKCHOM IIJIOCKOCTH, TIOKY/Ia pabo-

TaeT KBa3WKJIACCUIECKOe NMPUOJIMKEHne — TO eCTh NpHu |z| 3> 1) packiajpiBaercst Mo Nape JIMHEHHO HEe3aBUCHMBIX DelleHuit
CJIeJTyIOIIero BHUa:

Y(:) = Copi(2) + Cp(2), ale) = 5 oxp (i§/> (7.36)

7.7.1 Crpykrypa pemnieaniit WKB

JlaBaiire mccyeyeM, KaK yCcTPOEHBI TIPeJICTABICHHBIE TYT PelieHns B KOMILTIEKCHOI TJIOCKOCTH, IPH 2z = |z|e'¥ (HamomumM, Ham
. 31\).
BBIOOD pa3pesa COOTBETCTBYET BHIOODY a3bl ¢ € (—5, 7))

) e—ip/4 2 .
e (alet) = o oxp (£ 3008922 (7.37)

Y 3TOro pernrenust UMEIOTCs CHEenAJIbHbIE JIMHWH, 1€ MOKa3aTeIb SKCIOHEHTHI — YHCTO €MIeCTBEHHBIN, a PelleHurs UMEIOT He
OCIMJJTUPYIOILY IO IIPUPOJLY, & SKCIIOHEHITNAJIbHO BO3PACTAIOIINE U 3aTyXalolle. DTH JJUHUU HOCAT HasBaHue JuHui CToKca, u
B JIaHHOW 3a/lade OHU YCTPOEHBI CJIEIYIOMUM 00pPa3oM:

e—im/12

= P4 (2) = TapE ©XP (:F%Ms/z)
e—im/4

= 1(z) = T exp (j:§|z|3/2) (7.38)
eim/12

argz = —% = 1x(z) = T exp (:I:%|z|3/2)

ol

arg z

Stokes’ lines: argz =

B IpOTUBOBEC UM, UMECIOTCA JIMHUN aHTI/I-CTOchﬂ7 Ha KOTOPBIX pemeHusd — YNUCTO OCHUJIJINPYIOIITHue:

argz=0 =9Yi(2) = ‘Z‘%Mexp (£2i|2]3/2)
anti-Stokes’ lines: ¢ argz =2 = 1y (z) = j;‘%ﬁ exp (F2i|z[3/?) (7.39)
. o—im/3 i
argz = % =Yy (z) = 7 exXp (:l:%z\z|3/2)

Crpykrypa junuit CTokca odeHb BazkHa ¢ Toukn 3peHust Meroga WKB. C kaxapiM WKB-pereHneM cBsi3aH eI aCHMII-
TOTHUYECKUN Psifl, KOTOPBIA MOXKHO ONTHMAJIbHBIM O0OPa30M IIPOCYMMUPOBATH, MOJYYUB €r0 CYNEPACUMNIMOMUKY — a TaKXKe
HEYCTPAHUMYIO OIIMOKY, TONPEITHOCTD TOT0 aCUMIITOTHYECKOrO psifia. [IOrpermrHocTs, KaK IpaBujIo, SKCIOHEHIINAIBHO MaJja —
HO €CJIM OHO PEIeHue KCIOHEHINAJIBHO OOJIBINOE, 8 BTOPOE — IKCIOHEHIINAJIHLHO MAaJIeHHKOE, TO MOXKET TaK OKA3aThCs, UTO
OmMOKa SKCIIOHEHITNAJIBHO OOJIBIIIOr0 PEIIEeHUsT OKA3bIBACTCH 00AbWE FKCIIOHEHITNAIBHO MAJIEHHKOIO DPEIIEHNs — B CBA3U C UEM
COXpaHeHUe ITOT0 PelieHust, BOOOINE TOBOpsi, He3aKOHHO. VIMEHHO 3T0, Kak IpaBmiIo, MpoucxoauT Ha juHausgx CTokca, rje pasHuma
MeXK/Iy PeIleHIsIMI MaKcuMaJbHa. B cBoto ouepesib 910 03HavaeT, uro Ha juHusax Crokca (1 ToabKo Ha HUX!) KoadbdunuenT npu
9KCIIOHEHITNAJIBHO MAJCHHPKOM DEIIEHUN MOYKET U3MEHUThCs CKAIKOo0Opa3Ho. Takoil cKadok HocuT Ha3BaHus Asaenus Cmokca, n
9TO sIBJIEHWE OyIeT KJIIOUEBBIM JJIs HaIlero anajn3a. Jlasaiite mpocieanM, Kak mposBiisieT cebs siienne Crokca juist pyHKIUN
Diipu.

7.7.2 ®Oyuknusa Ditpu

Urax, dyukIws Difpu omnpeiesisieTcst Kak peleHne paccMaTpuBaeMoro Hamu JuddepeHnuanrHoro ypaBHeHmﬂ KOTOPOE IIpH 2 <
0 cOepKUT IMCTO IKCIIOHEHITHAJIBHO 3aTyxalolee pertenne. Baxxno, uto z < 0 — sto juausa Crokca, u 3adUKCHPOBATH PEIIeHNE,

6 TepmunoJIOrHs, YBbI, TTOPO# PA3HUTCs. B 4AaCTHOCTH, B MATEMATHYIECKON JINTEPATYPE HHOT/IA OIPE/IeTCHIs TOMEHAHBI MECTAMH
"Ha camom geste, y dbyuxmun itpu Ko3hdOUIHERT TPy JTHHEHHOH YacTH UMEeT JAPYTo# 3HAK, IIOSTOMY DeIeHrsT HAIIETO ypaBHeHus — 310 Ai(—z)
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BBIOPAB TOJIBKO 9KCNOHEHUUAABHO pacmyuee pewenue Ha Juaun CTOKca HEBO3MOXKHO (T.K KOI(DMUIUEHT DU SKCIIOHEHIIUAILHO
3aTYXAIOIIEM B TAKOM CJIydae ObLT Obl HE ONPEIEsEH):

gi Z (1) , argz=rm (7.40)

O6xox, ceepxy Jlasaiite npocieuM, Kak 3TO pElIeHUe YCTPOEHO B KOMILIEKCHOH ILIOCKOCTH, <«O0XOJsI» TOYKY OCTAHOBKU
CBEpXy — BJIOJIb KOHTYDa 2z = |z|e'?, ¢ € (m,0).

e ™ > argz > %: NOKyJa Mbl He nepecekaeMm jmuaun Crokca, xkoaddunuenter C'p M3MEHHTHCA HE MOIYT — U3 Y€ro MbI

3aKJII09aeM CJIEIyIONIee:

Cy =0
C’j _q 7r>argz>g (7.41)

e argz = 7. Ha sToit mmun pemenne v, (2), KOTOpoe GBLIO SKCIOHEHIMAIBHO PACTYIIAM, CTAHOBUTCA SKCIIOHEHIHAIBHO
MaJIEHbKIM — B CBA3U ¢ 4eM Ko dunmeHT C | MOKET H3MEHUTHCSI IIPOU3BOIBHBIM 00pa3oM. C pyroil CTOPOHBI, peleHune
¥_(z), KOTOpOE ObLIO 3aTYXAIONIUM, CTAJI0 PACTYIIUM, U KO3(hDMUIMEHT IPU HEM M3MEHUTHCA HE MOXKeET!

° —% <argz < %: BILIOTH JI0 cJieaytornieit iuann CTOKCa MBI TEM CAMBIM MOXKEM 3aIUCATh:

c, =?

T T
—= = A2
c -1 5 <argz < g (7.42)

Takum o6pa3om, MBI [OILIH JI0 BEIECTBEHHOH ocu z > (), 0001151 KOMIIJIEKCHYIO TOYKY OCTAHOBKHU CBEPXY, U CMOIJIA OIPEIETUTD
onuH u3 KoadduimentoB. Bropoit KoadduiimenT MOKHO HANTH JBYMsI CIIOCOOAMU, U MbI U3JIOXKHUM 00a.

BemtecrBennocts Ilepsblii aprymenT mpocr, HO MeHee yHUBepcaJjieH. 3aMeTuM, 4To perrenue ¢(z) = e/ 4ap(z) mpm z < 0
YUCTO BEIIECTBEHHO, IIO3TOMY OHO 00s13aHO OBITH BelecTBeHHBIM 1 1pH z > 0. C apyroit cropousl, npu z > 0 umeem:

. C+€i77/4 2 5 eiﬂ/4 )
2>0)= ———exp | 2iz%/? ——exp | —=iz%/? 7.43
W(z>0) = —g—exp | 5 + e =3 (7.43)
oy yennas KOMGHHAISA BeleCTBeHHa ToIbKo npi Cy = e~ *7/2 = —j. 113 3TOro MbI 3aK/TI04aeM:
Cy =—1i s ™
c -1 3 <argz < 3 (7.44)
a caMo penierre 1 (z) Ha BEIECTBEHHON OCH UMeeT CJIe Iy oMl BI/I
1 _2 \z\3/2
~ —ae 3 z <0
B(z) = L BT ’ < (7.45)
2 cos(gz?’/Q—l) z>0
21/4 3 4 9
O6xon cuuzy Bropoit criocob caemyrormmit. IIperaraercst mocMOTpeTh, 9TO Ke O6yIeT MTPOUCXOIUTH IIPU 00X0/1e CHU3Y.
. 37” > argz > m: uMeercss HeOOJIBINOE OTINYHNE OT HPEIbIAYIIEro Crocoba — a MMEHHO, HAIl 00XOJ[ CIIepBa YIUPAETCS B

pas3pes, KOTOPBI OBbLI IIYIIEH BJIOJIb arg 2z = 377‘, Ha KOTOPOM KO3(DPUIMEHTHI TOXKE, BOODIIE TOBOPsI, MOT'YT U3MEHUTHCSI:

C+ = 0 31

o -1 32 >argz > T (7.46)

8B 3TOM pelleHny MBI HeMeIeHHO y3HaéM byHKIHIo Ditpu QZ(Z) = ﬁAi(—z).
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__ 3w _ s
e argz = 5 Varg z = — 5. lamenenne koaddurmenTos na paspese oupe/ie/igercs o4eHb 1pocto. [leo B ToM, 4To 1mocrpoen-
HBIM HaMU pa3pe3 — Bellb (PUKTUBHAs: CAMO peIlleHne, KOHETHO, sIBJISeTCsS OJHO3HAYHON (DyHKIMeH BO Beell KOMILIEKCHOM

IIJIOCKOCTH. Pa3pe3 MBI cAeJiaJin CaMM (HpI/I 9TOM MBI MOIJIA IIYCTUTDH €ro Kylda yI‘O,U,HO)7 ¥ OH OBbLI HY2KEeH HaM JIJIsgl OIIpe1e-

sennss WKB-pemenwnit. B wactHocTn, perenus npu arg z = %T uargz = —% JTOJI?KHBI TOYKIECTBEHHO COBITQIATh:

Oty (|21e%™/%) + C_p(|2]e™/?) = Clip (|2le™™/%) + CLyp—(|2]e™?) (7.47)

Ecsin apryment z usMenutb Ha 27 (060#TH IPOTUB YaCOBOI CTPEJIKE TOUKY BETBJIEHUs, OCTAHOBUBIIUCH HA JIPYroM Gepery
paspesa), TO PelleHUs] [OIPOCTY NOMEHSIIOTCS MecTaMu (C TOYHOCTBIO 10 (as):

i (2e¥™) = 2;7/2.4 exp <:F2iz3/2> = —itp(2) (7.48)

1 II09TOMY ycCJjiOBHE€ OJJHO3HAYHOCTU (byHKHHH CBOJUTCHA K CJIEAYIOIIEMY IIPOCTOMY YCJOBUIO CIIUBKU:

C. =-iC_ 3T T

=y I 7.49
o =—icy METT YT (7.49)

.

° —g <argz < —g: TeM CaMbIM, OT Pa3pe3a U JI0 CJIELYIONell TMHIN Croxkca, K03pDUIUEHTHI UMEIOT CJIELYIONIUI BUI;:

Cy =—i T T
, —— >argz> —— (7.50)
C. =0 3 2
e argz = —Z%: ToT (DaAKT, UTO DEIICHHs HOMEHSINCh MECTAMH Ha Da3pese, HaM OYeHb MOMOTaeT — IOTOMY UTO HMEHHO

pemtenue 4 (z) Ha 1ot uaun CTOKCA IKCIOHEHIUAIBHO pacryinee, u Kodddunuent C, usmenuTbea e Moxker. C_ ke
U3MEHSIETCS [TPOM3BOJIBHBIM 00pa30M — HO HAM OHO HE MHTEPECHO, BEIb MBI €r0 y2Ke HAIIH, 000 TOYKY OCTAHOBKU
cauzy! Tem cambIiM, MBI TOJTBEPKIAEM BBIBOJI, CJICJAHHBIN U3 apryMEHTa BEIeCTBEHHOCTH.

Imz

Puc. 7.6: CrpykTypa KOMILIEKCHON ILIOCKOCTH JJIst (GYHKIINK DUpHU. SalITPUXOBaHHAs 00/IacTh — pa3pes3. BoJsiHuUCTHIE CILTONIHBIE
Jiuanu — Juaun Crokca; nynkrupable — Junuu antu-Crokca. CTpesika, HApaBJIeHHas K HEeHTPY — pernenue ¥ (z); OT HeHTpa

— perenue Y_(z).
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7.8 Ilpumep: KBaaApaTUIHBIA ITOTEHIINAJ

Teneps, TPoEMOHCTPUPOBAB METOJ, HA IIPOCTOM IIPUMEDE, /1aBaiiTe ero NPUMEHUM K YyTh 0DOJiee CJIOKHOMY — K 3ajiade Ha10a-
mw-xT

PBEPHOro oTpazkenus Haj norennuagom U(z) = >, £ > 0. Jlunuu Crokca oupeesiorcs u3 ycaosus ImS(z) = ImS(x12),
a anrn-Crokca — ycnosueM ReS(z) = ReS(x1,2); oHn m306pazkeHbl Ha PHCYHKE.

ra

[=]
T
I

ra

Puc. 7.7: Jlunun Crokca (curne) m anTu-Crokca (OpaH:KeBblE) KBA3UKJIACCHMYECKUX DEIIEHHH B KOMIIJIEKCHON IJIOCKOCTH

2
(Rex,Imz) B morenmuane U(x) = —™<%. Ocu B eguuunax zg. Tpersio mmumo antu-CTokca, KOTOpas J0/KHA ObITh Ha-

mpaBJjieHa BIOJbL MHUMOI ocu, Mathematica pucoBaTh oTKazasach — BUIUMO, M3-3a COBIIQIEHUS MOCTETHE C pa3pe3oM.

BuHo, uTo npobiieMa 3aKJII09aeTCs B TOM, 9TO [IPH JBUKEHUN 110 BEIECTBEHHON OCH MBI IIepecekaeM Oy u3 juHuii CTokca
(mazke He 3aMedas ITOr0) — U TEPsAEM OTPAKEHHYIO BOJIHY. Jljisi TOro, 9To0bl €€ HANTH, MBI CIEIaeM CJIEIAYIONLYIO IIPOLELYDY:
BIOJIb OMHON u3 yimauii anTu-CTOKCA MBI TPORIEM IO OTHOM M3 KOMILIEKCHBIX TOYEK OCTAHOBKU; UCIOJIb3YS aHAJIN3, TIPOJIEIAH-
HBII BbIIIE, MbI HAHJIEM aMILUIATY A6l 000MX BOJIH Ha BTOpOH juaum aHTu-CTOKCa; a 3aTeM MBI [0 Heil CIyCTHMCs OOpaTHO Ha
BEIECTBEHHYIO OCh. TaKUM CIIOCOOOM MBI CMOXKEM HANTH CBsI3b KOI(MDMUITMEHTOB TPOXOXKICHUS U OTPAYKEHN

KBazukjiaccuueckuii MMILYJIbC UMEET CJIe YOIl BUJT;:

2.2
p(z) = {/2m (E + mw2x> = mwn/z¢ + 22 (7.51)

Moxkno mycturh paspesbl (1,i00) u (—i00,Z3), HO 4yTh Jeee junuil antu-Crokca, u 3adurcupoBaTh (PU3NIECKYIO BETBb
€CTECTBEHHBIM YCJIOBUEM BEIIECTBEHHOCTH Ha BEIIECTBEHHOI ocpﬂ CmmBKu MBI OyJIEM IIPOBOANTH, CKAyKEM, B OKPECTHOCTHU
TOYKN OCTAHOBKH 1T, Tae YIII numeer ciemyromuii mpubakennbIil (06e3pasMepeHHblii) BT

—"(z2) —izp(2) =0, 2z = (2mPw?uo)Y3(x — izo) (7.52)

CmmuBka B6au3n v1 = ixg Cpasy MOXKHO 0OCYIUTh IPUMEHIMOCTD U3JI0XKEHHOTO MeToa. KBasukiaccudeckoe IpuOINKeHne
JUIsl 9TOTrO ypaBHeHus: Oyuer paborarh npH |z| > 1, a caMo pasiioxKeHHe HOTeHIMaIa paboTaeT NoKyaa |[r — 21| < xg & |z2] <
(%)2/ 3. TeM caMbIM, IMeeTCsl HeHyJIeBasd ObJIACTb IIPHMEHEHHsS TOJILKO ecyu F > w — 4T0 n0BoJbHO ecrecTBeHHO. C yuéTOoM
3TOTO, IMIIYIILC U JeHCTBHE, 8 TaKyKe KBA3WKIACCHIECKNe PENIeHIs MMEIOT B

. im 2 in 67”/8 2,0im/4,3/2
P(2) = Viz = 22 §(2) = eI g (2) = e (7.53)

9VnobHelt BCEro «XOmUTb» MMEHHO IO JuHuHAM anTH-CTOKCa, MOTOMY 4YTO Ha HHX 002 PEIIeHHs BCETa BCErIa 3aKOHHO COXPAHSATDL; a KPOME TOTO,
IIOCKOJIbKY Ha BEIECTBEHHON OCU PEIIeHUs] TOYXKE YHCTO OCIUJLIUPYoIne, TO JuHuu anTu-CTOKCa, CB3aHHbIE C TOYKOM OCTAHOBKHU, ACUMIITOTUYECKH C
Heil TPUOINKAIOTCS.

10BLiGop pa3pe3oB i BETBEil, KOHETHO YK€, COBEPIIEHHO MPOU3BOJICH. EIMHCTBEHHOE — MOXKeT GBITh HEyZO0GHO, €CIn pa3pes COBMAJaeT GyKBATBHO C
smnueit Crokca mim antu-CTokca, ¢ KOTOPBIMEA MBI 6ysieM paboTraTb
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Paspes kopusi yxoauT BBepx, arg z € (—37” 2), a ycuosue, dbukcupyoliee BeTBb — 1pu z = —i|z|, p(z) Bemecrsenno (4ro

i)
KaK pa3 CooTBeTCTBYeT «busnveckoit» sersn). Ha suansx Crokca n antu-CTOKCa pelleHnsl TPUHAMAIOT CJIEIYIONNe SHATEHMsI:

—imw/6 21,13/2 —im/4 2:1,13/2
arg z = % :>¢i(z):78|z|1/4 eT3l2l argz:g :>’(/]:t(z): €z|1/4 eF5ilzl
21,13/2 . —im /12 2.1.13/2
Stokes: argz = —5 = i(z) = Iﬂ%“eis‘z‘ , anti-Stokes: argz = —5 = Yi(2) = E‘Z‘ﬁeiﬂ'ﬂ (7.54)
_ T _ eiﬂ-/()' 2, 3/2 o B . ei-rr/12 241, 3/2
argz = — 1 ﬁwi(z)—ilzll/4e¥3\ \ argz = —°F :>1/Ji(z)77|2|1/4 F5il=l
— s o o
e Ha mmmun antu-Crokca arg z = — ¢, pemenue ¢, (z) COOTBETCTBYeT MPOIe/IITelt Bosme, a 1 (z) — magatomteit. [Tockombky

MBI PEIIaeM 3aJady PaccesiHus, Mbl (PUKCUPYEM DEIeHNEe CJIEIYIONnM 00pa3oM:

(7.55)

us . Y
e T >argz > —7: obxomum csepxy. Ha ymmuun Crokca arg z = ¢, penrenue 1) (2) 9KCIOHEHIMAIBHO 3aTyXaeT, a ¢ (2) —

paCTéT. KOS(b(bI/ILH/IeHT C_ Tem caMBIM HE MOXKET U3MEHHUTBHCsA; OTHAKO, IIOCKOJIBKY OH DaB€H 07 TO UBMEHUTBHLCA HE MOZKET

taxzke u Cy. [losTomy nanucanmnbie Bbie Ko3(hOHUIMEHTH, B IeHCTBATEILHOCTH, PAOOTAIOT BIUIOTH JI0 Pa3pesa arg z = o

, s argz > s (7.56)

° —%T > argz > 737”: CIIMMBKA Ha pas3pese AeJaeTcsd aHAJOIMIHO U3 TpebOBaHWsS OAHO3HAYHOCTH GyHKIUN. [Ipm obxome

TOYKU BETBJIEHHUS CHU3Y IPOTHB YACOBOI CTPEJIKE, PEIIeHUs] ONSIThb-TAaKU MEHHAIOTCH MECTaAMU C JIOTOJHUTEJbHON (hazoil:

+(ze?™) = —§ ), mosromy cieBa (BioTh o jmEnn CTOKca argz = —-X) § crpaBa oT paspes3a KodbdHUIMeHTE
F y g 3 p pasp

csizanbl: C = —1C's. B wacTHOCTH:

C+ =0 s 3
c. - & 6 > argz > ——- (7.57)

o —3 > argz > —%”: HakoHer, Ha Jjuuu CTokca argz = —%’, pellierre t_ 3KCIOHEHIMAJIbHO pacTér, mosromy C_ He

MeHsteTcst. MBI 3aK/IH09aeM: .
~ T T
C_=—it, —z>argz>—— (7.58)
2 6
e Temneps masaiire yerponm o6xox cuuzy. OH yCTpoeH Ky/ia 1mpoire, Bejb Ha Gimxaiimeii muamn CTokca arg z = — 75, pelenue
)} SKCIOHEHIMAILHO pacTéT — mosroMy C| He MEHSIETCs, a 3HAUUT B 9TOM YK€ CEKTOPE HMMeeM:
Ik

Cy =t —%>argz>—€

Tem caMbIM, MBI TIOJIYIHJIN CI€Ba KaK MAJaoNyo (¢4 ), Tak U OTparxkEHHYO (1)_) BOJIHBL.

BemiecrBennasi oce  Ternepnb mgaBaiiTe BepHEMCs HA BEIECTBEHHYIO OCh, U HARAEM KOMDMUIUEHTHI TPOXOKICHNUS U OTPAYKEHUS .
BerrecTBerHoe perrenne onpenesaeHo CaeayonM 00pa3oM:

1 ei J()L p(x)dz + T e*ij: p(m)dm’ <0

_ ) Vp(@) p(z)
Y(z) = t( )e—i Ji ple)ds o0 (7.59)
p(x

(B OTIMYMY OT pelleHus i, TYT MHTETPUPOBAHUE BEASTCA OT HyJIsl — WJIM BO BCAKOM CJIydae, OT HPOM3BOJBHON TOUKH HA
BEIIIECTBEHHOM 0CH — 3TO BaxKHO!). DTO Ke PellleHre MePenuchBAeTCs B CIIELYIONEM BUJIE:

eilo p@)dey, (1) 4 peifo! P@dTy (1) Rex < 0

g 7.60
tel Jo ! P@)deg, (), Rex >0 (7.60)

P(z) =

CpaBHI/IBaH C HaﬁﬂeHHbIM BbIIIIEC KBa3UKJ/JIACCUICCKUM DEIIEHUEM, MBI IIOJIyIaeM:
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r = —je2t Jo ! p(z)da

.4 (7.61)

(orymume t oT 1 yrKe HAXOAUTCS 3a MpeJieslaMi KBa3HK/IACCHIecKoro npubuzkenust — yciaosue |t|? + |r|? = 1 rapantupyer, urto
HoTpaBKa K t JI0JKHa GBITH TOTO ¥Ke TopsKa, u9To u |r|?!). Tem caMbIM, MBI TIOTyYI/IN KJTIOUeBYT0 bopMyTy /st KoaddumuenTa
OTPaKeHU4:

R— I’I“|2 _ e—4Imf0I1 p(z)dx (762)

TockoubKy x1 = ixg, To Im(dz) > 0 u, TeM caMbiM, OTBET AEHCTBUTEJHLHO SKCIOHEHIMAJILHO MaJj. B jeficrBuTesbHOCTH, i
JAHHON (POPMYJIBI COBEPIIIEHHO HEBAYKEH B TOTEHITHAJIA, U KOIPPUITUEHT OTPAKEHUsT OMPEALTISIeTCS TAKUM WHTEIPAJIOM, B3sI-
TBIM JI0 OJIMZKAMINel K BEIeCTBEHHON OCU KOMILIEKCHOW TOYKM OCTAHOBKH, JIEXKAIlell B BepXHeil KOMIIIEKCHOHN MOJIYTIJIOCKOCTH.
HeBaxken Tak:ke M HIDKHUI IIpeJie] UHTEIPUPOBAHNUS — MHTEIPUPOBATH MOXKHO OT JIFOOOI TOYKH, JieXKalleil Ha JIefCTBUTEbHOM
ocH, T.K. 100aBJISEMBIi IIPU 3TOM UHTErPaJI [0 BEIECTBEHHON OCH YHNCTO BEIECTBEHHBIN 1 BKIaa He maéT. VlnTepecuble Mogudu-
KAINK 3TON 331491 BKJIIOYAIOT B Ce0sl CJIyvuan, KOT1a IapaMeTPUIeCK OJIN3KO K KOMILJIEKCHOM TOYKOM OCTAHOBKU PACIIOJIATAETCST
HOJHO(;{EL WJIN €CJIM UMeeTCAd HECKOJIBbKO KOMIIJIEKCHBIX TOYEK OCTAHOBKH, JIE?KAIIUX HA OJJUHAKOBOM PACCTOAHUM OT BEIIECTBEHHON
ocyﬂ Jist marmeit ke 33191 OCTAJI0Ch JIUIIb COCYUTATH TPUBUAJNIBHDBIN WHTETPAJI, BOCIIPOU3BOISIINI IaCTh TOTHOTO OTBETA

1 1 E
/0 p(z)dr = imwx%/o V1—2%dz = zg—w = (7.63)

1Yo He Tak K30THUHO, KAK MOYKET IMOKA3aThcs. JlefiCTBITE/IBHO, TOUKA OCTAHOBKHM OIpeensercs yciosuem F = U (z), m ecsn sHeprust Gosbuas,
TO GOJIBIINM TaKKe JIOJIKEH OBITH U IOTEHIMAa. A KaK [IPaBUJIO, OTEHIMAJ KaK Pa3 PACXOIUTCs BOJIM3M IOIIOCOB. B TakoM citydae, peliarb ypaBHeHHE
IITpénunarepa B OKPECTHOCTH IIPUXOLUTCS TOUHEE.

12B TakoM cilydae MOMKeT CyMIeCTBOBaTh JiuHus anTH-CTOKCA, UX COEJIHHAIONAsS — IIPUXOMUTCA MPOBOIUTH HECKOJBKO CITHBOK BOJM3M KasKIOH U3
TOYEK OCTaHOBKU. IIpy 9TOM MOXKET BOBHUKHYTHL HHTEPECHbIE HHTEPMEPEHIIMOHHDIE SIBICHUS — HHTEP(EPEHINS BOJIH B KOMILIEKCHOMN IIJIOCKOCTH MEXK Y
TOYKAMH OCTaHOBKH...



I'maBa 8

Teopust paccessnus

8.1 IlocTraHoBKa 3ajila4mM paccesiHus

Panee (Ha ceMMHADE TIPO HEIIPEPBIBHBIA CIIEKTP) M3yJaJach 3ajada OJHOMEPHOIO paccesiHusl. B Hell Mbl MCKAJIM peleHust ypas-
uenus [IIpéaunrepa B HEKOTOPOM JIOKAJIU30BAHHOM HOTeHImaxe V (&), UMeionye CIeyIonue aCUMIITOTUKY BIAJIU OT PACCEUBa-
1omero nearpa (npu & — +00), BKIYamue B cebsd NaJalonlyto, OTPazKEHHYIO, W IIPOIIEIIIYI0 BOJIHBIL:

e fre=hT x5 0
(@) =9 ke (8.1)
te' ", Tr — 400
Takasi HOCTAaHOBKa 0600IAETCST HA TIPOCTPAHCTBO IPOU3BOJIBHON pa3MepHOCTH. B paMKax 9Toro ceMuHapa Gy/eT pacCMOTPEH
TpéxMepHbIii ciaydail. IlycTh mMeeTcst JIOKAIM30BaHHBIH paccenBarormuii moreHmmasn V (r); Mbl Oy/eM HCKATh DEIeHUs] CTAIHO-
naproro ypasuenus IIpémuurepa Hip(r) = Ev(r), umeompe ciaeayommuii acummurormdaeckmii iy (e, puc. (8.1):

ik etkr k T k2
!/ — [ —

P(r)=e™" + fn,n)—, r—ooco|, n=ng=-—, n'=n,=—-, E=_—. (8.2)

r k r 2m

r
o
k 7
—_—
Puc. 8.1: 3ajaga paccesiHus B MHOIOMEPHOM IIPOCTPAHCTRE.

HanpapiieHne n COOTBETCTBYeT HAIPABICHUIO Halalomeil BoIHBI ¢'*7 a m/ — mampasienmio Ha HabIOTATENS B TOUKE T

(HampaBieHne paccesTHHON BOMHBI); BBeAEM Takke k' = kn'. JlaHAbIl B BOMHOBOH (DYyHKINN TIpeCTaBageT coboil mepBhe TBa
YIeHa ACHMIITOTHIECKOTO Pa3jiozKeHns 1o 1/7, mosToMy, BoobIe ToBops daibiie OyayT umeThes wiennt O(1/r?), Ho B pamkax
3aJ1a9l paccesiHdsi OHU HAC He OyJ/IyT WHTEPEeCOBATh.

ITo anasoruu ¢ TeM, KaK B OJHOMEPHOI 3ajade HEOOXOAUMO OBbLIO HAWTH BeJAMUIMHBI (f,7) — aMIUIATY/bI IPOXOXKIEHUsSI U
OTpaKeHHUsl, TAK U B TPEXMEPHOI 3a1aue HeOOXOAUMO UCKATh HeM3BeCTHYIO (MyHKIMO f (1, '), KoTopas HOCUT HA3BAHUE AMNAU-
myodu paccesrus. HecaoxkHO BUZETH, 4TO OHA UMeEET Pa3MEPHOCTDb JUIMHbL [f] = cm, u 3aBUCUT B Ciydae ODIIEro II0JIOKEHUs OT
HAIpaBJIeHnst 000UxX BeKTopmﬂ; OJTHAKO B cjIydae chepUIecKoil CHMMETPUH OTEHITHATA AMILTUTY/IA PACCESHUST MOYXKET 3aBUCETh
TOJILKO OT Y2Aa paccesanus — yriaa 6 Mex 1y BeKTopamMu 1 u 1’

1XoTs ye B cirydae OBIEro MOJOMKEHHUs OHA OBJIATAeT OTpPETeTSHHBIM HAGOPOM CHMMETpHIf; B TACTHOCTH, C YHHTAPHOCTBIO PACCESHHS CBA3AHO
coornomenue f(n,n') = f(—n',—n).

89
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f(n,n') = f(0), n-n'=cosb. (8.3)

IloTtoku m cevenme paccesinusi 1orT (akT, UTO paccesHHAsS BOJIHA COJEPKUT UMEHHO %, CBS3aH C COXPaHEHHEM IIOTOKa
BEPOSATHOCTU B TEJIECHBII yrojl B TPEXMEPHOM HpOCTpaHCTBeEl JleiicTBUTEILHO, HUCIIOJIB3Ysl U3BECTHYIO (POPMYJIy U3 TPEThEro
CeMUHAapa JJId MOTOKAa YACTHIl, B BEJYyIIEM IIO % MPUOIMKEHNN MOYKHO BBIYUC/UTH IIOTHOCTH ITOTOKA YACTHI] B MAJIAIONIEH U
paccedHHOI1 BOJIHE:

1\|2
Jna;( - m ) Jpacc r)= m TQ ) .
i . . . o
roe k' = k- n/ — BOIHOBOIT BEeKTOp paccesHHOI BOMHBL Torma IOTOK YacTHIl, 9epe3 HEKOTOPBIA TeJIeCHBIH yroa df) paseH

dNpace = j-n'dS = % | f(n,n')|?2kdS) — BumHO, 9TO pacCTOSHIE T M3 ACHMITOTHKI BOTHOBOM (DYHKIIHH COKPATHIOCH ¢ d.S = 12d(;
HUMEHHO TI03TOMY aCUMIITOTHKA BOJHOBBIX (DYHKIIUIT IMEET MMEHHO Takoi Bu . HakoHelr, o aHaJIoruu ¢ KJIaCCHIeCKON MEXaHUKOI,
MOYKHO BBECTH OQuPPepenyuarvhoe cenenue paccesnus, KOTOPOe ONPEIEIsIeTcsd Kak OTHOIIEHUE YUC/Ia PACCEABIIMXCS JACTHUI B
€JIMHUILYy BPEMEHH K TJIOTHOCTH TOTOKA, HAJIETAIONINX TACTHIL:

dNp, .
do = —P2¢ = | f(n,n)|2dQpn = 27| f(0)|* sin0d6 |. (8.5)
Jnan
OHO MMeeT pa3MepHOCTDb Tomamm [0] = cm? u MokeT ObITH WHTEPIPETHPOBAHO, KaK TLIONA/b MOBEPXHOCTH, TIePIIeH -

KyJIHpHOfI II0OTOKa, KOTOpasd CO6I/IpaJIa Obl Ha cebs (B KJIaCCUI€CKOM CJIy‘Iae) KOJIMYEeCTBO YaCTHUIL, PaBHOE KOJIHUYIECTBY YTaCTUIIL,
yJaeTeBInux B CEKTOP TEJICCHbIX YIJIOB ds).

BGJ'II/I‘II/IHy g = f do HA3BIBAIOT NOAHBIM CEMEHUEM paCC@ﬂHUﬁIﬂ KpOMe TOrO, B HpI/IJIO}KeHI/IHXIﬂ JaCTO BCTpeYaeTCd TaK Ha3bI-
BaeMO€ MpPpaHCNOPMHOE CEYEHUE PACCEAHUA, OIIPEIEIAEeMOe COTJIaCHO:

Ot = /(1 — cosf)do (8.6)

ﬂaﬂbHeﬁmee IIOCTPOEHNE TEOPUU pacCesaHndA CBOJAUTCA K U3YYIECHUIO METO/0B BbITYHUCJ/ICHUA aMIIJIUTY/Ibl PAaCCEAHUA.

8.2 @yuknus I'puHa 1 Teopus BO3MYIIEHU

B cayuae ciaboro (masbine GymeT MOSICHEHO, B KAKOM CMBICJE CJIaf0ro) MOTEHINAA, AMIUIATYLY DACCEsSHUsI MOXKHO HAXOIHUTD,
HCIIO/IB3Ys TEOPUIO BO3MYIIEHHH OTHOCHTEIHHO HEBO3MYIIEHHOrO rammisronnana Hy = p?/2m. Hycts [¢) = |k) + |x) — ncko-
Masl BOJIHOBasi (byHKIUs 3aja4u paccesinusi (|k) — majarormast mwiockasi BoJIHa, a |y) — paccesiHHast). [[yTéM TOXKeCTBEHHBIX
npeobpasosanuii nepermmteM ypasuenne Hpéunrepa (yaursmsas, aro Hy |k) = E|k), E = k2/2m):

(Ho+V)(IK) +1x)) = E(k) +1x)) = (E—H)|x)=VIk) (8.7)

Taxum 06pa3oM, ecsm Mbl HayanMcs: obpamars oneparop (E—H ), To ¢hopMasbHOe pellieHne TOro ypaBHEHe MOXKHO 3aIiCaTh

kax |y) = (B — H)"'V |k).

8.2.1 PezosbBenTa (bynkuus I'puna)

OO0BEKT, ¢ KOTOPBIM MbI TOJBKO UTO CTOJIKHYJUCH, HOCUT Ha3BaHHUE Pe30abeeHmbv, onepamops H, n 0003HAYAETCS CJIEIYIONIM
obpazom:

(E-H)Gp =1, Gg=(E-H)"! (8.8)

HeciioxkHO 3amucarh pereHne 3Toro ypasHenus: B obmeM sujie. Ilyers {|n), E,} 06pasyror crekTp raMuIbroHHaHA. B 9TOM
6asuce oneparop F — H Jjierko obpalnaercs:

2B aByMEPHOM CJIy4ae MHOMKHTENIb ObLI Gl —=, a B OIHOMEPHOM €ro, KaK HECJIOXKHO BHIETH, BOODIIE HET

vr?

3B CIIydasx, ecJu IOTEHIHAas JOCTATOYHO CUJIbHBIH WU JAabHOAEHCTBYIONMI (IPUMEPOM TAKOTO MOTEHIMAJIA MOXKET ABJIATHCA KyIoHOBCKUit

2
IIOTEeHIhaJI U(T‘) = 67)7 IIOJIHOE C€YeHUE pacCedHUudA BIIOJTHE MOXKET 06paIJ_laTbCH B 66CKOH€“IHOCTI)§ HHUYEero CTpallHoro B 3TOM HET.

4KaK IIPaBUJIO, B IIPUJIOZKEHUAX, CBA3aHHBIX C IIEPEHOCOM U penaKcanHeﬁ UMITyJIbCa — & UMEHHO, IIPU BBIYHUCJICHUN SHeKTpHHECKOﬁ IIPOBOJUMOCTH
WJIN TEIJIOIIPOBOJAHOCTHU
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) (n

Gp=Y 170
B — E— E,

(8.9)
DT0 BbIpArKEHHe O3HAYAET, YTO Ha KOMILIEKCHO! IIJIOCKOCTH HapaMeTpa sHeprut E, oneparop G g COAEPIKHUT HOIIOCA; BHIIETDI
B 9THUX MOJIOCAX JAIOT IIPOEKTOPLI Ha COGCTBEHHBIE OANPOCTPAHCTBA TAMUILTOHIAHA. B IIpeIebHOM Iepexoie K HeIPEePhIBHOMY
CIIEKTPY TIOJIIOCA CIMBAIOTCA B Pa3pes3; 3TO OyIeT MPOAEeMOHCTPUPOBAHO HIZKe Ha pumepe hyHKImn ['puHa cBOGOIHON JaCcTUIHL.
[Ipencrasienre pe30bBEHTH B KOOPIUHATHOM IIPEICTABICHUN Ha3bIBaeTcsa dyrkyued I pzm Gg(r,r") = (r| Gr |r). Ona
YJOBJIETBOPSET CJICAYIOMEMY YPABHEHHIO:

(E— H)Gg(r,7")=d(r —7'), (8.10)

1pu ToM oneparop H = —V2/2m + V(r) neitctByer na nepsbiit apryment (r) dbynxnun I'puna. Hecnokno BugeTs, 9To oHa
OTIPEJIENIEHa HEOTHOZHATHO: €CJIN K Hell JOGABUTH TPOM3BOIBHOE PEIIEHNe OMHOPOIHOTO YPABHEHUs (HAIIPUMED, TIOCKYIO BOJIHY ),
TO OH& HO-TIPEKHEMY OYJIET Y/IOBJETBOPATH YPABHEHUIO (3TO HENMOCPECTBEHHO CBSI3aHO C AHAJIMTUYECKON CTPYKTYDOit
dyuknuu I'puHa — Ha 3HEpPrusXx, Iyie TaKoe pelleHHe OJHOPOJHOrO ypaBHEHHs CyIIeCTBYeT, OHa HMMeeT JInOO II0JIoca, JHOO
paspes).

8.2.2 ®ysknus I'pyHa cBOOOAHOI YaCTUIIBI

Onpenennm dbynkmuio ['puna aaa cobognoit wactusl Hy = p2/2m; m Ha 3TOM IPOCTOM, HO TeM He MeHee BAXKHOM HpHMe-

pe IPOIEeMOHCTPUPYEM OCHOBHBIE cBOicTBa dyukmuu ['puna. B cury Tpanciasimuonnoit nuBapuanTHocTr, GyHKius ['puna st
Ny i 0 0 .

CcBODOJTHON YaCTHILI ABJIsieTcss (PYHKIMeH JIMIIbL pasHOCTH KOOP/MHAT G(E)(r,r’ ) = G(E)(r — ). Jast eé HAXOXKJIEHUS, BOC-

HOJTB3YeMCsl M3BECTHBIM TIOJIHBIM HAOOPOM COOCTBEHHBLIX (DYHKIMIl raMuasronnana Hy — mabopom miockux soin (r|k) = e™*r,

HOPMUPOBAHHBIX YCJIOBAEM <k:|k:/> = (27)38(k — k') — u dbopmymoit :

3k eik(rfr’)
GO oy — / 8.11
E (T‘,’I") (271_)3 F_ ijl ( )

TyT MBI HEMeIJIEHHO CTaJKABaeMcs ¢ mnpobsemoii: npu F > 0 9TOT mMHTErpaJ He OIpeIeseH, IIOTOMY YTO B 0DJIACTH UH-
TErpupOBaHUs WMEeTCsl HeMHTerpupyemas ocobeHHocTh pu E = k?/2m. DT0 TOIHOCTBIO COTJIACYeTCsl CO CIeTaHHbIM BbIITIe
YTBEPXKJIEHUEM, 4TO B ODJIACTH HENPEPBIBHOIO CleKTpa (yHKIus ['puHA COMEpPXKUT pa3pe3, U Ha CAMOM pa3pe3e OHa ILJIOXO
onpenenena. Oyukius ['puna Ha BepxHeMm Oepery paspesa, npu F = F + i0, y2Ke ompejesieHa XOPOIIO U HOCUT HA3BAHUE 3ANa3-
dwsarowets (retarded) dynkumeii I'puna, a va Huknem Gepery — onepeorcarouets (advanced) dyukuuein I'puna. Dro cBazano ¢

TeM, uTO npeobpazosanue Pypbe 1o sueprun — byukuua G(t,r, ') = [ (dE) Gg(r,v')e Pt apnsaercs nponaeamopomﬂ BpEMeEH-
noro ypasuenus [IIpéaunrepa i% —H |v); u samazapBaromeit dbynkmun I'puna coorsercTyer mpomaratop G (t < 0) =0, a

onepexkatomeit — GA(t > 0) = 0.

st maxoxkienust 3anazapiBaoneil pyrkmmu ['prHa MOKHO MOCTYNHTD CJIEIYIONIAM 00pa3oM: PACCMOTPETH €8 Ha OTPHUIIA-
TesbHOM 9Heprun G E<(, TJE NHTErPAT ONIPEIESIEH XOPOIIO, & 3aTeM aHAJIUTHIECKN NPOJIOJIZKATH €ro Jnbo Ha BepXHMIL, 1ub0 Ha
HrKHAN Geper paspesa. OHAKO MBI OCTYIHM 60JIee TIPAMOINHEHHO:

d3k eikr m os} ™ 6ikr cos 6
GO () = / = k%lk/ infdf—5———— =
g (r) P E+i0- 2 2 ), o TR T o
m oo pikr _ p—ikr m oo k )
= kdk = kgl (8.12
onir J, K2 — k240  2n%ir | KL —KZ+i0° (8.12)

IMonyyennoe Boipazkenue umeer nostoca upu k = +(kg+10). Tak kak Moysb pajuyc-BekTopa r > 0, KOHTYD HHTEIPUPOBAHUS
3aMbIKAeTCs B BEPXHEH KOMILIEKCHON IOJIYIJIOCKOCTH, U BKJIaJ B UHTErpaj NaéT eIuHCTBEHHBIH nomoc k = kg + ¢0. Ucrons3ys
TeopeMy O BblUeTax (& 3a0/[HO, BOCCTAHABIINBAS /i 10 PA3MEPHOCTH, IIOCKOJIbKY 9TO BayKHBIl PE3YJIBTAT) HOJLYIUM:

ik)ET
(0,R) o m e - 1
GE (7’) - 7271_712 r ) kE = ﬁ

2mE (8.13)

5Mer GymeM HCIIOIBb30BATH STH TEPMUHBI KaK B3aMMO3aMEHSIEMbIE
6 [lns mac sro Gyzner emé omuuM curoHnMOM yHKIuE I'puna
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Bo-uepsbix, ormerunm, 4To y (yukuuu ['puna geficrBuresibHO nMeeTcsl pa3pe3 B KOMILIEKCHOCTH 1wiockoctu F (u3-3a vV E). Ily-
TEM aHAJIMTUYIECKOIO IIPOJIOJIZKEHNs (UM IIPOCTO KOMIUIEKCHOT'O COIIPSI?KEHNST) JIEMKO II0JIyYUTh BhIPAYKEHUE [[JIsl 3al1a3/IbIBAOIeil
dyukimn Ipuna (onepexaromeii):

7ik)ET
VA m e
GO (r) = o (8.14)

Bo-BTophIx, 3amnazipiBaorias GyHKnsa ['puHa COOTBETCTBYET pacxosiieticss BOHe, a ornepekalomnas — cxopsiieiics. [Tosro-
My JJIsl peIlleHusT 3aJIa91 PacCesiHusl HeOOXOIMMO MCIIOIb30BAThH MMEHHO 3aIa3IbIBatoNnly0 GyHKnuoo ['puHa.

8.2.3 Teopus Bo3mymnienuit u 7T-marpuna

Mot dyuxun ['puna ya1o0HO CTPOUTH TEOPHUIO BO3MYIIEHUIT; JTeHCTBUTEILHO, yCTh (PYHKIN [ priHa HEBO3MYIIEHHOTO TaAMUJTb-
(0 o\ —
TOHUAHA W3BECTHA GSE) = (E — Hp)~!. B rakowm ciydae, nosyio GpyHKIuo ['prHa MOXKHO 3amucaTh B BHJIE PSia:

o= (E—Hy—V) ' =G0+ GOVED + GOVEOVED + (8.15)

B s3asave paccesiHusi, oJjHaKO, Tpebyercs HaiiTu He (yHKIMO ['prHAa, & paccesiBIIYIOCs KOMIOHEHTY BOJIHOBOH (DbyHKIMH |Y).
Kak MbI Bujiesin panbliiie, oHa paBHA,

)= (E—H)"'V|k) = G§<°>V+GE(O>VG§(°)V+...}|k>:é§<0> [V+f/é§<°)f/+... k) = GROT, k),  (8.16)

re ObLI BBEJEH BayKHBIN OOBEKT, HOCSINWI HAa3BaHue 1 -Mampuiol:

Ty =V + VEEOY L PEROYEROy L _ (1 _ pERO)-1y, (817)

T-MaTpuily TOXKe yJI0OHO BBIYHCJIATH 10 TEOPUM BO3MYINEHMI, W, KAK MBI IIOKayKeM HHKe, Yepe3 Hee JIEFKO BBIPaXKaeTCs
aMILIUTY/Ia PACCESHUS:

m A
f(n,n') = —5- (K'| Tg k) (8.18)
™
Hanomuunm, uro 3xecs |k| = |k" = V2mE (HaxondTcs Ha «MaCcCOBOIl IIOBEPXHOCTU» ), XOTs B HpuHIHIe T-MaTpura omnpee-

JICHa JIJIsA IIPOU3BOJIbHBIX 3HaYEeHU UMITyJIbCa.

8.2.4 Cga3pb T-MaTpullbl U aMIJIUTY/Ibl PACCETHUS

Bocnosnb3yemcst ypasaenueM (8.16]) u sammmrem |x) B KOOPAMHATHOM NpE/ICTABICHAN:

xi(r) = (7| GO T k) = / dr' (dK') (] GO |+ ('K (K| T |k =

L ikE|'r—r'|
- /dr’(dk)Gg)(r,r’)ezkr Te(k, k) = —g/dr'(dk')e

T |r — /|

/ 1|
rue 6bu1a BBegeHa T-maTpuila B UMILYJIbCHOM npejcrasienun Tg(k, k') = <k: |TE |k) . Bamerum Takke, uro kp = k. Tak xak
HAC WHTEPECYeT aCUMIITOTUKA Xk () Ha Gobmux 7, TO pasitoxuM |7 — r'| & r — n,.r’. B 9kcnoHeHTe COXpaHUM /IBa WJeHa, a B

e* T Ty(k, k), (8.19)

MPEIIKCIIOHEHTE OJINH:

r

m , , eikr—iknrr’ ik ,
Xe(r) = —g/dr (dk")——— "™ " Tr(k, k). (8.20)

- . 1
Wurerpat mo ' gaét TpéXMepHYIO JelbTa-(pyHKIMIO, KOTopasa (PUKCHpyeT 3HadeHue k' paBHBIM kTi,:

m eik‘r
()~ =5

!/ . .
Orcrona mosyaaenm (8.18)), B koropom k' = km,. nMeeT cMbIC/I, BBEISHHDIH B Havaje ceMUHADA.

Te(k, k). (8.21)
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8.3 Omnrmueckas TeopeMa U COOTHOIIIeHrne YHUTApPHOCTU

CBOIICTBO YHUTAPHOCTH KBAHTOBOMEXAHUIECKON IBOJIIOIIH IPUBOAUT K OIPE/IEIEHHBIM COOTHOIIEHUAM /IS aMIUIATY/IbI Pacces-
HUsl, CAMO€ U3BECTHOE U3 KOTOPHIX HOCUT Ha3BaHUE OIITHUYECKOIl TeopeMbl. B TpéxMepHOM Ciiydyae OHA MMEET BUJI:

k

Imf (6 = 0) (8.22)

Eé MoxkHO npubIn3uTeIbHO TOHSITH KAK COOTHOIIEHNE MEXK]Ty MOJIHBIM KOJTHYECTBOM PACCESHHBIX YACTHUI[ U YOBLIBIO KOJIU-
9ecTBa YACTHI], He M3MEHUBIINX HAIPABJICHUS. JacTO ONTHYECKAasl TeOPeMa IIPeCTaBJIsfeT 0oJiee IMPOCTOi CrIocod BBIYUCIUTH
TIOJTHOE CeYeHNe PACCesTHUsI — MOCKOJIBKY JIsl HETO He TPeGyeTcsl BBIYUCJIeHUsT BCeil aMInTy bl paccesiaust f(6).

JIJ1st BBIBOJIA COOTHOIIEHUSI YHUTAPHOCTH PACCMOTPUM OOBEKT TE — T]E (mo amasorun ¢ Imf = ( f- fT) /21). Toncrasiss

Boipazkenue (8.17)), mosryaum:

Tp—Th = (1= VGEO) V= V(1= GOV = = VGE ) [V - GEO7) - 1= VGO ] (- G0 =
1

[Ipumenum k dyuxnuu ['pura dopmyny Coxorkoro:

GR(A) — 1 _ Tinb (E - H) : (8.24)

= =P
E—H+i0 EFE—-H
KOTOpOe HY»KHO IIOHMMaTb, KaK OIpeIeJEHHOe B 0a3uce COOCTBEHHBIX (DYHKIMI raMUJIbTOHHAHA, HAIpUMEpP, 0 (E - H ) =

>, 8(E — Ey,) |n) (n[] Torma

Ty — T} = —2miTRd(E — Hy)TL. (8.25)

[epemnuchbiBasi 3T0 COOTHOIIEHNE HA sI3bIKE AMILIUTY/IBI PAcCesiHus ¢ TIOMOINbo (8.18]), momyanm coomuowerue yrumaprocmu:

fn,n') — f(n',n) = i%/dn"f(n’,n")f*(n,n”). (8.26)

Ecyin B39Th 9acTHBIN cirydaii m = ', TO HOJyIMM ONTUIECKYIO Teopemy (8.22)).

8.4 DBopHOBCKoe nmpudJm>keHmne

Benyee mpubimkenne qis T-marpunpt ects Ty &~ V. D10 npubimxkenne HocuT Ha3zBauue boprosckozo. B Hem ammuryna pac-
o !/ o

CesiHUsI BBIDAXKaeTcs 04eHb 11pocTo: Kak Pyppe-06pas noreHuaa, B3aThlil Ha BOJHOBOM BeKkTope k— k' (KOTODBbIii cooTBeTCTBYET

[IepeIAHHOMY OT IIOTEHIIMAJIA YACTHUIE UMIIYJIbCY IIPH AKTe DACCEsHUsI):

! m o
=V . 8.27
fnn') = —o Vi (8.27)
3aMeTuM 49To |k — k’| = 2k sin (0/2), Torma st cepruuecKr CUMMETPUIHOTO TIOTEHITHAIIA

m ~ )
f0)=——V{2ksin= || (8.28)

2 2
Ormernm, 9to B pamkax dopmyist Bopua, ammmryna paccesmns Buepén f(0 = 0) = —2% [drV(r) — uucro BemecTseHHas

BEJINYNHA; MHIMOCTD ITOSABJISE€TCH JIUIIb BO BTOPOM IIOPsJIKE TEOPUU BO3MYIIEHHI, IO3TOMY OITHYECKas TeopeMa st (DOPMYJIbI
Bopna He 7aéT HUKAKUX MPEUMYIIECTB.

7910 OB NPABIJIBHBIA HOIXO] K OIpesereHnio GpyHKIMi OT MaTpui u omepaTopos. OIpejeeHne depes3 Pas3JjoXKeHHe B s IJIOXO TEM, YTO
BO3HHKAET MHOXKECTBO IPOOJIEM C 00JIACTHIO CXOAUMOCTH.
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8.4.1 IIpumenumocTtb

IIycThb mOTeHIHA UMeeT XapaKTepHyo MIyOuHy ~ Vo U XapaKTepHBbIit JuHeiHbIH pasmep ~ a. O6cyIuM BOIpOC TPUMEHIMOCTI
Boprosckoro npubimzkenusi. Heo6xonumo, urobel monpaska 6blta Masaa | Xk ()| < 1. 9To yciosue 3aBeJOMO BBIIOJHEHO BJIAJIM
oT paccemsarens, T.K. Tam X(r) o< 1/r. CymmecTBeHHO, WTO 3TO YCJIOBUE JOJKHO OBITH TAaK¥Ke BBITOJHEHO W mpwu 7 < a. B
BopHoBCKOM IIPHO/IIKEHIH ITOIPABKY MOZKHO IIepelicaTh B KOOPAMHATHOM IIPEICTABICHAN B CJICLyIOIeM BUJIE:

. 7y ’
m - , ezk:r +ikr ,
Xe(r) = —=e*r [ dr' ——V(r+ ) (8.29)
2w T

JI71s1 OLIEHKY 9TOTO MHTErpaJsa, TPUHINIHAIBHO BaYKHO PA3JIMIATh CJIydail «MeJICHHBIXy JacTull ka S 1 u «BbICTPBIX» 9aCcTHIl

ka > 1. JI MeJJICHHDBIX 9aCTU OCIIMJIJIAIINU B 9KCIIOHEHTE CJIa,6I)Ie U B paMKaX OIIeHKU MbI MOXKEM 3aMEHUTDh UX Ha 1; uHTer aJl
) ) )

OIleHUBaeETCAd KaK:

Ixe(r)| S mVpa®, (ka <1) (8.30)
B ciyuae ka > 1 CWIbHO OCHIJIIHpYIOMAs SKCIoHeHTa, ek Hikr' — oikr!(1tcos8) (oGpesxers 10T maTerpat. s ero oueHKE
BBIYHCJIUM 00beM 0DJIACTH, OrPAHNYEHEHHOM ¢ OTHOM CTOPOHBI 06IACTHIO JIOKAJIU3AIUY IIOTEHIINANA,  C IPYTOil CTOPOHBI, KPUBOI,
Ha KOTOpOii hasa B SKCIOHEHTE TTOMeHseTCs Ha, Bestuauny mopska 1: ki’ (1+cos @) ~ kr' sin? (§/2) ~ 1. lonpaBka MaKkCHMAIbHA
BHYTPH AMBI 7,7’ < @, U B 9TOM CJIy4ae MOXKHO BHJIETH, YTO MCKOMasi 00JIACTH XOPOIIO MPUOJINKAETCS 9aCThI0 KOHYCa C YIJIOM
pactsopa 0* ~ 1/vka (cm. Puc. )7 a BKJIaJ[ IPUXOaUT ¢ Hebosbimmx yriaos |m — 0| < 6*. Buarogapst mapameTpudeckoi
MaJIOCTH 3TOf 06JIACTH, OTleHKa WHTEerpaJia JJIs X OKa3blBaeTcs 6oJiee CTPOroit: onennBast obbeM Konyca Kak (0%a)? - a ~ a®/ka
(B ka pa3 menbIre, 9eM Best OOTACTH TIOTEHITNAA) , TMEEM

mVya?

) S T2, (> 1) (331)

a

Puc. 8.2: Paccestnre ObICTPBIX JACTHI] HA JIOKAJTN30BAHHOM HOTEHIMAJIE; 0003HAYEHA 00IACTh, OT KOTOPOH MPUXOIUT HANOOJIBIIII
BKJIAJ B Xk (T)

U3 BbIpaykeHmii u CJIeJIyeT, YTO JIJIsl BBINOJIHEHUsI ycaoBust |Xg(T)| < 1 10CTATOYHO OJHOTO U3 JABYX YCJIOBHIA:
mmbo mVpa? < 1, 9TO COBIAIAET ¢ yCIOBHEM Ha MenKylo sy, jubo mVpa?/ (ka) < 1, 9ro ABIgeTCA yCJIOBHEM Ha TO, 9TO
YACTHIIBI JBUTAIOTCS HOCTATOYHO ObicTpo. [locieHee Tak:ke MHTYUTHBHO MOHATHO — OBICTPO JABUKYIIUECS YACTHUIIHI TTPOBOJIST
MaJIO BPEMEHH B IIOJIE MTOTEHIUAIA U MOSTOMY PACCEMBAIOTCS C1abo.

mVpa® < 1 (meskas sma)
60 (8.32)

mVpa?

ka

<« 1 (6bIcTpble YacTHIbL)
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8.4.2 Paccesinue OBICTPBIX U MEIJIEHHbIX YaCTUIL

O6cyaum ermié Hekue obIue CBOMCTBA pacCesiHUsl, KOTOPbIE BBIMOJIHSIOTCS ¥ 338 paMKaMH BDOPHOBCKOrO NpuOJIMKeHUsl, HO Ha
IpuMepe KOTOPOI'O0 UX MOXKHO IIPOCJIEIUTh.

e Ecin wactunpr memmennbie (1o ectb ka < 1), To Vi & Vj; 3aBUCEMOCTB OT 6 IIPONAJIAET, N FIACTUIIBI PACCEMBAIOTC
U30TPONHO (MM, K&K TOBODST, PACCesHUe MPOMCXOJHUT B S-KaHAJEe — CMBICJ 3TUX CJIOB CTAHET IOHATEH Ha CJIEIyIONeM
ceMuHAape).

o Jlnst ciyuast ObicTpbix dactulr ka > 1, mockonbky macimtad Pypbe-obpasza MoTeHIHAIA 1% paser 1/a, To XapakTepHble
YIJIbl paccestHus OKasbiBaioTcs MaibiMu 6 < 1/ka. Takum o6pa3oM, GbICTPbIE YACTHUIBI PACCEMBAIOTCS HA MaJible YIVIbL (4To
MHTYUTUBHO MTOHSATHO U3 TEX K€ KBa3UKJIACCUIECKUX COOOPaKeHUil — Beb ObICTPbIE YaCTHUIIBI IPOJIETAIOT «OBICTPO», U He
YCIIEBAIOT <«II0UYBCTBOBATH» MOTEHIUAJ).

8.4.3 3ouioroe npaBuiio Pepmu

Tor dakT, 4To aMIUIATYIa paccesHUs NOJLyYMIACh IPOHOPIUOHAIbHON Pypbe-KOMIIOHEHTE OTEHIMAJIA — ITO ODIIee CBOHCTBO
BopmoBckoro mpubmmkeHuns B MpocTPaHCcTBe J1I000it pasmepHocTr. Boime paccMaTpuBasics TpEXMEPHBI cIydaii, a 3/1eCh MBI Pac-
CMOTDHM aJIbTEPHATHUBHBIH BBIBOJ|, KOTODBI JIETKO MPOJIETIaTh B MPOCTPAHCTBE JIIOOOH PasMEPHOCTH. BOCIOMB3yeMCsT 30JI0THIM
npasusioMm @Pepmu (ceMuHAp PO HECTAIMOHAPHYIO TEOPUIO BO3MYIIEHNUI, IEPeX0/ibl B HEIPEPBIBHOM cliekTpe). B KadecTse ncxos-
HOT'O COCTOSIHUSI MBI BO3BMEM IIaJIAIOINYI0 BOJIHY |i) = |k), & B KauecTBe KOHEUHOTO — PACCesHHYIO BOJIHY |f) = |k:/> MarpuaHstii
3JIeMEHT BO3MYIIEHUs KakK pa3 pasel Vy; = Vi_j; 1 Torma 3010Toe npasuto PepMu IPUBOAUT K CAEIAYIOMIEMY BBIPAYKEHHIO 1T
KOJIMYECTBA MIEPEXOJIOB B €TAHUILY BPEMEHN:

2 k/2 dk/ k/d72
i ) d n 125 (k — k') dk'dQ2 (8.33)

— _ 2 —
dNpace = dwi—f = 27| Vie_r|“0 ( (27T)d = (27‘()‘171 Vi’

2m  2m
Hakomern, naTErpupys M0 MOJLY/II0 UMILYJIbCA KOHEIHBIX COCTOSHUI U JeJIs Ha IUIOTHOCTH IIOTOKA YaCTHUIl B MAJAIONIEH BOJIHE
Juan = k/m, Mb1 HeMeTeRHO MOy TaeM Mg depeHambaoe cedeHne PACCeHus B TPOCTPAHCTEE TPOU3BOIBHON Pa3MEPHOCTH:

do  m2k43 9
0 W|Vk—k" (8.34)

B uactnocTu, npu d = 3, HeCJI0:KHO BT, do/dQ) = m?|Vy_p/|?/47% = |£(0)]2, vae f(0) naérea dopmyioit Bopua (8.28)).
HenocraTkom 3T0r0 criocoba sBJISETCS TO, 9TO OH TO3BOJISIET HANTU TOJIBLKO CedeHHe PACCesHUs, HO He aMILIATYLY, a B dase
AMIUTHTY/IBI paccesnus (KakK MbI BHJIEIN B CEMHUHADE TIPO HEPEPLIBHBIN CTIEKTD) COIEPIKHUTCS CofiepKaTenbuast nHpOPMAIHSL.

8.4.4 IIpumep

B kauecTBe IpEMepa peleHnst 38,1491, PACCMOTPUM B PAMKaX BOPHOBCKOTO IIPUOJIMKEHUS PACCEsTHAE HAa TPEXMEPHOM MOTEHIH-
2 2 .
arme V(r) = Voe~" /. Ero ®ypbe-rapMonuKa jaércs:

V, = Vo / dre="" /ot — / dre™ a2 (r—a0? /2’ ~*a?/4 _ ;3/2y; ;3 —a%a®/4, (8.35)
Banmernm, uto g2 = 4k?sin® § = 2k(1 — cos 0); no3TOMY aMIIIUTY/A paCCesHUs PaBHA:
f(g) = _g%ma3e*q2a2/4 _ _gvomaiiefkgcﬁ(lfcos@/? (836)

HaxkoHert, /17151 BBIYUCIIEHNsI CEUeHNUsT PACCEsTHUS YIA00HO 3aMETUTh (3TO CTAHJAPTHBIN NpuéM Jyuist Tpéxmepust!), uro sin 0df =

d 2
d(1 — cosf) = 2(22). TTosTomy moJiHOE CcevueHue paccessHusl PABHO:

72 m2aSV:2 4K> 22 12m2atV2 22
o= I [ dae e T 1, (5.37)

2 2
st MemieHHBIX YacTull ka < 1 970 AT Oglow = (1773)12) a? < a2, a 1S GBICTPBIX — Ofast N (%) ,712 < Oglow- B

TOJTHOM COTJTACHE C MHTYHIHEH, GBICTPbIE YaCTHIILI PACCeMBAIOTCs ropas o ciabee (cedenne menbine B k2a? > 1 pas); a ceuenne
MeJIJICHHBIX YACTHUIL, OKA3bIBAETCS HE3ABUCSIIUM OT dHepruu. B oboux Ciydasgx pacCceuBaHMe OKa3bIBAETCsl CJIA0bIM (& MMEHHO,
CeveHte PacCcesHIs TOPa3I0 MeHbIIe TeOMeTPUYeCKIX Pa3MepoB paccempBaTess a2).
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8.5 Cdepuieckasa cumMmeTpust 1 6a3uc cpepudecKmx BOJH

B npusioxkenusx HanboJiee 4acTo BCTpedaoTcs chepuuecku CUMMETPUYHbIE HOTeHIAaNbl V (r); TyT U Jajee Mbl UMeeM B BULY
TpéXMepHOe IIpOCTpaHCTBO. KaK O6])ILIHO7 HaJinaue C(bepH‘{eCKOﬁ CI/IMMeTpI/II/I HpI/IBO}:H/IT K ITIOABJICHUIO JIOIIOJITHHUTEJIbHOI'O MHTEe-
rpaJia JBHKEHHsS] — OpOUTAIBLHOrO MOMEHTa L2, 61arosapst KOTOPOMY B PEIICHUN 33441 PACCESHIS MOYKHO IPOJIBHHYTHCS €18
9y Th JAJIbIIIE.

Hamomunm, perrenne obmeii 3a1a9m paccessHusT CBOJIUTCA K HAXOXKICHUIO PEIEHUs CTAIMOHapHoro ypasHenus: [1Ipénnarepa,
HMEOIIETrO CIENUATBHOTO BUJIA ACUMIITOTHKY Ha OOJIBINNX PACCTOSTHUSX OT PACCEMBATEIS:

< v2 ) ikz f (9) ikr
—5— +V(r) | o(r) = EY(r), (r)=e™ +——e (8.38)
2m r

(MBI BBIOpaJIM CHCTEMY KOODJMHAT TaK, YTO HAJAM0NIas BOJIHA MaJaeT IMapaliebHo och 2). Kak n3BecTHO, MIPOU3BOIBHOE PelleHre
9TOr0 ypaBHEHUsI MOXKHO Pa3JIOKHUTh 110 Gasucy cdepmaeckux Boan (r) = >, an:_l Vim R (1) Y1 (0, ). Crour obparursb
BHUMaHUe, YTO KOHKPETHO B 3a/lade PACCesHUs aKCHAJIbHAs CAMMETpPHs (110 yIVIy ¢)) BCE eIlé MMeeT MeCTO, HOITOMY Pa3JI0zKeHHs
GyZleT UATH TOJBKO 1o chepudeckuM rapMoHuKaM Yjo(6), Koropble (¢ TOYHOCTHIO JI0 KOHCTAHTBI) COBIIQJIAIOT C MOJMHOMAMHE
Jexangpa Pj(cos#). Ilosromy obimuii Bu TAKOrO Pa3/ioxkKeHUs JJId 33440 PACCESHUT UMEET CJICAYIONUN BUI;:

Y(r) = AP(cos0) Ry(r). (8.39)

=0

Papuasnbubie Bosnosble dbyHKIME Ry (1) yIOBIETBOPSIOT CIELYIOMEMY YPABHEHUIO:

RiA) + 2R + [ 12 = 2mv ()~ 2 () =0 (8.40

CrangapTHoii mopcTaHOBKOH Ry (1) = X%m 9TO ypaBHEHHUE CBOIAUTCS K ofHOMepHOMY ypasHenuto [IIpenunrepa B moTeHImase

(141
Vers(r) = 2(7;2) + V(r); monpaBka K MOTEHIMATY HOCAT Ha3BaHUE IIEHTPOGEXKHOIO IMOTEHINAIA.

8.5.1 CBoboaHoe aBUXKeHUE

Crepsa ucciiejryem, Kak PeleHus 3Toro ypaBHeHus BejyT cebs B orcyTersun norennuana V(r) = 0 (sro obeyKuanocs B 1 ynpax-
Henwn 4 cemmrapa). Hanpumep, ecan | = 0, TO 1IeHTPOGEIKHBIN TOTEHIINAJ OTCYTCTBYET, W PEIlleHNe BhITICHIBAETCS TPUBUAJBHO:

Xko(r) = 2sinkr = R,(;E))(r) = 28ET (xoncranTa BbIGPaHa [UIst cornacopaus obosHauenuii ¢ LL3).

st mpousBosibHOrO | 1I0JICTaHOBKOM Ry (1) = Q%ff) yPaBHEHHE CBOIUTCH K yPABHEHUIO Beccess ¢ MOIyIes biM HHIEKCOM

N 0 .
[+ %; obmmii BujL pemeHH Rl(d)(r) = \/Q%kJH_l s2(kr). Ucnonbsys mssectyio acumnroTnka dbynkimit Beccens na 6ombmmx
PACCTOSTHUSIX, MBI MOKEM 3alliCATh:

ml

0 2 .
R,(d)(r) W, psin (kr - 2) (8.41)

8.5.2 HecBobogHoe ABU>KEHHE

B 3ajaue paccesiHus HAC WHTEPECYET JIMIIb ACUMIITOTUKA BOJHOBOW (byHKIMM BAaau oT paccensaress, rae V (r) = 0. Tlostomy
upy 7 — 00 JBUZKEHUE MOXKHO CYMTATh CBOOOIHBIM, W IOJIHAs BOJHOBas (yHKIma R (r) saBiagerca B obiieM ciydae JUHEHHON
roMmOunanueit dyaknun Beccenst u Heitmana. [losromy obmmit Buy perienusi Tounoro ypasuenus LIIpénuurepa ma 60sbimmx
PACCTOSTHUAX UMEET CJIeTYIONTU BUT:

2 ml
Ri(r) ~ —sinlkr——+396 8.42
or) = = 5 T (8.42)
8Boobmie rosopsi, GpyHKIMH Beccesss ¢ IOIyLeJbIM HHIEKCOM HeE SIBJISIOTCSH CrendyHKIusaMu. DyHKIHNT qi(z) = 1/%Jl+1/2(2) HOCAT Ha3BaHHE

cpepuneckuxr Pynkyul Becceas, M BIPayKaloTCs Yepe3 sJIeMeHTapHble (DYHKIUN — CHHYCHI M KOCHHYCHI. B wacTHOCTH,

. sin z . sin z cos z
]O(Z) = ) ]1(2) = 2 )
z z z
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Besmuunbt 0; HocsaT nazsanue pas3oBbIX caBUroB. OHU OLPEAEIAIOTC BUIOM IoTeHImana V (), MOryT 3aBUCETh OT SHEPIUH
U BCero octasibHoro. Bes Heobxonumas nadopMalus o 3a/1a4e PacCessHus B 33/[AHHOM IIOTEHIIMAJIe CBOIUTCS JIUIIb K STOMY HAOOpy
YHCesI; Yepe3 HUX MOXKHO BBIPA3UTh aMILIUTY/Ibl U CEYeHUs] PACCEsHUSI.

Jloruka majbHEIEro paccyXiaeHus cieayomiasi. Mbl packiiajgsiBaeM ToOYHOe perienne ypapHerus [Ipémquarepa mo 6asucy
cdhepraecKkux BOJIH . [To sTOoMy 2ke Bazucy MBI PACKJIAIBIBAEM [IPABYIO YACTh PABEHCTBA . CpaBHUBas ACUMIITOTUKHA HA
GECKOHEYHOCTH, CIMTasl BEJUYUHBI §; U3BECTHBIME, Mbl T€M CAMBIM CMOYKEM Yepe3 HUX BbIPa3uTh amiutyry f(0) u, B KoneuHom
UTOre, U CeYCHHUE PACCESAHUd 0.

8.5.3 PazioxxeHnue mnjoCcKoOi BOJIHBI

st peauzanuy HaMeYeHHON CXeMbl, HaM HEOOXOIMMO ITPOBECTH Pa3JIOXKEHUe ILJIOCKOH BOJIHBI 110 C(hepUIecKuM, TO €CTh HANTH
Heu3BeCTHbIE KOaduimenTsl B; B ClleyIOeM paBeHCTBe:

ethz = gihreost E B, P(cos G)Rkl (r) (8.43)
1=0
HawubGosee mpocToit crmocob 3To caenarh MoxKHO HaitTu B LL3 MbI pasioknM JIeByIo 1 TPpaByIo 9acTh B P Tefx’mopa' 3aMeTHUM,
910 nosHHOMBI JIeKanIpa, Il KOTOPEIX MOKHO BOCIO/Ib30oBaThes dopmymoii Pojpura, nmetor sux Pi(t) = o155 d(t? — 1) =

l l o
Dm0 p%)t" (mosmuroMm crenenu [); a s dbyHkuui Beccesst BOCHO/Ib3yeMcsl U3BECTHBIM DA3JIOXKeHHEeM WX B psal. [losydaem
cJleLyIoniee TOXKJIeCTBO:

> zkrcosﬂ 21k k: +3+2m
B ) cos™ § 8.44
y (hreost) Z z Z cos | ||/ == Zm.pmH 6y (8.44)

=0 n=0

IIpestecTs 9TOrO paBeHCTBA B TOM, UTO B IPABOH YACTH PABEHCTBA TOJIBKO WIEHBI ¢ 1 = | mm = 0 JaI0T BKJIaJ B MHOXKHUTEJb
(rcos)!; a ocranbubie umeror Bug 7" (cosf)™ (n # m), U, NOCKOJAbKY B JIEBOH YaCTH TAKUX UJIEHOB HET, OHM OOS3aHbI COKDa-
TUTHCS — KaK MUMEHHO 3TO IIPOMCXOJUT HAC HE CHIbHO mHTepecyeT. Crapmmil wieH nosmHOMOB JlesKaHpa TOXKe JO0CTATOYHO

(O (2l)

JIETKO U3BJIEYb, UCIOJIb3ys BCIO Ty ke dhopmyry Pompura u pa3JIO)KeHI/Ie B 6mnom Hreloroma; momygaem p;” = SUDER Haxomnerr,

HeobxozmMast ramma-pynkiust nveer sug I'(1+3) = /m-(21+1)-; A2 +1 Cobupast Bcé BMecTe, Mbl nosydaeM By = - (21 + 1)eirt/?
U TeM CaMbIM PA3JIOXKEHHE IIOCKOH BOJIHBI HMEeT CJIeLy oIl BI/I[E

L

; J IR ml
k — 2 2 i N —
5% E:O (20 + 1) P(cos G)R ( W2 kT E e’ + 1)P;(cos 0) sin (kr 5 ) (8.45)

Tem cambiM TTagatoIIAsT BOAHA B cheprudeckoM Oasmce Ha caMOM Jejie PACKJIAIbIBAECTCS 0 CYMEPITO3UINN T AI0MIX chepu-
"ecknx BOJIH €F /r 1 oTpaskéHHBIX cdeprdecknx BosH e KT /.

8.6 OcHoBHBIE pe3yIbTaThl (Pa30BOI TeOPpUN pacCesTHUS

Packnaspisas Bce craraemble B onpezienennn (8.38) Ha mamaromme u oTpakéHHble ¢OEpPUTIEeCKUe BOJHBI, NCIOIb3YsT PA3IOYKEHNE
(18.39) u (8.45)), MBI TOTyUaeM ciiesyrolIEe paBEHCTBO:

ad , 4 , 1 & R xl
5k E (20 + 1) Py(cos0) [e™* — (—1)le "] + @e”” =— E Ay Pi(cosb) [6_1716“"“51 — elT e ikr—io (8.46)
ikr 7 ir

1= -

7r

[TpupasauBas K03bOUIMEHTHI TPY TAIAIOIINX BOJTHAX € , MBI TToJtygaum: A; = (2l +1)e' ', TlosToMy, IpUpaBHEBas
Ternepb KOIMMUIMEHTHI IPU PACXOJIATIIXCS BOJHAX, MBI ITOJIY IUM:

—ikr

f(0) = ik i 21 4 1) Py(cos §) (e — 1) (8.47)
=0

9(ij_IeCTByeT n Hle\/IO.J'II/IHeI‘;IHEJﬁ crocob Pa3JIOZKEeHUA: JOCTAaTOIYHO JOMHOXKHNTH JIEBYIO U IIPABYIO CTOPOHBI Ha COOTBeTCTByIOU_(I/IIU/I IIOJTMHOM J_[e}KaH,EL—
Pa 1 BOCIOJIB30BaTbCA COOTHOIIEHHUEM OPTOTIOHAJIbBHOCTH. Hony‘{aeM HUHTErpaJIbHOE Npe/CTaBJICHUE IJ1A KOS@CI)I/ILH/IGHTOB Pa3J/I02KEeHN A, BBIYUCJICHUE
KOTOPOro CBOAUTCA K OJHOMY U3 UHTETI'PaAJIbHBIX Hpe,[[CTa.BJ’IeHI/Iﬁ 1A d)yHKHHH Beccens.
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o ™ .
Hcronb3yst cBOACTBO OPTOrOHAIBLHOCTH IIOJIMHOMOB JIexkaHapa fo Py(cos8) Py (cos @) sin0df = -0;17, MBI MOXKEM BBIPA3UTh

CcevdeHne pacCcedHmnd:

2l+1

- Ar
o= Z o, 0= 13 (20 + 1) sin? 4, (8.48)

QusnaecKkuit CMbICT 3TOH pOpMybI IpocToit. B ciydae cdepudeckoit cummerpun, BKIaIbl B BOJTHOBYIO (DYHKITUIO C PA3/IAYI-
HBIMU | PacCEMBAIOTCs HE3aBUCUMO; U IIOJTHOE CEUEHUE PACCESHUS SIBJISIETCSI CYMMOI CEUeHHUil paccesiHus B pa3HbIX KaHajax
(BKJIAZIOB € Pa3JIMUHBLIMA [). DTU KaHAJIbI PACCEAHUS HOCAT ClElUa/bHbIe Ha3BaHue; B YacTHOCTH, Kanaabl [ = 0, 1,2 3 HazpiBaoT
COOTBETCTBEHHO $-,p-,d- f-kanajmamu. Tem caMbIM, KOT/Ia TOBOPSAT, 9TO «PACCEsTHUE TPOUCKXOIUT B S-KAHAJIE» — UMEIOT B BUILY, UTO
HAMOOJIBIIII BKJIAJT B TIOJTHOE CEUYEHUE PACCEsTHUSI BHOCUT MAPIUAJIbHOE CEeUeHUe Jy.

Onruueckas teopema Vcxons uz dopmyin mist f(0) u 0, MOXKHO 3aMETHTH CJIE/yIOIIee HHTEPECHOE TOKIECTBO:

1 & k
(21 +1)(1 — cos 28;) = 7; (21 +1)sin? 6, = g (8.49)

2=
M8

tnf(0) = 5 :

Il
o

C 3TUM TOXKJIECTBOM — ONTUYECKON TEOPEMOil — MbI y2Ke CTaJKUBAJIMCh Ha IIPOIILJIOM CeMUHape B o0iieM ciydae. Tyr xke
MBI IIPOJIEMOHCTPUPOBAJIN, KAK OHO BO3HUKAET B PaMKax (pa3s0BOil T€OPUU PaCCEsTHUSI.

8.7 KBsBasukJiaccuka

OyuH U3 crrocoboB HAXO0XKIeHNs (a30BbIX CABUTIOB — 310 MeTox WKB, min ke MeTo/1 KBa3UKJ/IACCUKY, KOTOPBII IIPEKpacHO pa-
GoTaeT B IOBOJILHO MIMPOKOM KJIacce 3a1ad. JIelicTBUTEIHHO, IOCKOJILKY PAAUAILHBIE BOJHOBbIE DyHKIMU Xk (1) YAOBIETBOPAIOT

oznroMepHOMy ypasaenuio HIpénunrepa B norentmane Veyr(r) = V(r) + l2(£:r12)7 JUIsT HOX MOYKHO Cpa3y 3allucaTh KBA3UKJIACCH-
JecKoe pelleHue:
. r (l+1 T
Xk (r) ~ sin / dr\/k2 - (72) —2mV(r) + R (8.50)
r
T0

TyT ToUKa r( ABIIETCS KBASUKIACCHIECKON TOUKOM ocTanoBku, E = V.s;(rg). TeM caMbIM, MOXKIO cpa3y 2Ke 3alllcaTb KBa3H-
KJIACCUYIECKOe BhIparKeHne i (Pa30BBIX CIBUTOB:

51 = / dr \/kQ — M — 2mV(’l") k|- kT‘(] + %l + % (851)
To r

Obparum BHHMaHue Ha ciepytomuii dakT. [Iycrs MbI paccMaTpuBaeM paccesinne OBICTPBIX YaCTHUI] HA TOTEHIINAJE KOHETHOTO
pajguyca ~ a, Tak uto ka > 1. Eciau Ob1 HUKaKOro paccempaTesisi He ObLIO, TO KBa3UKJIACCHIECKON TOYKON OCTAHOBKH ObLIa ObI

1
k2 = Z(H_ ) = kro~ (I+ %) Ecan mosydennas Touka OCTAHOBKH T > @, TO YACTHUIBI C TAKUMHU | He OYJIyT JaKe JTOJETATh J0

paCCGI/IBaTeJISI, u (a30BBIE CABUTH OYIYT SKCIOHCHIUAIBHO MOJABJICHBI. TeM caMbIM MBI 3aKJII09aEM, 9TO PACCESHAE HA BBICOKUX
9HePrHsIX IIPOMCXOUT HPEUMyYIIECTBEHHO B KaHaslax ¢ [+3 < ka (B 4acTHOCTH, Ta ke apryMeHTAIlUs IOKa3bIBAET, UTO MeJIeHHbIe
qactuiel ka < 1 pacceuBarorcs Juinb B s-Kanaje [ = (0; 3ToT ke dakT JAeMOHCTPpUPOBAJICS Ha npumepe dhopmynsl Bopha,
U, KaK yKe ObLIO CKa3aHO PaHee, OH HOCHT COBepIeHHO oOmmil xapakrep). JlaHHOe yTBEP:KJEHUE SIBIISIETCS] TPUBHAJIBHBIM B
KJIaCCHYIEeCKO dusuke: Beb opoburasbublii Moment L = hl = hk - p, rjie p — IPUIEIbHBI ITApAMETD; O3TOMY 3TO YTBEPKICHIE
[OKA3bIBACT JIUIIh, YTO p < @, 9TO B KJIACCHYECKO (PU3MKE COBEPIIEHHO OYEBUIHO.

Ecsn norenumadn |V (r)| < E, To Bbpazkenue Jyist §; MOXKHO PA3JIOKUTD (IIPHU 9TOM BCe «JIUIIHKE (DA3bI» CHAPYYKU MHTErpaJa
006s13aHbI COKPATUTHCST — IOCKOJIBbKY 1pu V (r) =0, 6, = 0):

o ~ —/ drimV(r)
) /2 _ l(lT+21)

(8.52)
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8.8 Ilpumepn! penienus 3a1a4

Sagaga 1

JasaiiTe pacCMOTPHM paccesiHIe MeJJIEHHBIX TaCTHI] Ha TBEPAOM mmape pajgnyca a (ka < 1), onmuchBAEMOM CIIEIYIOMUM TIOTEH-
IUAJIOM:

00, r<a
U(r) = ’ (8.53)
0, r>a
PaccesiHre IPOMCXO/IUT B S-KaHaJe, N TOYHOE peleHne ypaHeHus [IIpéuHrepa B s-KaHaJe 3alUCHIBACTCS COMTIACHO Xo(r) =
sin(k(r — a)). Tem cambim pazoBblil caur uMeer B 0y = —ka, & CeUeHne PacCesiHus PABHO:

4
o = 1-77; sin?(ka) ~ 4ma? (8.54)

,ZL&HHOG CcevueHne OKa3bIBaeTCd POBHO B 4 pa3a 00JIbIIE KJIACCUYECKOTO CEYEHIUS paccedanund 7TCL2; 9TO dBJIAETCA CJIeACTBUEM BOJI-

HOBO# TIPUPOALI JACTHUIL U TAPPAKITMOHHBIMEA I(DPEKTAMI.

Samaya 2

pyrum npumepoM 3312491, KOTOPas TPUBUAJILHO PEIIaeTCs IPU HOMOIH (HDAa30BOM TEOPHH PACCEsHUs, SBJISETCS 3a/1a9a pacce-

stHus Ha oreHImage U(r) = % (117151 TPOM3BOJIBHOTO HapaMeTp B > —1). HeiicrBuTenbHo, B TakoM ciyuae 3peKTHBHBII
1 logrUess+1 2 N
HoTeHIuasl uMeer BuI Veypr(r) = ﬁ‘;fq(f; ) = eff2(72£§+ ), rae lefr = (l + %) + 58— %; pemrenue ypasuenus IIpéaunrepa B

TaKOM TIOTEeHIIUa/Ie BbIpaxaeTcs depes Te xe cepudeckue pyunxuun Beccens jj, (r); u TeM caMbIM, MoOwHOe BBIPAYKEHUE JJIs
(bAa30BBIX CABUTOB UMEET CJICIYIONIUil BUT;:

2
5z=—g(leff_l):_g (l+;) +8 - <l+;> (8.55)

B
+3

MozkHo uccnenosaTh das3bl paccesHusa B caydae ciadoro norennuasia B < 1. Ilpu stom 6 ~ — % < 1, n napruuajgbHbIe
4 )

352
B 1 1. _ 0
287 3T 0 7 & SHAMHT, TIOJHOE cedenne o = > 11— 01 pacxouTcda. OJHAKO Kak U B C/Iydae

paccedHnsd Ha KYJIOHOBCKOM IIOTE€HIIaJI€e MO2KHO BBIYUCJ/IUTH ,HI/Id)CbGPGHH,I/I&JIBHOG CedeHHe paccedHusd:

cevueHund paccedHusd paBHBI 0] =

1 oo o0 7_[_2/32 oo
OIS = D> 6100 (20 + 1)(20 + 1) Py(cos ) Py (cos 0) = e > Py(cosb) (8.56)
1=010'=0 =0

do _
aa

[Tocnenmioio cyMMy MOXKHO JIETKO BBIYUCIUTD UCIOJIB3Y S TPOU3BOISIILY IO (PYHKIIAIO It TOJIMHOMOB Jlexkamapa Zzﬁo Pi(cosO)t! =
—1/2
(1 — 2tcosf + t2) / nostarasi t = 1. B urore jyist qudpdepeHnnabHOro ceueHust Moy 1aem
do w232 1
dQ  4k? (1 —cosf)?

JII0OOIIBITHO OTMETUTH, YTO IPU MHTEIPUPOBAHUU 110 YIJIAM MHTETPAJI PACXOIUTCS JOrapuMUIECKH TAK JKe KaK U CyMMa, 110
apluaJbHbIM CEYEHUAM.

(8.57)

OTIpu B < —i IPOUCXOAUT MaJeHue Ha II€HTP — aMUIbTOHHAH CTAHOBUTCS HEOIDAHUIEHHBIM CHu3Y. Pusndecku 3T0 GECCMBICIEHHO — YaCTULA
MOXKET HEOTPDAHHYEHHO <«II3J1aTh» Ha LEHTP, OECKOHEYHO U3JIydas SHEPIHIO.
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I'maBa 9

OTKpBITbIE CUCTEMbI

9.1 Chnun-6030HHadg MOJIeJb

3aada JaHHOrO CeMHUHAPa — HA MUKPOCKONUYECKOM YPOBHE U3YyYUTh JUHAMUKY OTKDPBITON CHCTEMBI, B3AaUMOJECHCTBYIONIEH ¢
OKpyxkenueM. M3ydarh eé Mbl OyIeM Ha IpHMepe IIPOCTEHIel MoJean, KOTOPYIOo MOXKHO IPUAYMaTh — TaK HAa3bIBAEMON CITUH-
Go30HHOIT Moesn (spin-boson model). Cucrema (s, system) Gyier npeacTaBsTh COGOM BYXYPOBHEBYIO CUCTEMY (9TO MOXKET
ObITH cTmH-1/2 B MATHATHOM TIOJIE, 3TO MOXKET OBITh YACTHIA B JABYXbAMHOM MOTEHIIHAJE — JIETATH COBEPIIEHHO HE BAYKHBI),
KOTOPYIO MBI Oy/IEM OIMCHIBATH Ha sA3bIKe crmHa-1/2 u marpur [aymu. B kauecTse Momesn okpyzKarormeii cpes (e, environment;
TaKKe 4acTo eé Ha3biBaloT GaHeit — bath) Mbl Bo3bMEM HAGOP rapMOHMYECKUX OCIUILIATOPOB. [aMUIBTOHMAH BCeil CHCTEMbI
AMeeT BUJL:

R A N N
__8, i 46 P,
H = 50 +ananan 464 Z/\"X”’ X, = apn + a), (9.1)
~—~ n n
H, \ Y

H. 14

Taxoit Bus B3anMozeiicTBrsi 00YCJIOBJIEH CJIEIYIOIIUMEI IIPOCTBIMU COOOPaKeHUsIMU. BO-I1€PBBIX, HUYEro CJIOXKHEe IeM KaKasi-
TO JHEeHAsT KoMOUHaIMs MaTputl [laymn ajist IByXypOBHEBOI CUCTEMBI IPEJTIOKUTE HEJIb3sT; TOITOMY B3anMOJIeHiCTBIE JIMHETHO
110 &; 6e3 OorpaHMYeHUs] OOIIHOCTH' | MOXKHO yCTPOUTH B3aUMOJIEHCTBUHE UMEHHO IIOCPEICTBOM & ,. BO-BTODBIX, MBI OyleM IIpeji-
oJiaraThb, YTO OTKJIOHEHUsI OCIMJLIATOPOB OT ITOJIOYKEHUsI PaBHOBECHUsI OVJIYT B KAKOM-TO CMbBICJI€ MaJjibl, U [IO3TOMY <«CHJIa»
PACKJIAIBIBACTCS] JIHHEHHO 110 OTKJIOHEHUsIM X . BeJIMUnHbL \,, HIPAIOT POJIb KOHCTAHT CBSI3H, KOTOPbIE OY/IyT IPEIOIAraThesl B
KAKOM-TO CMBIC/IE MAJIEHBKUMU; 10 HUM MbI OyeM yCTPAWBATh TEOPUIO BO3MYIIEHUI.

B npunmume, Best cucremMa s+-e sIBJISIETCST 3aMKHYTOM U JIOIyCKAeT ONMUCAHUE Ha sSI3bIKe BOJHOBBIX (dyHKIu. OHAKO HHTEpe-
€OBaTHCSI MBI OyeM UMEHHO JIMHAMUKON JIBYXYPOBHEBOM CUCTEMBI, JIJIsT ONMMCAHUST KOTOPOI HEOOXOAMMO BBECTH PEIYIIUNPOBAHHYIO
MaTpuily wIoTHOCTH Ps(t) = Tre.p(t), rue p(t) — MaTpuIa IIOTHOCTH BCEH CHCTEMBI, a onepanus Tr. MoapasyMeBaer B3sdTue ua-
CTHYHOI'O CJIEJIa 110 CTEIeHsIM CBODOIBI OKpY2Katolieil cpepbl. [lo/ryyeHHbIi B pe3y/bTaTe TaKoi onepanun 00beKT — 3TO MaTpPUIa
2 x 2.

9.1.1 IIpencraBieHue B3amMoaeiicTBUSA

Paborars MBI Oy/ieM B omepaTopHOM (hOpMAU3Me, UCIOJIb3ys MPEJICTABIEHNE B3AUMOJIEHCTBIS 0 OTHOIIEHUIO K HEBO3MYIIIEGH-
nomy rammibronnany H, + H, u ¢ Bo3mytnennem V.

Cpena

JlMHAMUKa TOBBIMAOININX U MOHUKAIONIUX OMEPATOPOB 3alUCHIBAETCS TIPOCTO:

da A ot . L . . ; . g
ditn = i[He, an] = z[wna}:an, apn] = —iwnan = an(t) = ane ¢ ail(t) =al et (9.2)

1Och & B JaHHOM 3aa4e ABJIASTCS BbIICIEHHOI, HO B3AUMOJIEICTBHE BUIa Gz X B KAKOM-TO CMbIC/IE TPUBUAIBHO — OHO COXPAHSAET Gy U HE IPHBOUT
K penaxcanuu. [Togpobree — cM. JOMAIIHIOO 33aTy K 9TOMY CEMHUHAPY

101
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Cuctema Jlna matpur [laymm M1 mosrydaem:

do N do do
L —i[H, 6, = A6 Y = _AG,, —= )
o i[Hs, 6] Gy, o Gus pn 0 (9.3)

U penieHue 3alliChbIBACTCA KaK:

65(t) = 5 cos8 At+ G, sin At
Gy(t) = —65sin At + 6, cos At (9.4)
G.(t) =6,
Takast «TpuBHaIbHAST> HEBO3MYIEHHAS IBOJIONNSA TEM CAMBIM OINUCHIBAET MIPOCTO IMPEIECCUIO CIIMHA C YIJIOBOM CKOPOCTBHIO
A BOKDPYT HAlIpaBJIeHUsI «MATHUTHOTO NOJIsi» z. ECJHM Ke MBI FOBOPUM, K IPUMEDY, O YACTHIE B JBYXbsIMHOM IIOTEHIHAJE —
TO Takasi KOPEePEHTHAsi IPEIeCChst COOTBETCTBYeT ocruuisinusM Pabu. B KOHTeKCTe CIMHOB WM KyOUTOB, TAKOE IIPEJICTABICHNE

TaKKe 9acTO Ha3blBaOT MPUOJIMKEeHneM Bpaluamlleiicss BosHbl (rotating wave approximation); 3To cBsa3aHo ¢ TeM, 9T0O
B KaKOM-TO CMBICJIE OHO 9KBUBAJEHTHO IIEPEXO/y BO BPAIAIONLYIOCS CUCTEMY OTCUYETA.

Bosmyriienue

COOTBETCTBEHHO, OT TaMUJIBTOHHAHA C TPEJICTABICHUN B3aMMOJEHCTBUsST OCTAETCSA TOJIBKO JIMIL Bo3MytneHue. [lociemnee Mbl
MOYKEM 3allMCATh YepPe3 OJINH-€IMHCTBEHHBIH OIepaTop «CaydaitHoil cuiibl» P (1), ¢ KoTopoil 6aHs JelicTByeT Ha HAIIY JIBYXYPOB-
HEBYIO CUCTEMY:

V(t)=6.(0)0(t), ()= AXn(t) (9.5)

B manbmeiiimem Mbl yBUAMM, 9TO SBHBIA BUJL «CHJIBI», KOTOPBIA TYT MPEJJIOXKEH, B IEHCTBUTEIHHOCTA HE CHJIBHO BaXKeH — a
BaKHBI JIUIIb OIPEIEJIEHHbIE KOPPEIAINOHHbIE (DYHKIINYA ITOM CUJIIBI.

9.1.2 Ilpubaunxkenme Bopua — MapkoBa

[Tosmas MaTpuIa MJIOTHOCTH B MPEJICTABICHIN B3aNMOIEHCTBUS y/IOBIETBOPSET CJIEIYIONEMY yYPABHEHUIO:

WO _ 1o, 7o) (9.6)

Mpr nnTepecyemcst creytommeii ToCTaHOBKo# 3a1a4u. B Haua bHblil MoMeHT Bpemenn ¢ = () G6aHsa HAXOMIACH B PABHOBECHH
¢ remuepatrypoit T', u 109TOMY omHCbIBalach cBoefl Marpuueit miotnoctn pe(0) = Le ?He; a cucrema Gbura npurorosiena co
cBoeil MaTpuneil mrorHocTn fg(0) (KoTopast MOKET COOTBETCTBOBATE YHCTOMY COCTOSHHUIO |1)g) (g|, MM OMUCHIBATH CMEIIAHHOE
COCTOSIHUE — Ceff9ac 3TO He OY€Hb BAXKHO); U M3HAYAJILHO MBI IIPEJIIOJIATaeM, YTO OaHs U CUCTEMA HUKAK HE B3aUMO/IeiCTBOBAIH,
p(0) = p.(0) ® ps(0). B pesysnbraTe BpeMeHHON BOJIIONUY, TPOUCXOIUT 3allyThIBAHUE W MATPHIIA IIJIOTHOCTU GOJIbIIE HE IPEJI-
cTaByser coboil IpPoCcToe TeH30pHOE IIPOU3BEICHEE; O3TOMY, BOOOIIE TOBOPs, He 0YeHb MOHSATHO, KAK OpaTh YaCTUYHBINA ClIel B
npagoit yactu ypastenns ([9.6)).

IIpenaraercs cuenaTh HECKOIBKO MpHOMMKenuii. IlepBoe MpHOIMKeHNe 3aKII09aeTCa B TOM, UTO €CIH CHCTeMa JOCTATOTHO
MAJTCHBKAST, & CPEJIa — JOCTATOTHO GOMBIIAs], TO PABYMITO CIHTATE, YTO MATPHIA IIOTHOCTH CPE/IBI TPAKTHICCKH He MEHSETCS C
TedeHreM BpeMeHH. ECI Mbl, OTHAKO, IIPEeIIOI0KIM, YTO MATPHUIIA IJIOTHOCTH B IPOU3BOJILHBIN MOMEHT BPEMEHHU BBITJISIUT KaK
p(t) = pe @ ps(t), n BOZBMEM B ypaBHEHHN YACTUYHBI CJIe/l, MBI HeMeJIJIeHHO MOJIyYUM HOJIb B IIPABOil YaCTH; U CBA3aHHO
3TO ¢ TeM, UTO B PABHOBECHW CPETHSA CHJIA PaBHA, HYIIO:

Tr (ped(1)) = <<i>(t)> -3\ <Xn(t)> =0 (9.7)

[IO3TOMY JIEJIATh TAKOE TAaKOe IMPUOJIMIKEHNEe HAMBHO HEJIb3sl.

MozxHO, 0/THAKO, 000MTH ITY TPYIAHOCTD, CIIEJIAB CEPUI0 TOXKIECTBEHHBIX ITPE0OPa30BaHUN B yPABHEHUN : cliepBa MBI €10
IIPOMHTEIPUPYEM OT KaKOI'O-TO IIPOU3BOJILHOI'O MOMEHTa BPpEeMEHU tg /0 t, a 3aTeM IIOJIy4YeHHOe BbIparKeHue IIOJCTaBUM OIATh B
[IPaByIO YaCThb YpPaBHEHHI

p(t) = p(to) +i tdt’[ﬁ(t'),V(t’)]édpi)ﬂ[ﬁ(to),f/(t)}— tdt’ p(t"), V()| , V(t) (9.8)
dt \

to

2370, B 06IEM-TO, BEpHO GOJIee MK MeHee BCET/Ia
30TMeTHM, 9TO B TAKOM BHJIE 3TO MOKA TOXKIECTBEHHOE MpeobpasoBanie!



I'JIABA 9. OTKPBITBIE CUCTEMBI 103

B sTom ypaBmenun yke MOXKHO B3sTh YACTHIHBIN CJIEJT, [IPEIIIOIOKIB MATPHILy IJIOTHOCTH B TAKOM BHUJIE. W aeomoruaeckn
TO YTO OBLIO CefYac IPOJIETIAHO — ITO BTOPOI HOPSIOK TEOPHUH BO3MYIIeHUit 110 V', 1 clieslaHHOe MpUOJINyKeHe HOCUT Ha3BaHUe
BopHoBckoro npubanrkenns. Bepst yacTuuHbI ey cieBa U ClipaBa, U Hepexois K 7 = ¢ — t/, MbI oIy JaeM:

e [ e ([0 - e - V0] (9:9)

Kak mbr OPOAEMOHCTPHUDPYEM JlaJiee sIBHO, B PE3YJ/IbTaTe B3ATUA TaCTUIHOI'O CJIeJa BOSHUKHYT KOPPE/JIAITNOHHBbIC @yHKL[I/II/I BUIa

Sit—t) = <‘i)(t)(f>(t’ )> (HECIOXKHO BUJIETH, OHU 3aBHCAT TOJBKO OT PAa3HOCTU BpeMéH). Takue aBTOKOPpESIuOHHbIE (DYHKIUHT

OIIPENIEJISIOTCS TMHAMUKOM CPeibl, U KAK MIPABUJIO, OHU OBICTPO CHAIAIOT 0 HyJIs HA OY€Hb MaJIbIX MACIITA0aX BPEMEHU — €CJIU
OKPY2KAIOIIast CPeJa COAEPXKUAT OIPOMHOE KOJIMIECTBO CTEIeHel CBOOOIbI, TO O KOPPEJSIUX HA CKOJIb JUOO IMPOIOIKUTETbHBIX
BpEMEHAX TNOBOPHUTH HE MPUXOJUTCA. DTO MPUOJIMKEHIEe HOCUT Ha3BaHue MAapKOBCKOrO IIPUGJIMXKEHUSI, U CBOJUTCS OHO K
creyonmeMy (GU3NIeCKOMY CBOHCTBY OKPYZKAIOIel cpejibl — KaK MPABUIIO, CPEJIa He 00.4a0aem namsmovio.

Ecaun npeamnonokuThb, 9To 3TOT MacITad BpeMEeHN MHOTO MEHBIIEe MacIITada BPEeMEH!, Ha, KOTOPOM MEHSIETCS caMa MaTPHIa
[UIOTHOCTH, TO MOYKHO 3aMeHUTh ps(t — 7) — ps(t), a Tak:Ke B CHILy CXOJMMOCTU MHTErpaJa, 3aMEHUTb €r0 BePXHUI [IPeIest 10
GeckoHeIHOCTH. B pesysbrare Mbl I0JydaeM Cllelyoliee KBAHTOBOE KMHETUYEeCKoe ypaBHeHue (master equation):

o [ (19,00 Ve - 11 V0)]) (9.10)

B takom Buse 3T0 — cucrema JuHEHHBIX 1 PEPEHITHATLHBIX YPABHEHH C TTOCTOSTHHBIMU KOIMDDUITMEHTAMN HA KOMITOHEHTHI
MATPHUIBI IJIOTHOCTH pJs. ECIU OKpy»Kamolas cpefa He 00JIaaeT MaMsAThIo, TO CaMblil OO B KBAHTOBOI'O KHHETHIECKOTO
yPaBHEHUsI UMeeT BHJI Y PABHEHUS ﬂnHﬁnaﬂdﬂ

d”dsit(” — ilp (1), o + Lps(t) (9.11)

B mpapoit wacTt crouT cymepomepaTrop — JHHEHHBINH OrepaTop, AHCTBYIONINN Ha MPOCTPAHCTBE JUHEHHBIX OMEPATOPOB —

HOCATIWI Ha3BaHue omeparopa JIuHOIaIa; OH UMeeT CMBICT aHAJOra MHTErpajia CTOJIKHOBEHUII B OOBITHOM KHHETHIECKOM

ypasaeruu. Oneparop 5TOT He MOYKeT ObITh IIPOU3BOJIBHBIM — JayKe IIPU B3aUMOIENCTBUN ¢ OKPY2KAIOIIEi cpeIoii, Takoe ypaBHe-

HUE JOJZKHO COXPAHATH HOPMUPOBKY Trpj, () = 1 1 NOMOKATENLHYIO OIPEIEIEHHOCTD MATPUIBI Ps. 1O 9TO MBI cefiuac moJLyIumin
— 9TO gBHBII BuJ oneparopa Jluubiamsa B mpubiankernnn bopra-Mapkosa.

S BHBII Bu,

YTo0BI IPOABUHYTHCH JAJIblIle, JaBaiiTe MOJCTABUM sBHBIM BHJ BO3MYIIEHAS U PACKPOEM KOMMYTATODHI:

dj; = / T ary, ps(1)peba(t — T)B(t = T)52(1)D(t) — G2 (t = T)D(t — 7)ps (1) peba (1) D(2)
0

— o () R()ps(t) peta(t — T)O(t — 7) + Go() ()54 (t — T)D(t — T)ps(t)pe | (9.12)

[MTopuépKHy T OLEPATOPBI, KOTOPBIE NEHCTBYIOT HA CTEleHU CBODObI OKPY2Kaomieil cpeipl (1 KOTOpble, COOCTBEHHO, yUaCT-
BYIOT B Ollepaliuy B3aTuU cjiela). [Ipu B3gTum ciea MbL:

® MOXKeM KaK yTOJHO MEHATb MeCTaMU IOJIUYEPKHYThIe W He IMOTIEPKHYTBIE OIIEPATOPHI — Be/Ib OHU JAEMCTBYIOT Ha Pa3HbIE
CTEeIleH! CBOOOIbI, U IOTOMY KOMMYTHPYIOT.

® HE MOXKEM MEHSITh OTHOCUTEJIbHBIA TOPSAIOK MOMIEPKHYTHIX ONEPATOPOB (AHAJIOTUYHO U ¢ HE TIOAYEPKHYTHIMA) — UX KOM-
MYTaTOp B ODOIIEM CJIydae OTJIMIEH OT HYJIs.

® MOXKEM IUKJIMYECKHU I1epeCcTaBJIATb HO,U,‘{épKHyTbIG o1repaToOpbl KakK XOTHUM u3-3a ollepalun B3ATUU CJiela

4OTMeTnM, YTO OHO 3AIMCHLIBAETCS B IMpeacTaBieHnn 11Ipéaunarepa, HOITOMY H06ABISETCS YIEH, ONUCHIBAIONINA COGCTBEHHYIO UHAMUKY C FaMU/Ib-
ToHuaHoM H.
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Haxkomerr, BBes ciieayromme KOPPEIIIMOHHbIEe (YHKITAN:

So (1) = Tre(pe@(t)0(t — 7)),  S<(7) = Tre(pe®(t — 7)O(t)) = S-(—7) (9.13)

MbI MOXKeM HU30aBUTHCSI OT YACTHUIHOI'O cjleia 1 IMOJIyIUTh:

dps
dt

== /OOO dr (S<(7) [ps()02(t = T)02(t) = 62 (8)ps ()00 (t — T)] + 55 (7) [62(8) 2 (t — 7)ps(t) — G2 (t — T)ps(t)0(H)])  (9.14)

9.1.3 KoppeasiimoHabie PYHKIIUN CPEIbI

Jasbiie HaM HEOOXOIMMO HAYYUTHCS BBIYUACISTH KOPPEIAINOHHBIE (DYHKIINN CPEJIbL:

5.0 = (B0RO) = 3 hud (a0 % (0)) = TN (e 4 e+ 81)) = 4 (i + (i) e

(9.15)
TyT MBI BOCIIOJIB30BAJIUCH TE€M, UTO OCIHUJLISITOPHI HE3ABUCUMBI — IIO9TOMY OCTAIOTCS TOJBKO WIEHBI M = mM; U 9TO CpeIHUe
sHadenus (a,d,) = <&11&L> = 0, TOCKOJIbKY MATPUIA JIOTHOCTU JUATOHAJIbHA B MPEJICTABICHUN YUCETT 3AITOTHEHUST:

) = e it = Z k) (k] - €70 (9.16)
n n

OmwinyHbBIE OT HYJIsI CPEJIHUE — CJIELYIOIIHe:

o\ Do (k[ afan k) em Pk ST ke Penk _ 1 G oAty —

) = D€ Penk TN e Pk =np(wn) = Z5—7, (Andp) =

[TockoabKy umnca 3amoHEHUS ABASIOTCS (DYHKITUSIMI SHEPTUH, TO MOXKHO 3aMETHUTb, 9TO BCsi MH(MOPMAIHS O CPEJe COIep-
JKATCs B CJIeAyIonieil MyHKIMN — TaK HA3bIBAEMON CHEKTPAJIbHOM MJIOTHOCTU CPEeJbI:

alan) +1 (9.17)

(Wwy=mn Z N 5(w —wy) (9.18)

KonTunyaabHbi peest i cpejibl Kak pa3 OyeT IpejIcTaBisaTh coboi 3aMeny J(w) Ha HEKOTOPYIO HEIPEPLIBHYIO (DYHKIIUIO
9aCcTOTHI; €€ SIBHBIM BUI MBI OOCYINM ITO33Ke, a MOKa MEPEInIeM KOPPEISITNOHHYI0 (DYHKIIIO CPeabl B CJACAYIONEM BHIIE:

Ss(t) = /0 d: J(w) ((nB(w) +1)e ™t ¢ nB(w)eiwt) = Ss(w) = Qj(w)(nB(w) +1) (9.19)
> dw —iwt iwt T
S<(t) = /0 7J( w) ( sw)e ™" + (np(w) + 1)e ) = Sc(w) =2J(w)np(w) (9.20)
e obosmaueno J(w) = J(w) — J(—w) u ucnomszosano np(w) + 1 = —npg(—w).

9.1.4 VYpasuHenus Bioxa

B npunmune, maabine MOXKHO ObLIO OBI TIOJACTABUTD sIBHBIN B MarTpull [laynn B npeacTaBIeHIN B3aUMOACHCTBUS, U IOy IUThH
cucremy u3 4 ypaBaeHuil Ha 4 KOMIIOHEHTBI MaTpuiibl wioTHOCTH. OJIHAKO, GoJlee HATJISIHBIM SIBJISIETCS MpejcTaBienne bioxa,
KOTOpOe ITapaMeTPU3yeT MaTPUILy IIJIOTHOCTU IIPOU3BOJILHON JIByXyPOBHEBOII CUCTEMBI IIPU IIOMOIIU BEKTOPa 71 COIJIACHO:

ps(t) = S (I+n(t) - o(t) = 3 N

1 - 1 1+nz n,e_iAt
2 2 \nye 1—mn,

),nw—ﬁ@@ﬂm—wwn (9.21)

(y BekTOpa HAIISAHBINA (DU3NUECKU CMBICJ — OH HpeJCcTaBiisgerT coboii BEKTOp nojsgpusanuu cuuna). Hanumem ypaBHeHUs HA
KOMIIOHEHTBI BEKTOpa T:

d%t) =h <dil§t)[’8(t)> +1r <&(t) dﬁ;f”) =i < [H &(t)} > +Tr <&(t) dﬁgt(t)> (9.22)

TlepBblii wien TpUBUAJEH, OH OIUCHIBAET KOMEPEHTHYIO IPENECCHIO B OTCYTCTBUN B3aumoeiictsus, cM. ((9.3); mosromy Mol cdo-
KyCcHpyeMcsl Ha BTOPOM 4iieHe, nojcrasus B Hero ((9.14), a Tak»ke Bce omeparopbl B IPEICTABICHAN B3aUMOJICHCTBHS; UCCIIELyeM
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(2)
YTO IOJIYYUJIOCH ITOKOMIIOHEHTHO. Cpa3y OTMETHUM, 4YTO YpaBHEHHUE Ha T-KOMIIOHEHTY TPUBUAJIBHO — dfﬁ = 0. Csazano 3o ¢
TeM, UTO (G, f/} = 0 — ¥ MO3TOMY TOYHOE ypPaBHEHUE MMeeT BUJI:
dng(t)
= —An,(t

Z-KOMIIOHEHTa
TloacraBnsist u ynporasi, moydaem:

dn'? (t o

Zdit() = —2/ dr [ny(t)Sk(T) cos AT — iSr(7) sin A7) (9.23)

0

rie o6o3Havensl Tak HasbiBaemble Kemnpimesckue (K) u sanasapsaromue (R, retarded) xoppensimuonnsie dysknm:

Sic(r) = 85(7) + 8<(r) = ({8(1), 8(0)} ), Sn(r) = 6(r)(S=(7) = 5<(7) = 6(7) { [b(7), &(0)] ) (9:24)

_ A
Beraucsmm crosiimue TyT npeobpasosanust Qypbe (ucnonbsyst ToT Gakr, 9ro Sk (7) = Sk (—7) u 2np(w) + 1 = coth ’87)

2/ drSK(7)cos AT = Sk (w = A) = 2J(A) coth % (9.25)
0
2 / drSp(r)sin AT = So (w = A) — S-(w = A) = 2J(A) (9.26)
0
IlosToMy MBI epenuIieM ypaBHEHNE HA Z-KOMIIOHEHTY B CJIE/IYIOIIEM BHUIE:
dn.(t)  na(t)—nSY 1 BA BA
S — —2J(A)coth == (ea) — tanh == 2
7 T T J(A) cot 5 T tan 5 (9.27)

DT0 ypaBHEHUE OIMCLIBACT MPOIECcChl pesiakcaruu. [[pon3BosibHOE HAYaJbHOE 3HAYEHNE HAMATHUYEHHOCTH OyJeT pesiak-

(eq)

cupoBaTh 3a BpeMsa 1) (KOTOpoe HOCHT HA3BAHUE BPEMEHM DEJTAKCAIIMM) K CBOEMY DABHOBECHOMY 3HAYECHHIO M MO 3aKOHY
n.(t) = n{? 4+ (n.(0)— nieq))e_t/ i Oramermy, 4To BemranHa n'?) COBIATAET O CPeJIHeil «HAMATHIICHHOCTBIOY, €CITH CHCTeMa,
OIHCHIBACMAS] TAMIIBTOHIAHOM H, GyJeT HAXOMUTCSH B TePMOJMHAMITYECKOM DABHOBECHE C TeMIIEPATYDOM, KOTOPasl COBIALACT
¢ Temneparypoii 6anu 1. Tem cambin, 3a Bpemst 1] IPONCXOAT TEPMAIM3ALMS — YCTAHABINBACTCA PABHOBECHE.

Jls1 repMasmzanun HeOOXOAMMO, ITOOBI IPOUCXO/UIIN PeasIbHbIE IPOIECCH] [IEPEBOPOTa CIIMHA — HPH 3TOM CHCTeMa JIOJI?KHA
3abupars u3 6anu (niu oTaaBaTh Ty/a) sHepruo A. ITosromy ToT (akT, 9T0 CKOPOCTD PesaKCaId OKa3a/1ach MPOIIOPIMOHAIBHA
J(A) — He yJMBUTEIBHO; BEJb €CJIM B OKPYXKAIOMIEH cpejie, CKasKeM, OCIULIATOPBI ¢ 9acTOTOH A OTCYTCTBOBAM ObI, TO GBLIO
Obl HEBO3MOXKHO JIUCCHIINPOBATH B HEE KBAHT 3HEprum A (BO BCAKOM CJIydae, B IEPBOM IIOPSIIKE TEOPUH BO3MYIICHHIA ).

Y-koMmoHeHTa AHAJOMUYIHO, IyTEM MPIMBIX BHIYUCICHUA MBI [TOJTYIaeM:

(2) o0
dny”(t) .
—a = -2 dr Sk (7)(ny(t) cos AT 4+ n, (t) sin AT) (9.28)
0
ITepBblit 4ieH yke GbLT COCYMTAH paHee, a BOT BTOPOH OTJIMYAETCS — OH HE CBOJUTCA K mpeobpasosanuio Oypbe W st
€ro BLIUHUC/IeHHsT TpebyeTcst perysapusanus e ¢ — KoTopas, Iocje UCHoNb3oBanusa (popMysbl COXOIKOro, TOBOPUT HAM, UTO
OCTABMIATICS WHTETPAJT TI0 YACTOTE Hy?KHO GPATh B CMBIC/IE TJIABHOTO 3HAUECHUS:

2/0 drSK(T)sin AT =2 /(dw)J(w) coth B;/o dre” ™" sin At = fv.p./o %J(w) coth %‘}m (9.29)
OxonuaresbHO, cOOUpasl BCE BMeCTe, yPABHEHUE HA Y-KOMIIOHEHTY BBLIIVISAUT CJIEAYIOMIM 06pasoM:
dn, Ny (1) 1 BA * dw Bw  2A
—2 = (A = 26)n,(t) — =2 — =J(A)coth—, J§=v.p. — th———— .
= (A= 20n() — Eg. = IW)eoth R b= v [ o o (9.30)
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Buibop mBoek B 9TOM ypaBHEHHH MOTHBHUPOBAH CJEIYIONINM coobpaxkenmeMm. llomyuennas cucrema JUHERHBIX AuddepeHIu-
AJIbHBIX yPaBHEHUIl OIMCBHIBAETCA CJICAYIOEed MaTpUIei:

dt \ny) ~ \A =20 2/Tz) \n, (9-31)

KOTOpast IMeeT COOCTBEHHBIE YACTOTH wi 2 R £(A — ) — TLZ ITosTomy BesimumHa § — 3TO TMOIpPaBKa K dacrore A, a 3aTyXaHue
BCeX pelleHuil IIPOUCXOJIUT KakK e t/T2,

Bxkiaj 6 Hocur HasBanue JIamGoBCKOro c;:[BI/IraEL OH OTBEYAET 3a IEPEHOPMUPOBKY YaCTOTHI «IIPEreccus A, CBSI3aHHYIO CO
B3aMMOJIEHCTBAEM C OKPYZKaloleill cpeioi. B KoHTeKCTe JBYXbAMHOIO MOTEHIMAA, A UMEET CMBICJ TYHHEJHHOTO MATPUIHOIO
ajeMenTa; ToT (hakt, 94To § yMmeHbmaeT dPEPEKTUBHYIO BeJII/I‘{I/IHyE A, gBisiercst JeMOHCTpaIyeil Toro, Kak B3anMOJeicTBIe
C OKPY2KAIOIIEN Cpeioil MOMaBIseT TYHHEJIMPOBAHUE. XOTs YpaBHEHUsI ObLIN HAIIMCAHBI B PAMKAX T€OPUH BO3MYIIEHUI, MOXKHO
OKa3aTh, ITO B JAHHON MOJIETN UMEETCs KBAHTOBBIN (pa30BbIil TepeXol — MIPH JOCTATOYUHO CUILHOM B3aAUMOIEHCTBUHU CO CPEIOit,
TyHHEJIMPOBaHUe IIOJABJIAETCA 10 HyJIs.

Haxoner, unen Ty HOCHT HasBaHue aedasupoOBKH, OH HOJABJILET ONEPEIHYIO0 KOMIOHEHTY Ny 4 (f) TAK, ITO OHH HAIHHAIOT
3aTyXaTh Kak e~t/T> Ha srom XapaKTePHOM BPEMEHU 3aTyXalT KOrepeHTHbie ocruisnun Pabu. Vmeercss HaryisiiHbIi c11ocob
upencraBuTh cebe nedasuposky. Jasaiite paccMoTpuM aHcaMbib CIMHOB, BPAIIAIOMIMXCA Kozepenmno (cungasno) BOKPYT ocu
z ¢ ommHakoBoil dacroroir A. OmHAKO, M3-38 B3aUMOJEHCTBUS C <IIIyMOM», WH/YIIHPOBAHHBIM OKDYKAIOMIEH CpeJoii, JacTora
Ka2XK/JIOr0 U3 9TUX CIIMHOB UyTh «JIPOKUT», N3-3a Yero KaK/bIil N3 HUX HAYMHAET BPAIAThCA C 9yTh U3MEHEHHON 9acTOTON. XOTs
Ha MaJIbIX BPEMEHaX 3Ta IMOIpaBKa Oy/leT He3aMeTHA, U JUHAMHUKA OyJIeT OCTaBATbCs KOT'€PEHTHONW — OJIHAKO CIIYCTsI KaKOe-TO
BpeMsI CIIMHBI OKaYKyTCsl COBEPIIEHHO CJIyYailHbIM 00pa3oM pa30pocaHbl B IJIOCKOCTH, U CPeJIHee 3HAYEHUE ITPOEKIUU CIUHA Ha
IIJIOCKOCTb TY BBIAJET Ha HyJE€BOe 3HAYEHHE.

[Toguepkuém, uro dbusndecku wieHbl 1] u Th UMEIOT COBEPIIEHHO PA3HYIO MPUPOY, U OTBEYAIOT 3a PA3JINIHbIE (DUUIECKUE
LIPOIECCH (XOTs B PAMKAX TPUBHAJILHOI TEOPUU BO3MYIIEHHI U II0JIYy YUJIOCH, YTO OHU OTJINIAIOTCS B [[BA Pa3a — B PEAJIbHOI KU3-
HU OHU MOTYT OBITH COBEPIIIEHHO PA3JNIHBIMU; B YACTHOCTHU, B JIOMAITHEN 3a/1ade OyIeT MpeIoKeHa MOJIEIb ¢ OTCYTCTBYIONIEH
penakcanueil, Ho ¢ HajmuueM jedasuposku). ['py6o rosopst, Bpems T — 3T0 BpeMs, B T€YeHHE KOTOPOTO B HAIIeil KBAHTO-
MEXaHUIECKON CHCTeMe emé MOTyT HabJII0IaThCd KaKue-Inb0 KOTePEHTHhIE KBAHTOBBIE 3((MEKTHI, M MIOCIe KOTOPOrO CHCTEMa
BeneT cebsi B OOJIBINOI Mepe Kiaaccmdeckn. Bpems 1) ke roBopuT HaM, KOTJa U3MePsieMble 3HAYEeHUsT HAOIIOMAEMbIX IEPECTaHy T
3aBUCETH OT BPeMeHU (pa3yMeercs, yCPEIHUB 10 ObICTPHIM KBAHTOBBIM OCIUJLISIIIUSIM ).

9.1.5 O cneKTpaJjIbHOI MJIOTHOCTU

Bcero undopManuio o crpyKType OKPY2Kalolieil Cpejibl Mbl «CIPSITadn» B clekTpasibHyio dyskimmio J(w). C apyroit cTopoHsl,
MBI TI0K& HUYEro He TOBOPUJIM O TOM, Kak J(w) ycrpoeHa. OHa 3aBUCHT OT KOHCTAHT CBsI3U U OT IUIOTHOCTH COCTOSIHWI B GaHe;
KaK IIPABUJIO, TIOCJIEIHss PACTET KaK KAKas-TO CTEIeHb YACTOTHI; KaK CJEJICTBHE, TUIMIHOE HoBejgenue — 310 J(w) o« w?. C
JIpYTOIi CTOPOHBI, KaK MPABUJIO B OKPYIKAIOIIEH Cpejie HeJTb3sl HAfTH MOJIBI CO CKOJIb YTOAHO OOJIBINMI YaCTOTAMU — Y (OYHKITHH
J(w) MoxkeT uMeTbes 06pe3Ka Ha KAKOU-TO IOCTATOYHO GOJIBIION qaCTOTe[] We, BbIIEe KOTOPOiil J(w) BGBICTPO CHALAET 0 HYJIs.
Hanumanme Takoit o6pe3ku MoKeT OBITH CYIIECTBEHHO IS HEKOTOPBHIX 3(DHEKTOB, KOTOPhIE MPOUCKOIAT OT YIbTPADUOIETOBBIX
creneneil cBo6ozpl 6aHu (K IpPUMEDY, IIPH UCCIeA0BaHNN JISMOOBCKOTO C/IBUTA).
ITo moBenenuto ckopocTu pesakcanuu mpu A — ), BBIIETSIIOT HECKOTIBKO CIIyJIaeB:

e Omuyeckas Gaust: s = 1, J(w) = mawd(w. — w). IIpu srom ﬁ — const npu A — 0. Haubosee wacto BeTpedaemblii u

pOCTOit TUI «OaHm».

e Cy6-oMuueckas Gaus: s < 1, —— — oo mpu A — 0.
Ty 2

e Cynep-ommnyeckas 6aHsa: s > 1, ﬁ — 0 mpu A — 0.

5Boob1rie TOBOpSI, BBl HABEPHSIKA y2Ke CJIBIIAIN IIPO JISMBOBCKMII CIIBHUT, HO B JPYroM KOHTEKCTe. VICXOIHO TaK HA3BIBAETCS PACIIEIIEHHE MEXKIY
25, 2B 2p; /2 YPOBHAMM SHEPIUM aTOMa BOJIOPOZIa, KOTOPOE MMEET MOPHAJIOK a® (a & 1/137 — nocTosHHAs TOHKON CTPYKTYDBI) U BBI3BAHHOE DeJlsi-
TUBUCTCKUMHU 3pdekramu — rersieBbiMu nonpaskamu KDJI, 3a cuér paccMOTpeHHUsI BUPTYaJbHBIX MIPOIECCOB POXKJIEHUS U YHUYTOXKEHUsI (DOTOHOB B
CTapIINX MOPSIIKAX TEOPUH BO3MYIIEHUMN.

MOXXHO Ha 9TO CMOTPETh U C TOYKH 3PEHUS JIMHAMUKUA OTKPBITBIX cucTeM: JISMOOBCKMII CIBUI BO3HHMKAET 3a CYET B3AMMOJEHCTBUSI C HYJIEBBIMHU
KostebanusiMu pOTOHHON «bauu». [TosToMy, Kak 3T0 HU cTpanHO, JIsamboBckuit capur B KDJI u B Hameil 3a7aue IMEIOT BECbMa CXOXKYIO IIPUPOY.

Tor dakT, 4To OH OmpeeNAeTCcs HE TOJILKO CTEMEeHIMU CBOOOABI GAHU, YTO HAXOIAATCA B PE30HAHCE — HA 9YacToTe A — a MHTErpajioM IO BCEM
9acTOTaM, FOBOPUT O TOM, YTO OH MMeEEeT NPHUPOJY NONPABKH, CBA3AHHON ¢ BUpPTyaJbHbIMU nporeccamu. Ckopee Bcero, ary GopMmyiy (CKazKeM, NP
T = 0) MOXKHO IOJIyIUTh UCXOJsl U3 CTAHJIAPTHON POPMYJIBI I BTOPOrO MOPSIKA TEOPUH BO3MYIIECHHH.

60cHOBHOIT BKJIaJ B HHTErpas, KaK MPABUIIO, IPHXOIUT OT YaCTOT w > A, U IOSTOMY BEJIUYUHA § MOJOYKUTETbHA

"Ecsu Gaus obecredena pOHOHHBIME CTENEHSIME CBOGOIBI, TO We — 9TO dacToTa Jebasi, Bbime KOTopoil ¢hpoHOHOB Het. Ecim aTo depMuonHas Gas
(koTopasi, KOHEYHO, TPeOYeT OT/EILHOIO PACCMOTPEHNS), TO B POJIM OOPE3KH MOXKET BLICTyHaTh dHeprust Pepmu.
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9.2 IlomaBjieHne TyHHeJUPOBaHUS B JABYXYPOBHEBOI CUCTEME

9.2.1 IleprypbaTuBHOE paccMOTpeHUE

HUcciieyem uyTh Gostee moapobHO posib JIsMOOBCKOroO caBura §, MOJIYyYEHHOrO JJjisi CHUH-O0030HHON Mojiesin paHee. HanoMmauM, ero

POJIb 3aKJIFOYAETCS B HOJABJIEHUN MATPUIHOrO dj1eMeHTa Agg = A — §, OTBEYAIONIEr0 TYHHEJIBHON aMILIATY/Ie I YaCTOTe KOre-

PEHTHBIX ocrmuisanuit Pabu Jijist IBYXbsIMHOIO MOTeHIMaJa. J[Jisi TpoCTOTHI, MBI OyIeM HCCJIEIOBATEL CIydail HyJsl TEeMIIepaTyp
=0, u oMuIecK H w) = Tawd(w, — w), canras w . IIpsimoe Beramcsienue (9. ér:

T=0,uo0 eckyIo bamio J 0(we , cunras we > A. I oe cierue (9.30) naé

T w2 — A2 A

Mpr mostyunsiu jiorapudMUYECKH HHTErpaJl, KOTOPbIii HabupaeTcs Ha BCeX MacIlTabax, HaunHasd OT A U 3aKaHINBAs YIbLTPa-
duoseToBoit 06pe3KOil HA GOJIBIIUX YACTOTAX W, (B OTJMYIHUE OT BCEX IIPEILLILYIIUX Y4IEHOB, KOTOPLIE OIPEIEIsINCh PE30HAHCHBIM
[OBEJIEHUEM — OCHUJIIATOPAME € 9aCTOTaMK w &2 A). DTO 3HAYUT, YTO HECMOTPs Ha MAJIOCTb BEJUYUHBI (v, CAM OTBET § BIIOJIHE
MOXKET 0Ka3aTbCd cpaBHUM ¢ Al

B crapmux nmopsaxKax Teopun BO3MYIIEHHii, BOOOIIE TOBOPs, MOTYT BOSHHKATDL Takme ke Gosbmme diensl (aln %)™; n ecm
sorapudM J10CTATOYHO GOJIBINOM, TO, TO-XOPOIIIEMY, TAKME YJIeHbl HY?KHO yIUTHIBATL Bee. CucreMaTndeckuil cocod ydéra jiora-
PUGMUAYECKUX PACXOJIUMOCTEN B pAMKaxX TEOPUM BO3MYINEHUH BILIOTH JI0 GECKOHEYHBIX MTOPSIIKOB BO3MOMXKEH, U COCTABJISIET CYyTh
Merona peropmepynns. C HUM Bbl O3HAKOMUTECH ITIO33KE, & 3J[eCh Mbl OIPAHUYIUMCS 60Jiee MPOCTHIM U (PUBUIECKU HATJISIHBIM
€10co60M, KOTOPBIH IPUBOIUT K TAKOMY K€ PE3YJIBTATY.

0= V.p./ dw S TOW - 24 ~ 20aA1In 2¢ (9.32)
0

9.2.2 ApmabaTtmyeckoe pacCcMOTpPEHUE

Wrak, MBI TIOTYy9IUIN JTOTApUMMUAIECKYIO TTOMPABKY, KOTOpas MPUXOINT U3 IMIMPOKOTO anara3ona JactotT. Ilogasisommit BKIIa,T
JarT «ObICTpble» cTerneHu cBOOOIBI DaHM € dacToTaMu w. > w > A. K cuacTbio, Korja umeercst pasjiejieHue ObICTPBIX U
MeEJIJIEHHBIX CTeleHell ¢cBOOO/Ibl, Ha IIOMOIIb MPUXOJUT aJIuadaTudecKoe IPUOINKEeHNe, KOTOPBIM MOYKHO BOCIIOJIB30BATLCSI U B
3TOU 3ajaye.

C Toukm 3peHusi OBICTPHIX OCHUILIATOPOB, yI00HO paboTarh B 0a3uce COOCTBEHHBIX COCTOSIHUI OmepaTopa d,, COOTBETCTBY-
FOIUX «JaCTHIE B JIEBOM siMe» |+) = % (11), 0, = —1 n «Jacrune B Upasoil sime» |—) = % <1), oy = +1 (B TepmMuHax

ABYX'bAMHOT'O HOTGHI_LI/IaJIa). rHJIH aHaJn3a IIOBEACHUA CHUCTEMBI, IIePEeInuIIeM 'aMIJIbTOHHaAH OCHUJIJIATOPOB O6paTHO B TepMHHaAX
a—a
21

SN S t 5 A .
omepaTopos KoopauHaTel X = @ 4 af u nmmymsca P = , Tak uro [X, P] = i

Xo o\ [ Xn .- I
At A no_ . n . P2 2
Ul = | =~ iP, - +iP, | =P:+ ZX” + const (9.33)
B TakoMm citydae, ¢ TOUKH 3peHns «OBICTPBIX» OCIUJUIATOPOB, HAXOXKJIEHUE YACTHUIILI B JIEBOH WM IIPABOil sIME COOTBETCTBYET
HOMPOCTY CABUZKKE NEHTPA OCIIJLISITOPA:

. R EUURED W o 1. ]’
H, ~w, (Pg +-X2¥ Xn> =w, | P24 = [Xn F 2} + const (9.34)
4 Wn, 4 Wn

+iP,-22n
U OCHOBHOE COCTOSIHUE TAKOIO <«CABHHYTOrO» OCIMJLIATOPa YCTPOEHO Kak e~ " “wn |0,) (upuMeHmM onepaTop TPaHC/IANMN).
TlockosbKy OBICTPBIE OCITUIIIATOPBI «IIOJICTPANBAIOTCS» OJT JIBIKEHIE M€ JIEHHOI JIBYXYPOBHEBO MOICUCTEMBI, C TOYKH 3PEHUST
«OBICTPBIX» OCIUJIJISITOPOB IIOJTHAST BOJTHOBAs (DYHKIWS CHCTEMBI IIPA STOM COOTBETCTBYET CJIEILYIOMIEit:
2i2n p —2i2n p,
[ ot = 1<) ® H e”en T |0n), [ Dhor = 1) ® H e "ent0y) (9.35)
wn>A wn>A
rJle TEH30PHOE [IPOU3BeeHne DEpETCst 10 BCEM OCIUILIATOpaM OaHu.
N3-3a cMernennst oClyIITOPOB U3 «OaHIy, MEHSIETCs TakKe U 3DMEeKTUBHBII MATPUIHBIN 3JIEMEHT, OIIPE/IEISIONTN TMHAMY-

. 3 —4i2n P,
Ky aByxyposuesoit cucreMbl: e = 2 (| Hepin =) = A-T[, s A <e on "> . Hoceiee mpousBe ieHne HECJI0KHO BHITHCIHTD
n
n

(BKJIIOUAs yCpeJIHEeHHe 110 OCHOBHOMY COCTOSIHHIO OCIHJLISITOPA. E[), U HOJIyYUTb:

8Har1p1/IMep, MOZKHO B34Tb BOJTHOBYIO (byHKHI/I}O OCHOBHOTI'O COCTOAHHA B UMITYJIbCHOM IIPpE€JICTaBJIEHUN U COCYUTATDH I'ayCCOB MHTErpaJl. ,ZLJ'IH BbIIUCJIE-

1 Y
HHSI 9TOTO CPEIHEro IPH IIPOM3BOJILHON TeMIlepaType yA0OHO HCIOIb30BaTh OOILyI0 (OPMYILY <e°‘“+3af> =e? <<aa+ﬁ ah) >, KOoTOpasi paboTaeT u JJIsi
YCPEJIHEHHS 110 TeMIIEpATyPHOU MaTpPHUIle IIJIOTHOCTH.
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A2 2 J(w We
A=A -exp | —2 Z o = A -exp —W/w>>Adw 5}2) zA-eXp<—2aan) (9.36)

wWpS>A T

B nepBoM npubiinzKeHun 3T0 BbIPasKeHHEe COBIIAJIAET ¢ HepTYyPOATUBHBIM Pe3yJIbTaToM (B IIpe/esie MajblX (), OJHAKO B 9TOM
BBIBOJIE MBI HE HAKJIAJBIBAJIN HUKAKUX OrpaHuYeHuit Ha «. Kpome TOro, 3amMeTum, 4TO B JIEHCTBUTEILHOCTU HUKHsS 0OpE3Ka
[TOJIy 9€HHOT'O JIOTAPU(MPMUIECKOI'0 UHTErpaJja BhIOMpAIach U3 yCJIOBUsT auabaTUIHOCTHU; ITOCKOIBKY PEGAbHAA JTUHAMUKA JIBYX-
YPOBHEBOI MOJCUCTEMBI OTIPEJIEIAETC UMEHHO Agg, & He A TO 3TO BbIpaXKEHUE HYYKHO UCIPABATH U B34ATh B KAYeCTBE HUKHEN
00pe3kn UMEHHO Agg. DTO MO3BOJIAET 3AIUCATDH CJIEIYIONEe yPaBHEHNE CAMOCOTJIACOBAHUS:

2a %
Beft )7, Ao = A - A (9.37)

We We

A = A

MpbI moJIyYnau 3aMedaTebHbIA HelepTypOaTUBHBIA pPe3y/IbTaT: B JaHHOH CUCTEME UMEETCS KeaHmosvil @asosvili nepexod
opu o = % IIpu a < %, crucTteMa BeJIET cebsi KaK KBAHTOBAA JIBYXYPOBHEBasl CHCTEMa, B Heil HaOJIIOMAeTCsT TyHHEINPOBAHUE U
ocignun Paou (c IePEHOPMUPOBAHHONA 4acTOTO Aeff). O/1HaKO IpU JIOCTATOYHO CUJIBHOI CBSI3U C OKPYZKAIOIIEN Cpejioil, a
UMEHHO, IIpU o > %, €JINHCTBEHHOE PellleHne ypaBHEeHU camocorjacoBanus — 3T0 Agg = 0. DTO 03HAUAET IOJIHOE TIOJaBJIEHNE

KBAHTOBOT'O TYHHEJIMPOBAHUSA; C TOYKU 3PEHUA JIBYX'bAMHOI'O IIOTEHIIHAIA, 9aCTUIa, «IIOCaKeHHasd» B OHY U3 AM, TaM U OCTaeTCs.

9.3 Moaens Kamnneiipsr — Jlerrerra

Ha srom cemunape Mbl 06Cy MM MUKPOCKOIIAYECKYIO MOJIEJIb JIMCCAIATHBHON KBAHTOBOM MEXaHUKH OIHON JaCTHUIIbI, IIPEIJI0KEH-
uyto Kangeiipoit u Jlerrerrom. 3ameTnm, YT0 KAKUM-HAOYIb TPUBUAJIBHBIM 00PA30M BKJIIOUUTH TPEHNE B KBAHTOBYIO MEXAHUKY
HE MOJIyYUTCs — TaMHUJIBTOHOB (bopMaanm3M TpedyeT coxpaHeHus Hepruu u ¢a3zoBoro obobema. Ho okazbIBaercs, 9To mquccu-
MaTHBHAST MEXaHUKA IMOJIYIAeTCs eCTECTBEHHBIM 0Opa30M B CHCTEMe YacTUIa-OaHs, KaK sfidermuenas Teopus JJis J9aCTHIIbI,
MOJTyYeHHAsT UCKJIIOUYEHUEM CTereHeil ¢BOOOIbI 6aHyﬂ IIpu sToM Hem30e:KHO BO3HUKAET W BTOPOH KOMIIOHEHT 3(MD(MEKTUBHOTO
OIHUCAHUS — CAYHAUHAA CUAA, NEACTBYIOIAsT HA YaCTUILY, XapaKTEePUCTUKN KOTOPOH, KaK Mbl YBHUJIMM HUXKE, KECTKO CBSI3AHBI C
JIMICCATIATUBHON YaCThIO.
lamubTOHMAH MBI 3AIUIEM B CJIEIYIONEM BUIE:

. P2 N 2 2 MW R
H= o+ VX)) + 3 S R4 Y (o0 20 ) = 3 i X (9.38)

oM om,, 2

H, H. \4

BeJIMuuHBI ¢, UIPAIOT POJIb KOHCTAHT CBs3U ¢ GaHeil. Yiren o< X2 ObLI HAIMCAH JJIS TOTO, YTOOBI B3AHMMOJIEHCTBHE C OCITIII-
JIATOPAMH «COOMPAJIOCH> B BHJIE MOJTHOTO KBaIpaTa:

Mpw232 N 2 1 Crn <
R gy X + 2 X = ompwl (2 — — 5 X 9.39
2 Cnind 2mw? g M \ mw? (9:39)

Takoii raMUJIBTOHNAH «yBasKaeT» TPAHCJISIIMOHHYIO MHBAPUAHTHOCTb B CJydae orcyTcrBus noreHnuana V(X) = 0 (capuxka
X +— X + a, compoBoXKgaeMasi CABUXKKON T, — Ty + mc—&a, OCTaBJIsIeT TAMUJILTOHUAH UHBAPUAHTHBIM) — U IO3TOMY, KOIJA
OCIIMJIIISITOPBI HAXOJISTCST B PABHOBECUH, CPEJIHSST CHJIA, JTEHCTBYIONIAs CO CTOPOHBI baHu, paBHa HyI0. OTKIOHEHHE XKe JTII000ro
U3 OCIUIJIATOPOB U3 II0JIO2KEHU PABHOBECHUS BbI3bIBAET JOIOJHUTEIbHYIO CUILY, JEUCTBYIONIYIO Ha MCXOAHYIO YaCTHUILY.

9.3.1 IIpubsmxenue Bopua — MapkoBa

Cuepsa 00CyIIM, KAK MOYKHO OBLIO ObI, 110 AHAJIOI'HH CO CITMH-O030HHOM MOJIEJIBIO, TOIIPOOOBATH BHIBECTH KUHETHIECKOE YPABHEHUE
Ha MATPUILY [LUIOTHOCTU YACTHIIBI, B MpUOIMKeHnn cJ1aboil cBs3u. B mpespiaymieil 3aate Mbl MOIJIN BBIIIACATE SIBHO BBIIIUCATH
HEBO3MYIIEHHYO TUHAMUKY KaK CHCTEMBI, TAK W OAHU, ITO MO3BOJIUJIO HAM ODCY/INTH MOBEIEHNE CHCTEMBI, KOT/Ia XapaKTepHbIE
9acTOTHl OAHU U BHYTPEHHEH IUHAMUKU CHCTEMbBI OJIHOTO IIOPSIIKA.

[TonHOCTHIO aHAIOTUYHOE BBIYUCIIEHIE MOYXKHO IIPOJIEJIATD JJIst IIPOCTHIX CIYYaeB, JOIIYCKAIOIINX TOYHOE PellleHne — K IpuMe-
Py, CBOOOJIHOI YACTHIIBI, OCIUJIATOPA, JINHEHHOTO ITOTeHINaIa. De3 yKa3aHus sIBHOI'O BUJA IIOTEHINAJIA, €r0 IIPOJIeIaTh HEBO3-
MOYKHO — MBI TIOIPOCTY HE CMOYKEM BBINIACATH MPEJICTABJICHNE B3aUMOJIEHCTBUS JJIsI HEBO3MYIIIEHHON cucTeMbl. TeM He MeHee,

9Kasneitpa u JlerreTT MCKIIOYAIM CTEIIEHH CBOGOIBI GAHM B3ATHEM (DYHKIHOHAJIBLHOTO HHTErPaja; MbI K€ OyIeM MOJIb30BATHCS ONEPATOPHBIM
dbopmamuzmom
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MBI MOYXKEM 3TO CIeJaTh B KBA3UKJIACCUYECKOM IIpejesie, KOoraa ANHAMUKA OaH! Topa3ao ObICTpee JUHAMUKK CHUCTEMBI — B
TAKOM CJIyYae JJOCTATOTHO UCIOJIH30BATD MIPE/ICTABICHNE B3aNMOIEHCTBIE TOIBKO /I OaHu. Y paBHEeHNE HA MATPUILY IJIOTHOCTH
B TaKOM CJIydae 3aIIUIIeTCs B CJIEILYIONEM BUJIE:

— = i[p(t), H| +i[p(t), V(1)], V(1) =S)X, ()= cpiin(t) (9.40)

HanbHefimuii BBIBOJ] IIPOM3BOJUTCS TaK YK€ — Mbl HHTEIPUPYEM 3TO ypaBHEHUE 110 OTPE3KY [tq, t]; JONOIHUTEIbHOE pasIndne
3AKJII0YAETCS B TOM, 9TO Mbl [OJCTAB/IAEM II0JIyY€HHOEe BhIpazKkeHue Jjist H(t) ToJbKO BO BTopoe ciaraemoe. Hakoner, Geps ciel
10 CTEIeHsIM CBOOOIBI OaHN!, U UCIOJb3Ys TOT (DAKT, ITO KOPPEIAIUOHHDBIE (DYHKINN <i>(t) JIOKaJIbHBI BO BPEMEHH, MBI TIOJTydaeM
KHHETH4YeCKoe ypaBHEHNE B HECKOJIbKO MHOM BH/JIE:

d(zs = ilps(t), H) — /0 " arm, ([12s@pe, Ve =71 V(1)) (9.41)

IloguepkuéM pasiutine ¢ MPEILIIYIIM CIydaeM — U CAeJaHHOe JIOMOJHUTE/IbHOEe TpudsmKenne. TyT nMeeTcs UaeH, OTBe-
Yol JUHAMUKE C H s, IIOCKOJIBKY Mbl He ITPOU3BOJIM/IN IIEPEXO/] B IIPEJCTaBJIEHAE B3aUMOJIEHCTBUS C H s; I B CBI3U C ITHUM,
BBIpaKeHHe JIJIsd V(t) HE COJIEPKUT BPEMEHHYIO 3aBUCHUMOCTD OIlepaTOpa KOOP/IMHATHI X. OusHuecKn 9TO OTBEUACT KBAZHKJIAC-
CHYI€CKOMY TpEesy — IPEJIITOJIOXKEHAI0 O MeJJIEHHON NUHAMUKE CHCTEMBbI 10 cpaBHeHUIO ¢ Oameit. JlasbHeiimee paccMorpenne
9TOT'0 ypaBHEHHUe IIpejijlaraeTcsd IIpojiejlaTh B KadyeCTBe JJOMAIITHEr'o YIIPaKHEeHUs.

9.3.2 Omneparopublii (popMan3M

Bwmecto aToro MbI Oy/1eM MCCIeI0BATH ONIEPATOPHBIE YPABHEHUS JIBUYKEHUS JIIsT LIaCTI/ILU)I U OCTIUJIISITOPOB — ypaBHeHus [ eiizen-
Gepra. B meiicTBUTEIBHOCTH YI00HO IIUCATH YPABHEHUSI HA, CMEIIEHUS J, = Tp — X. Onu umeror CJIETYIOMIMIT BUJI;:

mw2
d):(/dt =P/M djn/dt = Pn/mn — 5ot G (9.42)
dP/dt =—-0V/OX +., caln | dpn/dt = —mpwin
1, UCKJII049ad UMITYJIbCBI:
d2 X Pin 4 en d2X
M—— a2 Z cnfn = 0, a2 tTwoln = Tnw? diz (9.43)

Hama 3aaua — UCKJIIOYUTH CTelleHH CBOOObI OaHu (OCHUILIATOPBI) — U IOJAYYUTHh yPABHEHUs, OLMCHIBAIOIIUE JIBUKEHUE
TOJIBKO YACTHUIBI. DTO JieaeTcs bojiee NI MeHee MPSIMOJIMHEHO — ypaBHEHUsI JIBUYKEHUsI CPEJIbI JTMHEHHBI, M X MOXKHO PEIUTh
C WCIIONB30BAaHNEM KJacCHuecKon (yHKImu ['puHa mpocToro rapMOHHIECKOro ocimisitopa Gy (t) = sinw,t/wy,, 1 UCIOIB3Ys
WHTET'PUPOBAHUE TI0 YACTIM:

. 7 Cn % cn t 2% (r
In(t) = Gn(0)Gn(t) + p:TfS) Comw? d);EO) Gn(t) = mw?2 /o Gl - T)%g)(h
= 0 (0)Cin(t) + ﬁ;fo) Gt mwQ / Gt —7) ( X 4 (9.40)

IloxcraBnsisa u rpynnupys 94ieHbl, Mbl MOKEM 3aIMCATh YPaBHEHUE Ha KOOPJAMHATY YACTHIIBI B CJIEIYIONIEM BUJIE:

dt? 0X mw?2 My,

WL [P0 i) 0= X ), {0 =Y e (1060 + 22%6,0) - ©.5)

n

Beymmrunna, é (t) BoiIgauT Kak 3 dekTuBHAs IONOIHUTEIbHAS CUJIA, JeHCTBYIONAs HA YACTHUILY U OUPEe/iseMas CTeIleHIME
CBOOOZIBI DaHN — B KJIACCHIECKOM MEXaHWKe TAKOTO pPOa CUJIbI HA3bIBAIOT JlaHotcesenosckumu. LmeH, 3aBUCAIUN OT TEPBOi
[IPOM3BOIHOM, HECET YUCTO JUCCUIIATUBHBIN XapakTep — OH YCTPOEH KaK BsA3KOe TPEHUE M IPUBOIUT K HECOXPAHEHWUIO SHEPIUU.
Ero menokajibHOCTH BO BpEMEHU OTBEYAET «ITAMSTH» CPEIbI.
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9.3.3 ChuekrpaJjibHbIII BeC 1 oMuYecKasi baHs

Kak n panee, Bcio nH(MOPMAIIIO O CTEIEHSIX CBOOOLI OaHU, U O KOHCTAHTAX CBA3M OAHU ¢ YaCTHUIEH, MOXKHO «3aKOAUPOBAThH» B
CIIEKTPAJIbHOMN (DYyHKITIN:

J@) =713 =5 — w,) = () = 2 /0 T o) coswt (9.46)

2mwn, T w

Jpyroit BayKHOI XapaKTEPUCTUKON SBJISIETCS KOPPEIANMOHHAS (DYHKITUS JIAHKEBEHOBCKIX CHJ]H BBIYHCJIATh KOTOPYIO MBI
MO2KeM HCIIOJIb3ys PABHOBECHbIE 3HAYEHUS JJIs OCIIUJIIATOPOB

1 Bw My Bw
~2 n A2 nwn n
= th = th — 9.47
(92) Moy, Ty (P g W (9-47)
~ ~ 2 1 1 [e3e]
<<(t)¢(t’)> = Xn: nf:}n 5 coth %“’ cosw(t =) = — /0 dw.J (w) coth %“’ cosw(t —t'). (9.48)
Paccmorpum reneps ciryuail omudeckoit 6anu J(w) = nw. Torma:

2n [

y(t) = — dw coswt = 2nd(t) (9.49)
T Jo

Crout 6BITh aKKypaTHBIM, IIOCKOJILKY B MHTEPaJbHOM UjleHe JelbTa-(yHKIUs [I0a1aeT POBHO Ha TPAHUIy 00JIACTU MHTe-
IPUPOBaHHUs, TI03TOMY MHTerpaJl TpebyeT JONOMHUTeILHON peryispus3anud. B JaHHOM ciiydae Mbl HOHHMAEM, YTO IIPH BHECEHNU
Jr060it yabrpaduonerosoit o6peskn st J(w), dyakmms y(t) ocranercs uérHol dyHkimedr Bpemenu. ITockosnbKy oHa Gymer
TaKKe SBJIATbCH y3KMM IHKOM KaK (DYHKIMU BPEMEHH, POBHO IOJIOBHHA 3TOTO IHUKA BOMIET B MHTETPAJ; 3TO COOTBETCTBYET
PEryJIsipU3aI THIIA, fot O(t —7)dr = %:

X dX oV .
MG 1 + xS0 (9:30)

Kpome Toro, B BeICOKOTEMIIEPATYPHOM IIpeeie coth %" ~ %, U 9TO BbIparkKeHue IIPSIMO IIPOIOPIUOHAIBHO «JIUCCUIIATUBHOMY

AIpY» W TEMIEpaType: <§ (t)CA (t' )> ~ Ty(t—t'). B obueM ciaydae HECJIOKHO BUAETD, 4TO uX Dypbe-rapMOHUKY CB3aHBI JIPYT €

JIPYTOM, 9TO BbIpazkaeT coboil (pJIyKTyaIlMOHHO-IMCCUIIAIMOHHY 0 Teopemy (DIT).

JlanHOoe ypaBHEHUE SIBJISIETCS TJIABHBIM DPE3YJITATOM ceMuHapa. Mbl paccMOTpesn MHUKPOCKOIUYIECKYI0 MOJE/h KBAHTOBO-
MEXaHWIECKOM JIMCCUITATUBHON CHCTEMBI, W MOJIYIUJIN OIIEPATOPHOE YPABHEHHUE, OMHUCHIBAOIIEe JUHAMUKY dacTulibl. OT «banuy
IIPUIIIIN JIB€ BayKHBIX YaCTU — JUCCHUIIAINS, UIN TPeHne, n (PJIYKTYUPYIOIas BO3MYIIAIas KOPOTKO KOPPEJINPOBaHHAS CHJIA
é (t), KOPPEJISITOP KOTOPOI ClIENUANbHBIM 00PA30M CBSI3aH C TPEHUEM.

10Cpenanee (((t)), ecrecTBenHHO, 3aHyIAETCS, a BCAKYIO CTAPIIYI0 KOPPEJISAMOHHYIO (bYHKIIHMIO MOYKHO GYJET CBECTH K IAPHON HCIONb3ys TEOPEMY
Buka
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Tomosroruveckue aBjieHUA

10.1 CummMmeTpuu B KBAaHTOBOII MeXaHUKE

«ObprambIe» TPeodpazoBaHNs CUMMETPHH (IIOBOPOT, TPAHC/ISAINS, OTPasKEeHNe, W T.11.) B KBAHTOBON MEXaHWKe Peasm3yloTcs Pas-
JIMYHBIMUA YHUTAPHBIMU OIl€pATOPaMU U: UTU 1. Tor daxt, gro cucrema 00JamIaeT CHMMETpPHUEN, O3HAYAET CJIeIyIOIIee:
ecam [1)) ABIgETCA COOCTBEHHBIM BEKTOPOM H |¥) = E¢), To nenpemenno U |[4)) moxe noizKen oGaagaTh THM CBOHCTBOM:
HU [) = EU |ty — orcrona ciaemyer U'HU = H & [H U | = 0. Hanuuune cummerpuii, Kak OPaBUJIO, IO3BOJIAET YIPOCTUTH
3a7ady — IMOCJIEJHEE YCJIOBUE O3HAYAET, UTO TAMUJIBTOHUAH UMEET GJI0MHO-TUATOHAILHBIA BU B 6a3uce cOOCTBEHHBIX BEKTOPOB
omeparopa U.

10.1.1 CumMMmeTrpus IO OTHOMIEHUIO K OOpAIeHUI0 BPpEeMEHU’

Baxkuyio posib B TOIOJIOIMH UTPAET OCOOBII BHJ CHMMETPHUN — CUMMETDPHSI [T0 OTHOIIEHWIO K obparieHuio BpeMenu. OH He CBOAUTCS
K OIMCAHHOMY BBIIIE KJIACCY «OOBITHBIX» CHMMETDPHii, TOCKOJIBKY HEBO3MOXKHO IPEJIOCTABUTH YHUTAPHBINA OIEPATOP, COOTBET-
CTBYIOITHI 3TOM CUMMETPUN — KaK MBI yBUIUM HUYKE, TaKas CUMMETPHUs HEIPEMEHHO BKJIIOYAET B ¢e0sT OIIEPAIINIO0 KOMIIJIEKCHOT'O
COLIPSIZKEHHUSI, 1 OLepALsl OOPAILICHHS] BpeMeHH ] B JeflCTBHTEIbHOCTH IPEICTABIIAeT COGOH aHTH-yHUTAPHBIH OIIEPATOP.

Oupeesisiercst OHa CJIeLyIOIUM 06pa30M: ecyiu BoJiHOBag DyHKIus [1)(t)) yaoBiaeTBopseT HecTanuoHapaoMy ypasaenuio [IIpé-
nurrepa, To T |1(t)) mosKHA YHOBJIETBOPATH TAKOMY K€ yDABHEHUIO HO «B OOPATHOM BPEMEHU»:

PR = B0 =~ he(e) = AT (o) (10.1)

o amanornn, Ml Gy/ieM FOBOPUTB, ITO FaMHJIBTOHHAH YIOBIETBOPACT 9TOH CHMMETDPHH, €C/IHn T'HT = H < [H ’T] =0
B TaKOM CJIydae, Mbl BHJUM, HUTO T-Y%T = —i, 9T0 W NOKA3BIBACT, YTO TAKAS ONCDAILHS JIOJKHA COJIEPZKATh KOMIIIEKCHO®
COTIPsTZKeH1e K. B wacrHOCTH, 9TO 0O3HAYAET, UTO T — He OOBIMHDIIl JIMHEHHBI OIIEPATOP, IIOCKOIbKY ’T( [)+b]x)) = a*T ) +
b*T |x)-

B 0611eM Bre omeparus OOpAICHIs] BPEMEHH MOXKET COLEPIKATD elé HeKOTOPBI yHATApHbIL oneparop U, Tak 4ro obmuit
BUJI, — CJICTYFOIINIA:

T =UK. (10.2)

Bribop oneparopa U 00ycJIoBIeH (PUBUIECKIMHU COOOPAYKEHUSIMI O TOM, KaK BeIyT cebs pa3audHble (DU3NIECKNE BETMINHBI

10 OTHOIIIEHUIO K OOPAIIEHNIO BPEMEHNU:

1. OnepaTop KOODJMHATHI He MEHseT 3HaKa IPU OOpAIleHun Bpemenn, 7 &7 = & — MOTOMY B KOODJIMHATHOM Gasmce

oreparop T JieficTByeT TpUBHAJIBHO.

2. OmepaTop MMILYJIbCA JIOJIZKEH MeHHTb snak T~ pT = —p. DTO JOCTUTAETCs yKe IIPUBEIEHHON oreparnyeil KOMIIJIEKCHOrO
CONPSIPKEHUS W TEM, UTO P = —1 5 8 . ITosTomy eciiu 3TUM MCYEPIIBIBAIOTCS BCE CTEIEHU CBOOOIBI, TO U=1

3. OnHAKO CYILIECTBEHHO, ITO €CJIH CHCTEMa 00/IanaeT CHI/IHOI\/I S, TO KOMILIEKCHBIM COIPSIZKEHHEM BCE HE UCUEDIBIBACTCS —
CIIUH TOKe JIOJIZKEH MEeHsATH 3HaK TIPH OOPAIeHHH BPeMeHH, T-18T = —S. Jlas T0ro, 4r06hl 3T0 YCIOBHE BBIIOIHSLIOCh,
y?Ke HeoOXomM BBIOOp omepaTtopa U — B KadecTBe HETO MOXKHO BHIGDATH ONEPATOP IOBOPOTA CIHHA Ha YIOJ T BOKPYT
pON3BOITBHOIT ocH, ckaxkem U = exp(irSy).

1970 MokeT GLITh KAaK CITMH 3JIEKTPOHOB, JIsl KOTOPBIX MbI mumeM ypasuenue 11Ipénunrepa (i BosHOBas DYHKIMS B TAKOM CJIy9ae TPEICTABIsSET
crimrop, Y(x) = (Y4(x), %) (x)), Tak 1 GyKBATLHO KAKON-TO YMCTO CHMHOBBINA MAMHIBTOHMAH, ONMCEIBAIONINI CIIMHOBYIO MOJCHCTEMY MarHeTHKa (Torza
BOJIHOBas (DYHKIIMsI ONUCHIBAET YUCTO CIIMHOBBIE CTEIEHU CBOGO/BI)
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Boibop ocu y mpm obpalnennu BpeMeH: He CJIydaeH — OH CBA3aH C T€M, B CTAHIAPTHOM IIPEICTABJICHUHN CIIMHOBON aJreOpbl B
6asnce COBCTBEHHBIX COCTOSHUI S, OnepaTop S, BCErja YHCTO BENeCTBEHHDII, a S’y — "neTo MHEMBI M09TOMY OnepaTop U
OKA3bIBAETCSI YUCTO BEIECTBEHHBIM — YTO YA0OHO, TIOCKOJBKY B TAKOM CJIy4ae [U , I@] = 0. OT™MeTuM, 9TO B YaCTHOM CJIydae
cuuna-1/2, onepaTop crmHa BbIparkaeTcs depe3 Marpuilsl [laynu u U= exp(imd, /2) = i6y.

OO6bIYHBbIE YHUTAPHDBIE OMEPATOPHI XOPOIIHM TEM, UTO JIJIsi HUX XOTs OBl OIpeesIeHbl COOCTBEHHDBIE BEKTOPa M COOCTBEHHBIE
4UCIIa, HpeJcTaBisiomue coboit (pazosble MHOXKHUTEH €' — Jero He CKaskellb IIPO AHTHYHHTApHBIE omepaTopsl. Omeparop
72 = UKUK, onHaxo, COLep:KHUT JBe OIEPALME KOMILIEKCHOIO COIPSIZKCHHSI H SIBJIETCS XOPOIIMM yHHTAPHDBIM OIIEPATOPOM —
[IOITOMY MOYKHO ITOJIHITH BOIPOC O €ro COOCTBEHHBIX uncyax. OKa3bIBaeTCsI, 9TO BCe COOCTBEHHbBIE YUC/Ia HUCIepbiBatoTcs +1 —
1 IIPOJIEMOHCTPUPOBATE 9TO JOCTATOTHO MPOCTO, Hepeiins K 6asucy, rae T2 ImaroHasen:

2 = A = diag(A1,Ag,...) =UKUK =UU* =U(UT) ' = U = AU 10.3
T2 = A = diag(Aq, A UKUK =UU* =00 = U =AU"

TpaHCIOHUPYSL eI pa3 9TO TOXKIECTBO, 1 noub3ysach TeM, uto AL = A, mpr monyuaem UT = UA = U = AUA. Tlociennee
BO3MOXKHO TOJbKO ecim A? = 1 = A; = +1. Hakonern, 3ameTuM, 4T0, KaK ObLIO 06CYK/EHO BBIIIE, JJIs GECCIMHOBBIX YaCTHIL
T=K=7T2= ﬁ; a ecJIM YacTUIIbI 00J1aIal0T CIIMHOM, TO T2 = exp(27ri§y) — W JUI 9aCTUIL C TIOJIYIIeJIbIM Cl’II/IHOI\ T2 = —1.
Tloceqaee yTBepKIeHNE UMEET BaXKHbIE CJIEJICTBHUSI, OJIHO U3 KOTOPBIX — 3TO Teopema Kpamepca, koTopast Oyjger obCy»KjeHa
BBIIIIE.

OGCyamM, HAKOHEI, CJIyHuand, KOrma 7 -CHMMETpHs IPHCYTCTBYeT WM HApYIIAeTcs. Kak IpaBmio, HAPYIIACTCs IPH HAJIIIHII
KAKUX-J1160 NCTOYHUKOB MArHUTHOI'O HOJIst (9T0 MOXKeT ObITh KaK OYKBAJIBHO BHEIITHEE MATHUTHOE II0JIE, TaK U, CKAYKEeM, «MATHUT-
Hble» [IPHMECH B CUCTEeMe) — KaK M3BECTHO M3 Kypca TeopuH IoJid U ob1eil (pusnuku, MarauTHOe I10Jie IIpU 06paIleHul BPeMeHN
TOKE JOJKHO MEHSATH 3HaK. B 0GOBIIEHHOM CMbIC/IE 9T CHMMETpHUs 3allichiBaeTcs Kak 7 L H (B)7A' =H (—B), Ho GyKBaJIBHO
CUMMeTpUE OHa, SABJIeTCA TOJBKO ipu B = 0.

Teopema Kpamepca IlycTs mMeeTcs cHCTeMa 9YACTHIL C HOTYNEILIM COMHOM, TaK 4TO 7 2 = —1, a raMUJIBTOHHAH 00JIaIaeT
cuMMeTpueil o oTHomeHuto K obpamenuto Bpemenu [H,7T| = 0. Teopema Kpamepca riacur, 94To B TAKOM Cjlydae BCe yPOBHU
SHEPI'UH JIOJZKHbI OBITH XOTst Obl JIByKPATHO BBIPOK/IEHHBIM

JelicTBATEIbHO, BO-TIEPBBIX, 3aMeTnM, 4o ecin H [¢) = E |¢), ro H(T |)) = E(T |4)). TToaTOMY €/IMHCTBEHHAS BO3MOK-
HOCTB OTCYTCTBUSI JIBYKPATHOIO BBIPOXKAeHIs — 310 ecam T |1) = ¢ |). Onmaxo B Takom ciyuaae, T2 1) = T(c|v)) = ¢*T i) =
|2 |1); ¢ apyroit cropomsl, MbI npeamonoKmm 9to T2 = —1 = |¢|2 = —1 — noayuaem siBHOE IPOTHBOpEULE.

10.1.2 KwupagbHasgs cuMMeTpus

Jpyroit BaxKHBII IpUMEp CHMMETPHUHU, Ba2KHOCTH KOTOPOro OyzaeT 00Cy»K/IeHa Ha KOHKpeTHOM mpumepe mozxesun SSH — sTo Tak
HasblBaeMas KHpajibHas CUMMETPHsl, KOTOpas Pealu3yeTcs KaKMM-TO YHHTApPHBIM orneparopoM =. Mbl Oyjiem roBopHTb, 4TO
cucTeMa o6IaIaeT KIPAIbHON CHMMETPHEH, eciln raMIIBTOHIAH AHTHKOMMYTUPYeT ¢ =

EHE=-H & {2, H} =0 (10.4)

Hasmuune KUPAIBHON CHMMETPHH CPasy Ke JUKTYEeT OIpeIeISHHbe CBOMCTBA CueKTpa; B uactioctd, eciu H 1) = E [1)), 10
H= [y = —E= |1}, TO ecThb CHEKTD 3epKAJIbHO CUMMETPHYEH OTHOCUTENbHO E = 0.

ITpeo/I02KuM Teneph, 9TO BCE «OOBIYHBIE» CAMMETPUH MbI YUJIH, Cy3UB MAMUAJILTOHUAH HA COOTBETCTBYIOIUI OJI0K B 67109HO-
JIMaroHaJLHOM MpeJICTaBIeHnd. B TakoM ciydae MOXKHO ¢JIeJIaTh HECKOJIBKO JONOJTHATEILHBIX yTBEP2K ICHHIA.

1. Bo-nepBoIx, KI/IpaJIbHaH CHUMMeTpHsI eUHCTBEHHAs. [leficTBUTEIbHO, ec/n ux JBe Hl u _2, TO HECJIOKHO yOeIUThCs, ITO UX
[IPOU3BEJEHIE =1 =9 PEAJN3yeT OOBITHYI0 CUMMETPHUIO [Hlug, H ] = 0, 0T KOTOPBIX MBI 110 IPEIIOIOKEHUIO YKe N30ABUIIUCE.

2. Otcrona xe caeayer, uto 22 = 1. JleficTBUTENLHO, POBHO 110 TOMY K¢ PaCCyKIeHUIO, [H27 H] = 0 — mo3ToMy e MHCTBEHHBII
CII0CO6 YIOBICTBOPHUTD HMPEIIIOIOKEHHIIO — 3TO HOTPeOOBATH UTOOBI =2 GBIIO TPHBHAJILHO
2B 4aCTHOCTH, HECJIOKHO BHJETH YTO JJIs YaCTHUI] CO CIIMHOM-1/2, T2 = (i6y)? = —1

3970 yTBepyK/IeHEEe TPUBHABHO, ECJIM OT CITMHA B FAMUJILTOHMAHE 3aBUCHMOCTH HET — a JUIsi OOBITHBIX JIEKTPOHOB, KaK MPABUIIO, OHA TIOSIBIISETCS
TOJIBKO IIPU BKJIIOYEHUM MArHUTHOI'O IIOJIsSt B BHJIE 3€€MaHOBCKOI'O YJIEHA S B , KOTOpO€e HapyIIaeT CUMMETPHUIO II0 OTHOIIEHUIO K OOPAIEHUIO BPEMEHH.
Tem ne Menee, 5TUM BCE HE HCYEPIBIBAETCA — B CUCTEME MOXKET IIPUCYTCTBOBATH CIHH-OPOUTAILHOE B3aUMOJICHCTBUS BHIA \;j S'iﬁ]-, KOTOpOe COXpaHseT
CUMMETPUIO U BBOJUT SABHYIO 3aBUCUMOCTBL OT CIIMHA,

MeeTCs, He HUCKJIOYEH CJIydail Kor = BHO IIPOU3BOJIbBHOMY KOMIIJIEKCHOMY YHCJI B TaKOM CJIy Y. = MOXKHO II 11 JINTh KaK
4Pa3 €eeTcCd, HE HCKJIIOYEH C. a; 03.2&0 OU3BO. O. (0) €KCHO C. 6“97 aKOM C. ae O: O IIepeo:. el1e. a

— e*ig/Qé

(11>
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10.2 IIemouka Su — Schrieffer — Heeger

[Tepeiiném Temepb K OOCY2K/IEHUIO KOHKDETHON MOJEIN, HAa IPUMEPE KOTOPOH MBI IIPOJAEMOHCTPUPYEM HEKOTOPbIE U3 TOIIOJIO-
rudecknx paccyxkiaenuit. Mojgenab 3ra OyjeT omuchiBaTh O6eCCIMHOBBIE (DEPMUOHDI, TOITOMY JJisi HEE Posib T-MHBAPUAHTHOCTHU
TPUBUAJIBHA, U TOBOPUTH O HEHl MbI HE OyJeM; OIHAKO, MOJEJIb 3Ta 00JalaeT KUPAJbHON cHuMMeTpHeil, KoTopas CyIIeCTBEHHO
OyJeT BJIUSTH HA TOIOJOTHIECKHE CBOMCTBA MOJIEJIH.

Paccmorpum oHOMEPHYIO MOJIEIh CHJIBHON CBSI3W C MPBRKKAMHI MEXKIy OIMKaiflimmMu coceasaMu — IernouKky u3 2N y370B,
Ha KOTOPBIX MOI'YT HAXOIUTLCS IJIEKTPOHBI. [IPBDKKH 2Ke MexK1y OJIMKafImMu COCeIsiMu Oy Iy T qepeszaTbc KaK t1 u ty —
KOTODPBIE MBI OyJ/IeM JJIsI IIPOCTOTHI CYUTATH BEIECTBEHHBIMIU:

0 ¢ 0 0 O
tv 0 t2 0 O
0 22 0 ¢t O

H = (t1]2i — 1) (2] + t |20) (2 + 1| + h.c.) = (10.5)
i 0 0 t1t O
0O 0 O
10.2.1 CsoiicTBa «00BLEMAY
Jyisi Tomostoruy OyIeT BajXKHO HAJIMYME y IENOYKU I'PAHUIL; OJHAKO HAYHEM MbI OOCYKJIEHHE CO CBOWCTB «00bEMay — dacTu

CHCTeMBI BIaIM OT Tpanull. Kak 0ObIYHO, JJIs 3TOTO JOCTATOYHO HAJIOXKUTD NEPUOINICCKIE TPAHIYIHEIE YCJIOBHUS, U B TAKOM CJIydae
JIOCTATOYHO IIPOCTO ITUATOHAJIM30BATH 3TOT IAMUJIBTOHHAH, UCIOJB3yd NnpeobpasoBanne Pypbe. 3aMeTHM, YTO 3JEMEHTapHAS
stueiika COJIEPIKUT JIBa aTOMa, TI03TOMY MbI BBEJIEM UHJIEKC 1, HyMepyIomuil ssemenmaphuie avetixu (o KOTOpoMy GyJIeT Jasbiie
JesaThest npeobpasosanue Oypbe), n UHIEKC o = 1,2, HyMepPY O ATOMBI B 9JIEMEHTAPHO! stuelike: [n, 1) = |2n — 1) u |n, 2) =
|2n). B TakoMm ciyvae, raMUJIbTOHHAH TIEPENHINETCS B CJAEYIOIEM BHJIE:

H=> (t1|n,1) (n,2| + t2[n,2) (n + 1, 1] + h.c.) (10.6)

n

IIposeném Teneps mpeobpazoBanne Pypbe, BBEIsST BEKTOPA
1 ) 1 ,
|k, a) = —= > Ina)e* s |n,a) = i > |k, a) et (10.7)
n k

(TyT @ — muHa 1eMenTapHoi sueiiku, L = Na — mjiuHa 1enouky; 1 KakK 00bIHO, UMILYJIbC Kk IpoberaeT nepsyto 300y Bpusinosna
k€ [-%, 7] Tak uTO % € 7 B cuily IEePUOJMYHBIX MPAHUYHBIX yciaoBuii). HemocpeacTBenHoil nogcTaHoBKoi yoexk qaeMcst, 9To
raMUJIBTOHUAH TPUHUMAET OJIOYHO-IUATOHAJIBHBINA BUJ U3 OJIOKOB pa3mepa 2 X 2:

v —ika _ 0 ty + tae™ N (k1]
= (08 1) (20 e 2 1 ) = 3 (1) 2) (e ) (G (108)

IIO9TOMY /JIJId pelleHnd 3a/1a91 HaM JIOCTaTOYHO JUarOHaJ/JIM30BaTh MaTpUILY

R —ika
(k) = < 0 bt tae ) = (t1 + ta cos ka)d, + tasinka - &, = d(k)o,  d(k) = ( (10.9)

t1 + tocoska
ty + tpethe 0

to sin ka

Beenéuusie Tyt Marpunst Ilaynu &, , He MMEIOT HHKAKOTO OTHOLIEHUS K CIHHY (B 3ajate TAKOH CTemeHH CBOGOABI BOOOIIE
HeT), a JEfCTBYIOT Ha IPOCTPAHCTBE HOAPENIETOK (KOTOpble Kak pa3 HyMmepyloTca umiekcoM « = 1,2). Tem ne menee, 1o
dopMaTbHOI aHAJIOTUHU CO «CIMHOM B MArHUTHOM IIOJIe» MBI 3HAEM, UTO CIEKTD raMumjibroHunana Buma H = Bé upeacrasiser
coboii napy uuces +|B|. B Hamewm ciydae 910 1aéT j1Be BETBU 3aKOHA JUCHEPCUN KBA3UIACTULL:

e(k) = £|d(k)| = j:\/t% + 12 + 2t1t3 cos ka (10.10)

5TaKaH MOJEJIb MOXKeT CJIYXKUTb JJId OIIMCAHUA MOJIEKYJIbI ITOJIMalleTUJIeHa (C’I{)]\]7 TOYHEe, IIOACUCTEMBI €TI0 TT-3JIEKTPOHOB
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ra
T

0.5

05 1F
1.0p

48 151 — 2r —

(a) t1 =1,t2 =0 (b) t1 =1,ta = —0.5 (C) t1 =1,ta = —1

Puc. 10.1: Bakon mucnepcun +¢(k)

Takast cuMMeTpusi CIEKTPa SBJISIETCS IIPOSIBJICHUEM KHPAJIHHOU CHMMETPHUM HUCXOJHOW 33/1a9i — HECJOXKHO BUJIETH, UTO
{&Zﬂ:l} = 0. B cBoro ouepenp KupaJsibHasi CHMMETPUS TYT BO3HUKAET M3-33 TOT'O, YTO <IIPBIXKKU» IIPOUCXOMAT TOJIBKO MEXK-
JIy y3JIaMH W3 Pa3MIHBIX TOJPENISTOK; 100aBieHne NPbIKKOB Buga t'|24) (20 + 2| eé Hapymar, B TO BpeMsl Kak J00aBJeHNne
upbiKKOB Buga t' [21) (26 + 3| — mer. OrMeTuM Takzke, YTO KUPAJbHAS CUMMETPUS yCTONUNBA K OECIIOPSAIKY B 3HAUCHUSIX CAMBIX
MIPBIKKOB t1 U ty — IJIst HEE BOBCE He 00sI3aTe/IbHO HAJUYINE TPAHCASIIUOHHON CUMMETPHUH, M UCXOIHBIN TaMIJIbTOHNAH AHTUKOM-
MYTHPYET C §, [PHU [POU3BOJIbHBIX 3HAYEHUAX HPBIKKOB (B TAKOM CJIydae OIepaTop §, HYKHO BOCIPUHUMATH KaK TE3HOPHOE
upoussenenue (6, )sy, ol = diag(1,—1,1,—1,...); SL Ty o3uagaer SubLattices — nmoapemérku). [loBropunmcs, 310 BEPHO TOJIBKO
€CJIn OTCYTCTBYIOT IPBIZKKHU MEYKJY aTOMaMU U3 OJHON MOIPENIETKH.

Mezk 1y AByMsi BETBAMH CIHEKTpa umeercs mmieiab, A = [|t1| — |ta]|, gocruraerca npu k = +2 ecom ty u ty ommHoro 3maka,
u nipu ka = 0 ecjiu 3HAKK MPOTUBOIIOIOXKHBL. MbI Oy/ieM 00CY2K1aTh MHOI'OJIEKTPOHHYIO 3aJlady B CJIydae, KOJa XUMUIEeCKUi
MMOTEHITUAJT HAXOJUTCS B IMEJN, TAK YTO HUKHSISI 30HA, IOJJHOCTHIO 3AII0JTHEHA, & BEPXHHd — IIyCTas; B TAKOM CJIydae HaJUIHe e
JeJIaeT CUCTEMY H30JSITOPOM. DTO — IMPUMED TOMOJIOTUYECKOTO M30JISITOPA, ITOCKOIbKY, KAK MBI YBUIUM JAJBIIE, TaHHAS
MOJIeJIb JIEMOHCTPUPYET HEKOTOPBIE TOIIOJIOTHIECKUX CBOMCTB.

10.2.2 Tomosiornyeckne ¢a3bl 00ObEMHOI 3aJaUU B TEPMOJIMHAMUYECKOM MpeJiese

Bazkneiinyio posib B TOIIOJIOIMYECKON HAYKE UTPaeT MOHATHE aauabaTUIeCKOl CBA3HOCTH Ha IPOCTPAHCTBE MAMUIBTOHUAHORB
— IOCJIe/[HEe TAPAMETPHU3YeTCsl 3HAUEHUsIMU IPBIKKOB (t1,t2). Mbl GyzieM roBopuTh, 90 TOUKHM (t1,t2) u (t],t5) agnabarndecku
CBSI3aHBI, €CJIM MOYKHO COBEPIIATH aJuabaTHIecKoe H3MEHEHHE MTapaMeTPOB FaMIJIBTOHAAHA, KOTOPOEe MEPEBOIUT OJHO B JIPYTOE.
B Tomnonormueckoit Hayke aaumabaTHIHOCTh BarKHA, IMOCKOJIBKY TOIMOJIOTMYECKHE WHBAPUAHTBI, O KOTOPHIX MBI JAJbIie Oy-
JIeM TOBOPHTD, KaK IIPABUJIO MPUHUMAIOT KAKOH-TO JUCKPETHBIN HAOOp 3HAYCHHI M, KaK CJICICTBHEC, HE MOIYT U3MEHUTHCA IPU
IJTABHOM M3MEHEHUM ITapaMEeTPOB TaMEJILTOHHAHA.

Yro6bl aauabaTuIHOCTh UMEJIa MECTO, HEOOXOIUMO, YTOObI CUCTEMAa B IIPOIECCE BCETa OCTABAJIACH U30JATOPOM — BEIb B
Cllyyae 3aKpBITHs I PACCTOSHUE MeKJy COCeHMMNI yPOBHSME SHEPIMH MHOTOYACTHUHOMN 3a1aum BegT cebs Kak o 77 M
B TE€PMOJMHAMUYIECKOM IIpEJIeIe MPONaaeT, U3-3a Yero yCJIOBUIO aauabaTHIHOCTH OKA3BIBAETCS HEBO3MOXKHO Y/OBJIETBOPHUTD.
TTosTromy Tonosormueckue hasbl JOMKHBI OBITH PA3JIEIEHBI MOBEPXHOCTAME, HA KOTOPBIX MIEJIb 3aKPBIBAETCS; B HAIIEM CJIy9Iae,

910 JmHUY |t1| = [ta].
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1.0r
0.5F
L i 1 1 1 I 1 1 1 1 1 1 1 1 ]
0.5 i 20
0.5F
1.0-
Puc. 10.2: TTapamerpudeckne kpupble BekTopa d(k) mpu k € [—7, 7], Cunaa — t; = 1, to = —0.5; opamxkepag — t; = —0.1,

to = —0.3

OxaspIBaeTcs TOCTATOYHO TIPOCTO YBHJETH, I€MY COOTBETCTBYIOT TOMoOJormdeckne dhasbl IUCTO reomMerpudecku. JleficTu-
TeJIbHO, JUIsl TAMIJIBTOHHAHA Bga H = d(k) - & MOXKHO IOCTPOUTDH HapaMeTpUYecKylo aByMepHyio Kpusyio d(k) (cm. puc.); u
ajmabaTHIeCKOe M3MEHEH e IaPAMETPOB TAMIJIFTOHHAHA COOTBETCTBYET HelpephiBHoil jedopmarun Kpiusoid} TTockombKy, Kax
OBbLIO CKAa3aHO BHIIIE, IIPK TaKoil jedopMalyy Mbl He JIOJKHBI iepecekaTh TouKy (0,0), ToO reoMeTpHYEeCKN Mbl MOYKEM 3aMETUTh,
9TO KPUBBIE, «O0XBATHIBAIOIINE» HAYAJIO KOOPIUHAT 1ehOPMUPOBATH B HE OOXBATHIBAIOIIUE HEITPEPBIBHBIM 00Pa3oM HE IepeceKast
HAYAJI0 KOOPJAUHAT HEBO3MOKHO. CoXpaHeHne KupaabHOH CHMMETPUN TYT KPUTHYHO — €€ HAPYIIEHNe COOTBETCTBYET ITOSABIEHUIO
KOMITOHEHTHI d, W «BBIXOJ B TpEXMepue». PasyMeercs, depes TPEXMEPHOE IIPOCTPAHCTBO 3TU OKPYKHOCTU MOYKHO HENPEPBIBHO
[IEPEBECTH OJIHY 9€Pe3 JAPYTYIO.

DTo Ke ycaoBue MOXKHO chopMynuposarh Gosee dopmanabHo. Bennunna d(k) npejcrasisier orobpazkeHne 30HbI Bpuinosna

T T

— oxpyxnoctn St (orpesok [_57 E] C OTOXKJIECTBJIEHHBIMYU KOHIIAMK) — Ha, [IJIOCKOCTb C BBIKOJIOTON TOYKOI:

d(k): S*' — R?/{0} (10.11)

st Takoro BuIa 0TOOparKeHUiT MOXKHO BBECTH TOIIOJIOTMYECKUI WHBAPUAHT w — 4ucjo HaMoTku (winding number),
9HICJI0 000POTOB 00pa3a OKPYKHOCTH BOKPYT Hyﬂfﬂ

w :/ B g (o (k) + idy (k) € Z (10.12)

Bce ramumibronnann pa36I/IBaIOTCH Ha CYEeTHOE YHUCJIO TOIIOJIOT'HMYECKHX 4)8437 COOTBETCTBYIOIIUX PA3JIUYIHBIM 3HaYC€HUAM W, II0-
9TOMY TaKasl CUCTEeMa Ha3bIBACTCs TOIIOJIOTTYIECCKUM Z-I/I30.HHTOpOIVI. ITo COO6pa>KeHI/I$IM HEIIPEPBbIBHOCTU HEBO3MO2KHO II€peBECTU
raMuIbTOHUAH U3 OJHON (basbl B APYIyIo HenpepbiBHON medopmanueii (6e3 3akpoirus menu!). B oxaom Tomosoruyeckoit dasze
FaMIJIBTOHAAHBI IPYT B JIpyTa nedopMupyioTcs. B KOHKpeTHO HaImel 3a/1a9e peaqnsyioTcs IBa SHATECHIS IUCe]T HAMOTKH: w = 1
upn [t1] < [t2| 1w =0 mpn [t1] > [ta].

Kax mpaBujio, NpuHAIJIE?KHOCTh K OJHOMY U3 TOIOJIMYECKUX KJIACCOB IIPOSABIACTCS B PAde (PU3NIECKUX CBONCTB, KOTOPBIE
yCTOﬁqI/IBBI II0 OTHOIIEHUIO K HEIIPEPLIBHBIM HM3MCHEHUAM IIapaMeTpOB I'aMHUJIbTOHHaHa, HE 3aKPbIBAIOIIUM INEJIb U COXPaHAO-
UM CUMMETPUIO. TormoJsiorn4eckmnii KJjacc — 3TO ceMeiicTBO CHUCTEM C 3aJJaHHBIMU CUMMETPUAMUA. B nmamem CJIydae nMeeTcCs
KUpaJbHas CUMMeTpHs U (B Cydae BEMECTBEHHBIX 1 U l9) CUMMETDHs 110 OTHOINEHUIO K OOPAIEHUIO BPDEMEHH — TaKOH KJacce
HA3BIBAETCA 110 UCTOPHIECKUM HquHHal\/ﬁ BDI. B Kax0M KJIacCe MOXKET CyIMECTBOBATH ONPEIETEHHOE KOJUIECTBO TOMOJIOTH-

6Pasymeercs1, MoKy a Mbl paboTaeM B JBYXIapaMeTPHHYecKoh Momenu (t1,t2), TO MBI MOYKEM MEHATL HE BCIO KPUBYIO, a TOJILKO €8 MOJIOYKEHUEe U
paguyc. OHAKO MOXKHO PACCMOTPETH 6oJiee IMUPOKUil HAGOP raMHJIBTOHUAHOB, BKJIIOYAIONUX B ce0d JaabHue IPHRKKHA (HO, HOBTOPUMCS, COXPAHSIONIAX
KUPAaJIbHYIO CUMMETPHIO!) — U B TakOM ciiydae KpuByio d(k) MblI ZEHCTBHTEIBHO MOYKEM M3MEHSITh IPOU3BOJIBHBIM 00Pa30M

"Knaccudukanus orobpakenuii S B I1[eI€BOE IPOCTPAHCTBO C TOYHOCTBIO O HEIPEPHIBHBIX AedbOpMALMii HAZBIBACTCA NEePeotl 20MOMONUYECKOT
epynnot 7. DTO NefCTBATEIHLHO IPyIIa, TaK KakK OTOOParKeHUsI MOYKHO CKJIaJIbIBaTh (IIOCJIEI0BATE/bHOE IIPOXOXKIEHUE JABYX TPaeKTopuil) u 6Gparb
06paTHOe; TAKKe UMeeTcs eIMHITHOe oTobpaskenue. B namem ciyuae 71 (R2/{0}) = Z.

897u masBaHmsT BocxoaAT K KapranoBoit KiaccubUKAIMH CHMMETPUTIECKIX TIPOCTPAHCTB, KOTOPHIE SIBJISIOTCS TPOCTPAHCTBAMME, HA, KOTOPBIX OIpe-
nensiercst 3peKTUBHAA TeOpUs MO (CUIMa-MOJIENb), OUCHIBAIOIIAs COOTBETCTBYIOIINE CUCTEMBI IIPY HAJIMYUU GeCropsiiKa.
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qeckux (a3. Eciaum ux KOIm4ecTBO OTVIMYHO OT €IUHUIILI, TO TAKOW KJIACC HA3BIBAETCd TomoJiormdeckuM. Hakomer, cymectByer
IIOJTHAS KJIACCU(DUKAIIHS TOIOJOTUIECKIX U30JIATOPOB, 3alNCAHHAS B BUJEe TAOJUIBI; U Ceiidac Mbl YCTAHOBUJIU, YTO TOIOJIOTU-
qeckas rpymma kiaacca BDI B 1D ects Z.

10.2.3 KpaeBbie MOIbI

Ko Bcemy BhimmeckazaHHOMY MOXKHO IIOCTABUTBH BIIOJIHE 3aKOHOMEPHBII Bompoc. Bemp 11 66CKOHEYHO MEMOYKH BBIOOD JIEMEH-
TapHOU SYelKW IIPOM3BOJIEH, U B 9TOM CMBICJIE 1 U o COBEPIIEHHO B3amMoO3aMeHsieMbl. Kak ke MBI B TAKOM CJIydae BOOOIIe
MOXKEM OTJIMNIUTD OjiHy a3y ot japyroit? OTBeT Ha ITOT BOIMPOC MPOCT: HUKAK. DTO CTAHOBUTCS BO3MOXKHBIM B JIBYX CJIEIYIONIAX
CJIy9asx: eCJIM Mbl PACCMaTPUBAaeM I'PAHMILY MEXK/]Iy JIBYMsI TOIIOJIOrnyYecKuMu azaMu; 00 ecyid Mbl PacCCMaTpPUBaeM Kpaii 06-
pasiia — 1 B TAKOM CJIy4ae BHIOOD 3JIEMEHTapHON STYeiiKK JUKTYeTCs] TEM, KAKOi 13 aTOMOB PacIloJIaraeTcsi Ha rpaHuiie. Bropeim
cJIy4aeM MBI ceffyac U 3aiiMémMcs.

Oxa3bIBaeTCsl, YTO HETPUBUAJILHBIE Tonosorndeckue daspl B 1D (B Haimem cirydae mpu || < |t2|) xapakrepusyorcs Tem, 910 B
HUX 00s3aTeIHHO TPUCYTCTBYIOT KPAEBbIe COCTOSTHUS ¢ HyJieBo# sHeprueil’| OHM TONOJOrHIECKN 3AIUIIEHBI: €CJIN UMEeETCsT
OJIHO COCTOSHME Ha HYJICBOI dHEPIruu, TO KMpaJibHasdg CUMMETPHUdA 3allpelaeT eMy YUTH ¢ HyJIeBOI dHeprun: NOJIKEH BO3SHUKHYTh
«KUPAJILHBIN JIBOMHUK» ¢ dHeprueit —F. Eciu nenodka He mo/ryOeCKOHEYHAsI, HO UMEET KOHEUHYIO JIJINHY, TO TaKOH <«TBOMTHUK»
MOXKET BO3HUKHYTBH U3 BTOPOT'O JIOKAJM30BAHHOI'O COCTOSIHWS Ha JPYroM Kparo mpoBoja. OHAKO it TOTO, 4TOOBI COCTOSIHUST
YIUIA C HyJ€BOH YHEPIUU UM HYKHO TUOPHIU30BATLCH (HAIIOMHHAM, 9TO B 00béMe B pailoHe HyJIeBOl SHEPrUU COCTOAHU HET —
MbI UMEEM JIeJIO C U30JATOpOM!), UT0 B CHILY SKCIOHEHIMAJILHO CJIabOro MepeKpbITHs BOJHOBBIX (DYHKIHUHA KPAEBBIX COCTOSHUN
[PHUBOJUT TOJBKO K HE3HAUUTEJLHOMY (& B TEPMOIMHAMUYECKOM Ipefieie — K HYJIEBOMY) PACIIEIIEHHIO HYJIEBBIX MO,

ITocTpoum siBHO KpaeByIo HYJIEBYIO MOy B IOTyOECKOHETHOM 1ernovke. /s 9Toro HaM Hy2KHO PEITUTh OJHOYACTHIHOE yPaB-
nenne [IIpénunrepa:

0 t4 0 0 O U
t1 0 ty O 0 Vo
0 to 0 t; O Vs

0 0 t, 0 .||V
0 0 0

=0. (10.13)

JIJ1s1 permeHnst 5TOro ypaBHEHHUsI Mbl MOYKEM BOCIIOJIB30BATHCS KMPAJIbHON CHMMeTpueil — JefiCTBUTEIbHO, KaK MbI 3HAEM,
= _ ) 1 = _ 1
ecm |¢) aBasiercs pemrenmen, To = |¢p) — Toxe. IlosToMy mckarh pemrenne MoxHO B Buie 5(1 =+ Z)[¢) — omeparopsr 5(1 £

E) mpejicTaBIsIIOT COBON IPOEKTOPHI HA OJHY W3 IOJPENISTOK, MO3TOMY Y COOTBETCTBYIOIIEH BOJHOBON (DYyHKIUM MOJOBHHA
k03 dunmenTos (Bee YETHbIE WM HEIETHBIE) PaBHBI Hy0. C y98TOM BBINIECKA3AHHOTO, [OJIy4aeM:

i1 +tap3 =0 k
tl tl

tihs + 2y =0 = Yopq1 = 5 Pok—1 = 5 Y1 (10.14)

IMosnyuenHas BosiHOBast (GyHKIIUS SKCIIOHEHIIMAIIBHO 3aTyXaeT B 00béM 1pH |t1| < [t2], 1 TeM caMbIM JefCTBUTEIBHO pean3yer
KpaeBoe COCTOsIHME B OJIHOI M3 TOMOJIOTHYIECKUX a3 — KakK pa3 B TOi, B KOTOPOI TOMOJIOIMYECKNl HHBAPUAHT, IHCJIO0 HAMOTKHI
w = 1. IlpuBenéHHOE TYyT BBIYHCJIEHHE HA CAMOM JI€JIe COBEPIINEHHO HE YYBCTBUTE/HBHO K JIETAJIBHON CTPYKTypDe TDAHUIIBI; B
YACTHOCTH, TJIe-TO BO3JIe Kpasl MPBI)KKOBbIE MATPUYHBIE JIEMEHTBI MOTYT OTJIHYATHCS OT i1 M t3 — W TeM He MeHee, eC/U B
00béMe B KOHETHOM UTOT'€ OHU «BBIXOJAT» HA t1 U lo, IPUBEJEHHAS BBIIIE apTyMEHTAIUS [O-TIPEKHEMY JeHCTBYET.

Emé pas moguepkuéM, 9TO 2Ke cefidac mMpou30ILIo. TomoJIOrnyecKnii "HBAPUAHT U KJIACCU(PUKAIMS TOIOJIOIMYECKUX da3 —
9TO CBOICTBO 00bEMA. DTO CBOWCTBO, TEM HE MEHee, OIPEJIeIsieT HEKOTOphble (pU3UvIecKue CBOCTBa Kpasi 0bpasna. 9To — IpH-
Mep TaK Ha3bIBAEMOI'O «COOTBeTcTBHE 00béMa u rpanunb» (bulk-boundary correspondence), obiiero cBoiicTBa TOMOJIOIrTIECKIX
A30JIATOPOB.

Ilpenen «miockoii 30HBI» EcTh emé oguH u3 CrocobOB MPOIEMOHCTPUPOBATh HAJIMINE KPAEBLIX MOJI, HE CTPOA UX SBHO.
Hesno B ToM, 4TO, KaK OBbIIO OOCY?KJEHO BBIIIE, KOJMIECTBO KPAEBBIX MOJ TOXKE SIBJISIETCSI TOMOJOIMIECKUM MHBADUAHTOM, U
B pesysbraTe ajnabaTHdeckKoro W3MeHEHHs [apaMeTPOB IaMUJIbTOHHAHA, M3MEHUThCS He MoKerT. 1109ToMy d9ToOBl BBISCHUTH,
MMEIOTCS JIM B TON M nHON dasze KpaeBble COCTOSHMUS, JIOCTATOYHO BBISICHUTH 9TO JIsi KAKOH-HUOY/Ib TOUKH, IIPHHAJIEKAIIEH
COOTBETCTBYOMmIEN (hase, U [Jisi KOTOPOH 9TO CEJIATh IIPOIIE BCETO.

st mammeit MoJesn caMble IPOCTbIe TOYKH It obenx da3 — 1o Touku (t1,t2) = (0,¢) (mis mHerpuBmaabHON basbl) n
(t1,t2) = (t,0) (s Tpusmanbhoit). Ilpu aTom 3akoH jmucnepcun obbéMa — (k) = +[t| — He 3aBucuT or k, 9YeM M BBI3BAHO

91 sHeprust CTPOro paBHa HyJIO JIMIIb B TIpejiese o6pasia GeCKOHETHON JTHHDL; /I8 KOHEYHOro 06pasia OHM UMEIOT SHepruio ~ exp(—N/E).



I'JIABA 10. TOIIOJIOI'NYECKHUE ABJIEHU S 117

Ha3BaHUE IpejieJia, BblHecenHoe B 3arooBok (flat band limit). I'pynmosas ckopocrs Bo36yzkuenuit upu srom v(k) = % =

0, 1 BO3OYKJEHUsI TI0 CUCTEME He PACHPOCTPAHSIOTCA. B obemx ciaydasx, Menovka pa3sduBaeTcs Ha JUMEPBI — Iapbl y3JI0B,
CBSI3aHHBIX TYHHEJbHBIM MATPUIHBIM JIEMEHTOM t — JIJIsl KOTOPBIX COOCTBEHHBIE COCTOSIHUSI IIPEJICTABIISIIOT COGON CUMMETPUIHBIE
U AHTHCHMMETPUYHBIE KOMOMHAIINH \%(|n> +|n+ 1)), a cobcrBennble 3HaueHus — +|t|. OHako, B HeTpuBHAIBLHON dasze t1 =0
caMbIil KpailHUil aTOM OKa3BbIBAETCS M30JUPOBAHHBIM, HE CBI3aH HU C K€M, U HA HEM CYIIECTBYET JIOKAJIM30BAHHOE KPAaEBOE
COCTOsHUE C HYJIeBOH aHeprueci.

10.2.4 T'panuna mexxay aByMms Tomnosiormdeckumu ¢asamu (cocrossuus Jackiw — Rebbi)

Paccmorpum Tenepb He Kpail 06pasna, HO TPaHHIY JBYX TONOJOrmIeckuxX ¢das. [loyumrenbro Gymer m3yduTb 9TOT BONPOC B
HEIPEPBIBHOM HPEJIEIe — BMECTO PE3KOI IPAHUIIBI MBI TENIEPh MPEIOJIOKHAM, ITO, HAIPAMED, TYHHEJIbHBII MATPIIHBIN JIEMEHT
t1 nAGEHO MEHSIIOTCS OT 3HaveHwus t1(x — —o0) = t:(LL) 710 3HaveHus t1(x — 400) = th), IPUIEM \tSL)| > |ta], a |t§R)| < |to] —
TaK YTO MMEET MECTO IJIABHAS PAHUIIA MEXKJIy Hapoil TONoJornaecKux has.

3a1a MM MOJETHHO CJIEIYIONIYI0 KOOPIUHATHYIO 3aBUCUMOCTh!

ti(z) =—t+dt(x) ot(xz) <0, =<0

’ 10.15
ta(xr) =1t = const ot(x) >0, >0 ( )

(MBI [IPEIIOIOKUIN, YTO t1 U Lo PA3JIMYHBIX 3HAKOB, IIOCKOJIbKY TOJILKO IIPU 9TOM BoJiHOBasg (GyHkiwms () Oymer IaBHO
MEHSITHCS B POCTPAHCTBE — KaK MBI BBIJIE/TH BBIIIE, B TPOTUBHOM CJIydae OHa OYIeT 3HAKOIIEPEMEHHA HA COCETHUX Y3JIaX; OHAKO,
OT 3aJ]aHHO} TIPOBJIEMBI JJOCTATOUHO JIENKO U30aBUTHCSI, IIPOCTO CIENIAB 3aMeHy 1, — (—1)"1);,). JJJIIMHHOBOJHOBOE pa3JIOKeHne
MBI CJIEJIAEM TIO CJIEIYIOMEMY PEIEeNTy: BO3bMEM TaMWILTOHUAH B IpejcTaBiieHnn Oypbe Jjisl MOCTOSHHBIX t1, to, PA3JIOKUM €TO
o ka < 1; a B IOJIy9€HHOM BBIPAYKEHUH TIOJIOKUM Kk — —i% 7, HAKOHEII, BOCCTAHOBUM KOODJWHATHYIO 3aBUCHMOCTb MaTPUIHBIX
3JIEMEHTOB:

R —ika _ k
HE) = (t1 —|—?2€“m " +t86 ) ~ <t1 thzg + ika) " +t2% Z a)) = (B4 02)0 + a0 -Gk (10.16)
H = 6t(x) - 6, + tad,(—id,) (10.17)
o 0 St(x) — tady)\ (vi(x)\ Outpy = 2By, Pi(x) = Erexp (=45 [y Ot(x)dx)
Hiy) =0« ((575(:10) + tad, 0 > (¢2(x)> =0= 01 = —tétt(;)wl - Po(x) =&rexp (%tfox §t(x)dx)
(10.18)

[MosTomy myist ucciemyemoro Tyt ciaydas 0t(+00) > 0 u dt(—oo) < 0, mosrydeHnoe peienue 6yeT SKCIOHEHIMAILHO 3aTyXATh
npu x — oo upu & = 1, & = 0. Hanporus, eciu 3unaku OyayT WHBIME, TO 3aTyXaIOIee PEIIeHUE ONATh OyJeT CyIIeCTBOBATD,
HO Ha 3TOT pa3 310 Oyaer & =0, & = 1.



I'maBa 11

O yHKIMOHAJIBHBIII MHTErpaJl

11.1 3BanazapiBaroniaga dyHKIusa ['puaa

B nannoM cemMmHApe MbI IIOCTPOUM IIPEJICTABJIEHUE 3aIa3/IBIBAIOIIETO IPOTAraToOPa — aMILIATY/IbI PACIIPOCTPAHEHUS KBAHTOME-
XAHUYIECKON YaCTUIBI U3 TOYKU € B TOUKY Y 3a BpeMsi 1 1depe3 DyHKIMOHAJIBHBIA HHTErPAJT:

G2y, T >0) = (y| U(T) |2) (11.1)

11.1.1 BpemeHHas AUCKpeTU3AIld U ONEPATOP IBOJIOINU

st ynobeTBa MpeJInoioKUM, YTO B TaMUIbTOHINAHE UMITYJIbC U KOOPJAUHATA PA3JIEIAIOTCS; TEM CaMbIM, FAMUJIBTOHUAH UMEeT

sun H(x,p) = K(p) + V() (kuHeTnueckasi 1 MOTEHIMATBHBIE 3Heprnn)ﬂ Pazobbém orpesok Bpemennu jumabl T Ha N — 00
T - N A

OJIMHAKOBBIX KyCOUKOB pasMepa € = ~ — 0, u npeacrasum oneparop ssosmonnn B suzge U(T) = [[;Z; U(e). B coio ouepenp,

9BOJIIOIMIO Ha OECKOHEYIHO MaJIoe BPeMs € MOXKHO 3allUCATh B BI/I,II; Ue — 0) = e7 € ~ e=Vee—iKe Tenm cambiv, MbI TIOTy9aem

BBIDAKEHHE [T OIIEPATOPa IBOJIONMU B BUJIE Npou3BeaeHna 2N MHOXKUTENEH. YI00HO KazKJIOMy U3 HUX <IIPHIIUCATb» CBOE

BpeMms ty, = ke (0HO 6bLIO ObI, e Obl MBI PACCMATPUBA/IA TAMUJILTOHUAH, 3ABUCAIIMI OT BPEMEHH ):

U(t) — 671V6671K6 . 671V€671K6
e—0 S——— N———
t=tn=T t=t1=0

Berasuu mocite Kazk/10ro wiena e~ K¢ (npu t = t;,) e;uHuIly B Bijle Pas/ioxKeHus 110 KoopuHaTHoMy 6asucy 1 = [ dxy, |xy) (xk|,

a mocate yienoB e~ V¢ — 1o mmmysbcHOMy 1 = [ (dpy,) Ipy) (P
N-1 N ) ) ) )
Ge.yit > 0) =, [ T]den [ TTpi)er =yle " Ipn) ol owma) - @l e Ip) ] e = )
k=1 k=1 i t=t
=lN =tl1
(11.2)
TT0CKOJIBKY OIIepaTophl €'V € — cOBCTBEHHbIe /15 KOOPMHATHL, & e~ 'K € — JuIst UMITYIIbea, TO 6JI0KH BBIMHCIISIOTCS COLIACHO:
<in| 677;‘76 |pk> <pk‘ 671'[%5 |-’Bk—1> — o~V (®k)e ipyay ,—iK(Py)€ o —iPyTr -1 (113)

CO6I/IpaH AKKYPaTHO 9JICHBI, MbI IIPDUXOJUM K BbIDa>KCHUIO:

N—-1 N N
. T — —
G (x,y,t > 0) 50/ 11 dwk/H(dpk)exp i€ (pkkc“ —H(mk,pk)) (11.4)
k=1 k=1 k=1

LCy4ait 0BIIero mosioyKeHnsa — HepasjeaeMblii TaMuIbToHHal — paséupaercsa B 11111, rmasa 9.1 «/HTerpari Mo MyTsM B KBAHTOBOH MEXaHUKE»,
crp. 277. B aTom ciaydae BCE pacckasaHHOe TOXKe OyJeT BEPHO, IPOCTO MAaMUJIBTOHUAH HY?KHO OPaTh yHOPSLOYeHHBIM IO Beiitro
1
Y — 8X+Y+2[X,Y]+.4.;

2Coracuo gopmyae Botiepa- Komnbeaa-Xaycdopga (Baker-Campbell-Hausdorff formula), eX TEeM CaMBbIM IONPABKU K

3TOMY BBIDAXKEHHIO MPONOPIHOHAIBHEI [V e, Ke| o €2, To ecTh BHIMEpAIOT B mpejese € — 0

118



I'VIABA 11. ®YHKIIMOHAJIbHBII NHTETPAJT 119

11.1.2 ®OyHKIMOHAJBLHBIN WHTErpaJl

B npenene N — oo u € — 0, Habop BeudIuH {wk}ﬁzo 1 {p; }2_, MOXKHO TIpejicTaBaATh B BUAe DYHKIH yKe HelpepbIBHOrO
napamerpa — BpeMeHH ¢, Tak 4ro &ty = k) = @y (1 aHAJOrTYHO ¢ UMIYJILCOM ). [TOCKOIBKY o = € 1 Ty = Y — PUKCUPOBAHDI,
U [0 HUM He IIPOUCXOJMT MHTErPUPOBAHUE, TO sl cOOTBeTCTBYIONMX GyHKiumil 310 3uauur £(t =0) =z u x(t =T) = y. dna
HMITY/JIbCOB HUKAKOI'O TAKOTO TPeOOBAHMA HET.

3abyieM Ha BpeMsi, 4TO [IOCTPOEHHbIe TaKuM 00pasoM dbyukimu (t) u p(t), BoobIe roBopsi, dale Bcero OyiayT OKa3bIBaThCs
nenuddepennupyeMbl. B TakoM cilydae B 9KCIOHEHTE CTOUT KOHEYHAs AIPOKCUMAIMSI WHTErPaJa, MPEJCTABJIAIONIEro co0oi
kytaccuueckoe geficreue S[z(t), p(t)], 3anncanroe B raMIIIBTOHOBOM (hopMAasm3Me:

Sle(t), p(t)] = / dr(p(t)i(t) — H(x(t), p(1)))

WNurerpupoBanue o HaOOPY MPOMEKYTOIHBIX KOOPAMHAT M UMITYJIbCOB 3AIMCHIBAETCS Yepe3 (hOpMaIbHBIN CHMBOJI “HHTErDU-
poBaHUs 110 BCeM (DyHKIUSAM'; IOHUMATD €r0 ITOKa HY2KHO HCK/IIOYUTEILHO B CMBIC/IE BDEMEHHON U IPOCTPAHCTBEHHON TUCKpe-
TU3ALAN:

[ Plzten = [ ;i_l dow, [ Do) = [ kfj[(dm (11.5)

Haxkomnerr, TocKo/IbKy B HaIlleM IOCTPOEHUH Ly = & U 'y = Y, TO HHTEIPUPOBAHNE ITPOUCXOIUT C TaK HA3BIBAEMBIMH “3aKpell-
sénabiMu KoHamu” (1o ecthb ¢ yeaosueM x(0) = ¢ u (t) = y). Tem cambiv, ¢ yuérom onpeeieHus “Mepbl PyHKINOHATIBHOIO
unarerpasa’ (11.5)), Mbl mosyyaeM mpencTaBIeHne 3aNa3/IbIBAIONIEr0 IPoIaraTopa depe3 OyHKIMOHAIbHbIA HHTErPaL:

ey T>0= [ Dla(t)p()ers= ) (11.6)

z(0)=z
z(T)=y

Basatue unTerpasia o umiryiabcam OOpaTuM BHUMAHUE, /It OOBITHON HEPEJIATUBACTCKON JACTUIIBI KHHETHIECKAsT SHEPIUS

2
umeer Bz K(p) = 2—. Dro mosposiser naM B3ATH MHTETPAJIBI 110 Py B Bhipakenuu ((11.4), MOCKOIBKY OHI Bee rayCcCOBbI:

o0
_ 2 /2 _ 2
) Ty — Tp— p m m (@ — T
[ tamoe (i (=22 20 ) = () e (i3 (20) (1.7

e—0 \27ie €

m \Na/2 Nt N o m T — Tp_1 2
GR(x,y,t >0) = ( ) / H dx, exp iez 5} () - V(xr) (11.8)
k=1 k=1

Ecom B 3tom caydae momudunmposars “mepy” cormacao D(x(t)] = (

N/2 ;N-1
m

) vy J dxi, n Sal\;eTI/ITb, 9YTO B IKCIIOHEHTE
CTOUT AIIPOKCHMALMS KJIACCAUECKOro feiicTBus B jgarpanxkesoM dopmanusme — Sla(t)] = [dt (%a} — V(az)), TO MbI IPUIAEM

K QJIBTEPHATUBHOMY IIPEICTABJIEHAIO [IPOIIAraTopa Yepe3 ApYroil MOyHKIIMOHAJIBHBIN WHTErpaJ:

GP(z,y, T > 0) = / Dl(t)]eSl=) (11.9)
z(0)=z
z(T)=y

Takoe ke BbIpakeHHE MOXKHO OBLJIO OBbI IOJIYYHUTh Ha (DYHKIMOHAJIHHOM dA3BbIKE, «B3fB» IayCCOB MHTErPAJI 110 UMILYIbCAM

/D[p(t)] exp (-i/dtW"W> _1 (11.10)

2m

(B 1efiCTBUTEILHOCTH 9TO He €IUHUIA, & HEKOTOpas OeCKOHEeYHAsl KOHCTAHTa — KOTOPYIO Mbl «CIDSTAJU» B II€PEOLDPEeIeHIe
mepbl D[z(t)]). O6paTnM BHUMAHWE HA CJIELYIONNE BEIMU. BO-TePBhIX, HCXOIHOE MPEICTABJIEHNE (Uepe3 MHTErPAJ TI0 UMITYJIbCAM
U KOOpJIMHATAM) B KAKOM-TO CMBbICJIe OoJiee DyHIaAMEHTAILHO; AJIbTEePHATHBHOE IIPeJICTaBIeHIe PaboTaeT TOJIBKO B CJIydae KBaJi-
paTUYHOM 3aBUCUMOCTH KHUHETHYIECKON IHEPIUU OT MMILYJIbCa. BO-BTOPBIX, B MCXOJHOM IIPEJICTaBJIEHUU ‘Mepa’ OIpeelisiach
[IpUSTHEH, YeM B aJIbTePHATUBHOM; B HEll He OBLIO HENPUSITHBIX 3aBUCAMOCTEl OT MACC U JUCKPETU3AINH €.
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V BbIpazkeHus JJIs aMILUIUTYIbI Ilepexojia (pornararopa) dyepe3 dbyHKIMOHAILHBI HHTEIPAJ UMEeTCs [IPO3PauHblil husndecKuit
cMmbicst. KBaHTOBasi 9acTuila U3 TOYKA & B TOUKY Y MOXKET IIONACTb KAKUM YTOJHO IIYyTEM — I10 ITPOU3BOJILHON TPAEKTOPHUH,
COEIMHSIONINI 9TH JIBe TOUKH. 1Ipi 3TOM Kaxkipli myTh uMeeT “Bec” €. Pe3ynbTupyromas aMILIITYIa CKIIbIBACTCS 38, CUT
uHTEPGEPEHIINN 110 BCEM TPACKTOPUSIM.

Boobire roBopst, KaxKapiii pa3, Korja numercs: (PyHKIUOHAJBHBIA UHTErpasl, Hy?KHO MOJIPAa3yMeBaTh, KAK UMEHHO CJIEyeT
“pacrudposbiBars” Mepy D[z (t)]; Kak Mbl BumuM, ObIBAIOT pasHble BADUAHTHI. alle, OJHAKO, ITO OIyCKaIoT. JIBa ompesese-
HUs MepBbI, KOTOPble Mbl TYT IIOJIyYUJIH, OTJIMYAIOTCS BCErO JIMIIb HA KOHCTAHTY (XOTh U GECKOHEUYHYIO, U 3aBHUCHILYIO IBHO OT
JIICKPETU3aIiN) — OJHAKO, UTO CYIIECTBEHHO, OHM COBEPIIEHHO He 3aBUCAT OT CaMoOil TpaeKTopuu Xj (WM, aJbTepPHATUBHO,
2(t)). B mpakTHuecKn Bcex IPUIIOXKEHUIX MBI OYJIEM MMETh JIEJIO C BBIPAXKEHUsIMU, B KOTOPBIX MMEETCsI OTHOIIEHNE JIBYX PA3HBIX
(DYHKIMOHAJIBHBIX MHTEIPAJIOB, B KOTOPBIX 9Ta KOHCTAHTA BJIATOTIOJIYYHO COKPAIIAETCS 1, BOOOIIE TOBOPSI, MOXKET ObITH BHIOpaHA
npou3BOJIbHON. B Takux (1 TosIbKO Takux!) ciydasx MOKHO cebe MO3BOJIUTD OMYCKATh “pacimudpoBKy”’ Mepbl (OyHKIIMOHAILHOIO
MHTErPUPOBAHUSI.

CgpoiicTBa pyHKIIMOHAIBHOTO MHTErpaJja

o llmest «KpaTHBIH (PYHKIIMOHAIBHBIN HHTEPAJI», MOXKHO IIEPEXOIUTH K <IIOBTOPHOMY »:

/D[m(t)]p[p(t)]... = /D[m(t)].../D[p(t)]... (11.11)

e B Cl)yHKLLI/IOHaJH)HOM nHTEerpaJjie MOXKHO CABHUI'aTh MHTErpaJl Ha KOHCTaHTyE

| Plate) - Te(t)] = [ Dla(e) () - £ie) (1112)

It 1pon3BoJibHOM dyukuuu f(t). fdxobuan Takoro npeobpa3oBaHus PABEH €IUHHUIIE.

e Haxomrern, ¢byHKINOHAIBHBI HHTEIPAJI MOXKHO «CITABATH» :

/dy / Dlx (t / Dlx2(t)] = / Dlx(t)] (11.13)

1 (ta) zz(t x(ty)=xq
21 ()=y x2 tb)—mb (tb)—wb
D10 Ke ABHO ClelyeT U3 olpejeseHus uponararopa: [ dy (xl Ulty, t) |y) (Y| U(t, ta) |2a) = (@] Ulty, ta) |24). Ocrambusre
CBOJCTBa TPUBHAJIBHO CJIEJYIOT U3 HAIIEro Olpe/ieeHns (DYHKIMOHAILHOTO HHTErPaIa Yepe3 JTUCKPETH3AIHIO.

11.2 IlIpumep: KBAHTOBBIII TAPMOHUYECKUI OCIINJIJISITOP

A~ ~2 2,2
[Hasaiire Berauc/ M byHKIHOHATBHbI HHTETPAJT I IPOIAraToOPa KBAHTOBOTO TAPMOHIYECKOT0 OCHuIIsaTopa: H = I Mt

Wzioxxenublil TyT perent TpuBHAJIbHO 0000IaeTcs Ha IPOU3BOJIbHBIE (DYHKITMOHAIbHBIE HHTEIPAJIbI. BO-11€PBBIX: MBI HE XOTHUM
UMETDb JIeJIO C Mepoil (DYHKIIMOHAJTHLHOTO MHTErpaja, KOTopas KaK MPABUJIO COJIEPKHUT OECKOHEUHYIO KOHCTAHTY, 3aBUCSIIYIO OT
juckperusaruu. CTaHIapTHBIA TPIOK JJIsi TOrO, YTOOBI OT He€ M30aBUTHCSI — 3TO PACCMOTPETH OTHOIIEHNE (bYHKIIMOHAIBHBIX
WHTErpaJjioB; HAIIPUMED, MPONAraTopa OCIILISITOPA U IIPOMAraTopa CBOOOIHON YaCTUIIBI, KOTOPBIl HAM W3BECTEH:

GB(z,y,T) ff((o:;):f Dlx(t) exp( fo [T - mw = } dt)
GE(x—y,T) F 0= D) exp( [T ms dt)

(11.14)

z(0)=y

B rakom ciydae, moKyaa Mepa B YHCUTENIE U 3HAMEHATE/e BLIOpaHa OJIMHAKOBO, 9Ta KOHCTAHTA HAC BOJHOBATH HE JIOJIXKHA.
Bo-BTOpBIX: MBI UMEEM JIEJIO C rayCCOBBIM (DYHKIMOHAJBHLIM HHTEIPAJOM — jeiicTBue KBaapaTudHo 1mo x(t), U ero MoOxKHO
3alnucaTh B BUJE

Sla(t)] = %/x(t) L)t (11.15)

¢ JIUHeHHBIM ontepaTopoM L = —02 —w?. TOT IMHeH B OTlepaTop onpe/eiseT KIacCuuecKue ypasHenns apmKkenns: Lz (t) = 0.
HasaiiTe HaliJIEM KIACCHIECKYIO TPAEKTOPHUIO, KOTOPAs YIOBJIETBOPSIET HAIMM TPAHUIHBIM yCIoBUAM T (0) =z u xo(T) = y, n
clIesIaeM IOJICTAHOBKY B (DyHKIUOHANbHLIN uaTerpas x(t) = x4 (t) + z(t). B TakoMm cirydae Mbl OymeM UMETh JeJI0 ¢ HHTEIPAJIOM

3MeHee TpUBHAJIbHBIE 3aMEHEI KOODAHHAT MOIYT HOTPeGOBATEH BEIYMC/IEHHs SIKOGHAHA COOTBETCTBYIOIIErO IIE€peXofa. KOHKPETHBIH BUJ SKOOHAHA
MOZKHO IIOCTPOUTBH, BBISICHUB, KaK OyeT BBIIVISAETh €ro JUCKPETHbIA aHAJIor
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o BceM YHKIWAM z(t), HO KOTOpBIE yxKe OYIyT YIOBJIETBOPATH HYJIEBBIM I'DAHUYHBIM ycjoBusiM. CIBHXKKA XKe IPUBEIET K
J106aBKe K JIEHCTBHIO (3TO BEPHO TOJIBKO IIOTOMY, YTO JI€fiCTBHE KBAJIPATUIHO, & TPAEKTOPUS T YAOBJIETBOPSET KJIACCHIECKUM
YDABHEHUSIM J[BKEHNUS ):

Slealt) + z(t)} — S+ S[=(0) (11.16)

Jnsi neiicrsus 3ammcannoro B suae S[z(t)] = 2 [ a( t)dt moxer mokazarbcst, uto S|z (t)] = 0 B cuny Lxy(t) = 0;
9T0, KOHEYHO, He TaK — JIJI TOI0, YTOOLI HpI/IBeCTI/I ,ZLEI/ICTBI/IG K HGO6XO,ZLI/IMOMy BUJLY, MBI IPOMHTErPUPOBAJIH IO FACTAM, U JIJIS
KJIACCUIECKOI TPACKTOPUI BHEMHTEI PAJIbHBIN “WIEH OTyIndeH OT Hyid. st TpaekTopuu z(t) ¢ HyJIeBBIME IPAHMIHBIMU YCIOBHIME
BHEMHTETPAJIbHBIH UJI€H OUeBUJHBIM 06Pa30M paBeH HyJro. B 4acTHOCTH, JJIsi CBOOOJHON YACTHIBI KJIACCHIECKAs] TPACKTOPHUSI
COOTBETCTBYET 9acTHIlE, JieTAeil paBHOMEPHO U HpaAMomMHeiHo x(t) = y + “=Yt, u JeficTBrue Ha TaKOW TPAEKTOPHH DaBHO

2
Scl — m(z;y)

. Brarozmapst sToMy CBOHCTBY MBI MO2KEM HCKaTh TOJIBKO IpomaraTop npu & = y = 0, 9T0 B JaHHO 3a/1a49€ IIPOIIIE:

GR(x,y,T) = G0, O,T)eiS“l(I’y’T) (11.17)

(omsTh-3K€, JJIsi KJIACCUIECKON JACTUIBI 9TO CBOMCTBO OYEBHIHBIM 0Opa30M BBIIOJHgAETCH ). HakoHel, nocjaeqauil mar — mnpo-
u3BOJIbHYIO (DYHKIUIO z(t) MOXKHO Da3jIOKUTh 110 06a3ucy cobGCTBeHHBIX (BYHKIM oreparopa L, KOTOPBIH MJIs OCIUJISATOPA
BBITVISIAT CJIELYTOIIUM 0OPa30M:

= cnzn(t) (11.18)

R 2 + 2,,2
Lan(t) = Anzn(t), zn(t):,/fsm%, )\n:WTZ — w? (11.19)

Mepy yHKIMOHAILHOIO HHTErpasla MOXKHO B TaKOM Cllydae BhIOparh B ciefyomem sute: [ D[z(t)] = N2, [0 de, (
GecKOHETHON KOHCTaHTON N, OJIMHAKOBOIT /1711 ancanTess u 3aaMmenarens). OUeBUIHO, 9TO TIPH 3TOM MBI JIEHCTBATENHLHO yaTEM
Bce DYHKINHI IO OJJHOMY Pa3y; MEHee OUEBUJIHO, HO TOZKE BEPHO, UTO 9Ta 3aMeHa — IIPOCTO 3aMeHa 6a3uca, OHa JIA8TCS OPTOTOHAIb-
HOIT MaTpuIeil (B IMCKPETHOM CJIydae), 1 IKOOMAH TAKOTO Iepexoa OyaeT equanaHbM. HakoHer, B cuily OpTOHOPMAPOBAHHOCTH
HabOpa 2, () MbI HEMEJJIEHHO 3aMedaeM, 49To JeficTBue hakTopusyercs:

S[Z Cnzn(t i % (11.20)

ITosToMy MBI MOXKEM 3alucaTh (3AIUCHIBAsL IBHO OECKOHEYHYIO KOHCTAHTY, CBA3AHHYIO ¢ MEp

GE(0,0,7) :N/—Z 1°_°[1dcn exp (Z%Anci) =N10£[1

I‘I&KOHGH‘7 3aMeTUuB, 9TO 3HaMeHaTe/JIb paB€H YUCIUTEJII0 C W = O, MBI ITOJIy49a€eM, 9YTO BCE€ «JIUITHUE» KOHCTaHTbI COKPaIlalOTCA
U OCTaETCs cjreayromniee COOTHOIIIEeHNEe:

(11.21)

GE(0,0,T) w272\ 2 wT
“GE(0,T) H ( n27r2) ~ VsinwT (11.22)

Borancienne Takoro 6eCKOHETHOTO IPOU3BEJCHNST — OT/E/IbHAS 33/1a49a; IPH 9TOM OHO XOPOIIO OIPEJIEJICHO, TOCKOJIbKY IIPU
7N — 0O YJIEHBI CTPEMSTCS K eauuuie. MoXKHO, HAIIPUMED, 3aMEeTUTh, YTO (DYHKIIMs B JIEBOI U MPaBOil YacTh 00pAIAeTCsi B HOJIb
upu T = 7n, n € Z\{0}, u uro nupu wT = 0 oHa paBHA eIUHUIIE. DTO HE ABJSIETCS JIOKA3ATEIHCTBOM 3TOIO TOXKJIECTBA, HO
SBJISIETCS] MHEMOHUYECKUM IIPABHUJIOM, HO3BOJISIONIIM €ro 3aIlOMHUTH. TaKuM 00pa30M, MBI IOy YaeM:

GE(0,0,T) = e (11.23)

2misinwT

(3aBUCHMOCTb OT KOOP/IMHAT BOCCTAHABIMBAETCS JTOOABIEHUEM KJIACCUIECKOTO JeHCTBHSA).



I'VIABA 11. ®YHKIIMOHAJIbHBII NHTETPAJT 122

11.2.1 CuekTp

W3 3nanus 3alla3IbIBaIOIIEero IIpolaraTopa MOXKHO HM3BJIeYb, HalIpUMED, CIEKTp raMHWJIbTOHUaHA. ﬂJIH 9TOI'0 €ero MO2KHO fABHO
BBIUNCJIATL B 0a31Ce COOCTBEHHBLIX (byHKH,I/IIL/'I raMUJIbTOHMaHAa:

GR(2,y,T) = (el T y) = 3 (aln) e 7 (nly) = 3 dn(e)r e (11.24)

HOJ’Iy‘IeHHbeI oporaraTop ToxXKe MOXKHO IIpeJCTaBUTh B TaKOM BHJIE. ,ZLQI/ICTBI/ITGJII)HO.

mw MW _iw —2iwT \— mw — nmn —iw n+i
G"(0,0,7) = \/M =\ T/2(1 — 7 2T)=1/2 = ,/72(—1) Cry e~ T nt2) (11.25)
n=0

1 MBI [IOJIy AN 9aCTh CleKTpa — Fa, = w(2n+ %) MozKHO 3aJ1aThCsl PE3OHHBIM BOIIPOCOM — KY/Ia Ke JIeJIach II0JIOBUHA ClIeKTpa?
OTBer mpocT: [1eJI0 B TOM, YTO [IPOIIAraTop GR(O,O,T) POIOPIMOHAJIEH BOJIHOBBIM (byHKIUsAM B HyJe ¢, (0); a s dysKmit
C HEYETHBIM 7 9TO 3HAYEHWE PABHO HYJIIO, ITOCKOJIBKY OHM caMé HedETHbBI. J[jist TOro, 94T0o0BbI MOIYyYUTh BECh CIEKTD, ObLIO ObI
IPaBUJIBHO PACCMOTPETDH CJIEAYIONTYIO BEJINYNHY:

/de x,x,T) Ze_lE nT (11.26)

11.3 SKBHUBaAJEHTHOCTh MHTErpaJjia mo TpaekropusaMm u ypasHenus llIpéamarepa

Hakomnerr, obcyium Bompoc 0 TOM, KaK U3 HHTEIPAJIA [0 TPAEKTOPUIM MOXKHO OBLIO ObI B OOPATHYIO CTOPOHY BBIBECTH YPAaBHEHUE
[MIpémumrepa. st 3T0ro paccCMOTPUM IBOJIIOIUIO HA OECKOHETHO MAJIOE BPEMSI €, U 3aIUIIEM:

Blat+€) = (2 U(e) [9(2) / dn (2| U(€) [z +n) bz +n,1) (11.27)

st iponiararopa Ha GeCKOHEYHO MaJloe BpeMsl Mbl MOYKEM BOCIIOJIb30BAThLCs BUJOM Yepe3 (DyHKIMOHAJIbHBIH nHTerpas (TyT
MBI BOCCTAHOBUJIHN Fi):

(@] T(e) |z + 1) = /;(:i:p[ ()] exp (h/dt [ j P V(x(t))D ~ N exp <; (”’;’Z —V(z ))) (11.28)

eV (z)/h

B cuity MajlocTH €, WieH ¢ NOTeHIUATIBHON SHeprueil MOXKHO Da3JIOXKHUTh € ~ 1 — ieV(z)/h. Tlo n npoucxomur

2
2%h ) T'OBOPUT, 9TO TUIIMYIHbIC 3HaAYCHUA 7) X \/E HOSTOI\{y IOJABIHTEI'DAJIbHYIO BOJIHOBYIO

(byHKL[I/IIO MOZKHO Pa3JIO2KUT B PAJ II0 €, OCTaBUB II€pPBbIE TPU YJICHA:

UHTEerpupoBaHue, 1 MHOXKHTEJIb €XP (

1
Y(x +n,t) = (x,t) + no(x, t) + §n28§¢(x, t) (11.29)
IToce TAaKOTO Pa3JIOKEHUSI, MOKHO IBHO IIPOMHTETPUPOBATD IO 1) U IOy IATh:
N 2mihe h
dn - ™ 2Ry (1 4o, t) & 1+ie—0? t 11.30
[ ek g = [ e 02 (e (11.30)
HockombKy npu € = 0 O49eBHIHBIM 06DPA30M JIOJIKHO HMETh MECTO TOXKJECTBO, MbI 3ak/miodaeM, uro N = /30— (uro,

BIPOYEM, U3BECTHO M U3 JUCKPETHOIO NpeJICTaBIeHus yist pyHKImoHaabHoro nuarerpada ((11.8])). Cobupast Bemymiue 1o € uieHst,
MBI TIOJTydaeM:

i€ h
=(1-+ e —0 11.31
vt = (1= 5Vio) +ieg02 ) wiz,o) (11.31)
Haxkomerr, 3amensis w ~ Jyip(x,t), MBI HeMeJIeHHO BocpousBoauM ypasaenue [IIpéaunrepa:
n? o2
10 (z,t) = (_282 +V(z )) Y(z,t) (11.32)

JlaHHbIH prMep GbLI JOCTATOYHO aKaIeMUIeH, 1 HuIero Hoporo HaM He jgai. OHaxo, Hanpumep, aist auddysun (nam, 6oee
00II0 — KJIACCHYECKON YaCTHIbI, IBUKYIIUHACI B BA3KON Cpejie HOM JeHCTBIEM CJIydaiiHbiX JIaHKEBEHOBCKUX CUJI) IIPEICTAB-
JieHne depe3 QyHKITMOHATBHBIN HHTErPaJl CTPOUTCS JTOCTATOYHO IIPOCTO U MpsiMoInHeHO. [10100HbIM mpeobpasoBaHmeM MOXKHO
BbIBecTH, HanpumMep, ypasaerne Pokkepa-Ilianka mis dbyukiun pacupenenenus P(x,t).
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11.4 HWHcTaHTOHBI: pacHiellJIeHue B ABYXbAMHOM HOTEHIINAJIE

11.4.1 IlocTraHOBKa 3ajJa4u

Ha nmammom cemmuape Mbl Oy/ieM MCKaTh TYHHEJIHHOE PACIIENJIEHNE B JBYXbIMHOM TMOTeHInase. Js ymobcTBa MBI MOJTOXKUM
Maccy dYacTuilbl m = 1, a IoTeHIAJ 333 UM B Bpmeﬂ U (x) = )\(x2 — 172)2, U TeM caMbiM ['aMUJIBTOHHAH 3aJa9d HUMeeT
CJICAYIOUIUI BUI:

1
H= fiaﬁ + A(z? —n?)? (11.33)

IToTennuan nMeeT IaApy MUHUMYMOB B TOUKAX & = 1), BOJU3M KOTOPHIX OH NMeeT OCIUJIISTOPHOE pas3sioxkernue V (x) = %wsz,
¢ gactotamn w? = 8\n?. Bricora Gapbepa, pasjensiomero stu jse smbl, pasa U(0) = Ant; mostomy Kpasmkiaccmaeckomy
HOPHOJIIKEHIIO COOTBETCTBYeT A1n° > 1 < wn? > 1. iMeHHO B TAaKOM IPHOINKEHNI MBI I OyIeM permaTh 3Ty 3agady. Ha camom
Jiejie, €€ Mbl yKe 0DCYKJIaji B CeMUHAape, MOCBSIMEHHOMY KBA3UKJIACCHYECKOMY MPUOJIMIKEHNIO; B YACTHOCTH, Mbl BBIYUACIISIIN
PACITIETIJIEHNE N-TOTO OCIUJUISITOPHOTO YPOBHS (Ha CHMMETPUYHBIE U AHTHUCUMMETPHUIHBIE KoMOuHarmn). Kpasukmaccuiaeckoe
npubJinyKenne, BIpodeM, paboTaeT TOJIBKO mpu n > 1; a ceifdac Mbl cOKyCHpyeMCsl Ha PACIIEIIEHUN OCHOBHOI'O COCTOSTHUSI
n = 0. st BeIYUC/IEHNsI, MBI BOCIIOJIb3YEMCsl CJIETKa MOIUMPUIIMPOBAHHBIM anmnaparoM (yHKImil ['puHa, 1 QyHKIMOHAIBHBIM

HHTErpaJioM.

11.4.2 BwukoBckuii moBopoT u EBKJIN/I0BO JielicTBue

Vii06Hee Bcero nccjeaoBaTh CBOMCTBA OCHOBHOI'O COCTOSIHUSI B MHUMOM BpEMeHU t = —iTﬂ. Oyuximio ['puHa BO MHUMOM BpeMeH!
MbI OyjieM 0003HAYATD CJIEILYFOIIAM 06pa301\ﬂ
_ . -H —E,
Gu(e,y,m) = Gla,y,—it) = (e[ e T [y) =Y (@) (y)e 57 (11.34)
n

ObpaTum BHEMaHUE, 9TO YeM BBIIIe BO30YKJI€HNE, TeM MEHbINNI BKJIa OHO JAéT B 9Ty cyMMy. [loaToMy, B IpUHIHIIE, €CIN
paccMoTperh T = 3 — 400, TO IIABHBII BKJIaJ[ OCTAHETCST TOJIBKO OT OCHOBHOT'O (M, B HAIIEM CJIy9ae — MEePBOro BO30OYKIEHHOIO)
cocrostaust. VIMEHHO 9TOT ciryvail Mbl U OYJIeM HCCJIeIOBATE.

st EBgymmnosoit dyukmyun ['puHa MOXKHO BBIBECTH IIpe/CTaBJIeHHE depe3 (DyHKIIMOHAIBHBIN MHTErPAJI, TOJHOCTHIO SKBU-
BAJICHTHO TOMY, YTO MBI JIeJIajli Ha MpepiiyiieM ceMuHape. OTBeT, B JIeHICTBUTEILHOCTH, OyIeT TAKUM YK€, KAK €CJIU Obl MbI
[IOIPOCTY B JeficTBrE c/iesann pOpMAIbHYIO MMOACTaHOBKY t = —i7. IIpu srom:

iS[x(t)] = i / B(m)? - U(m(t))] dt = — / B(afxﬁ + U(x(f))} dr = —Sgle(r)] (11.35)

z(B/2)=x B2

Ge(z,y,B) :/

z(—B/2)=y

Da(r)exp [ — /

1 2
s dr {2(871‘) + U(a:(r))} (11.36)

[Tocnennee naspiBaiorT « EBKINIOBBIM feiicTBHEM», U, KAK MbI BUUM, OHO OTJIMIAETCs OT OOBITHOIO TOJIHKO M3MEHEHNEM 3HAKA
y norernuasa U(z) — TeM caMbIM, ¢ KJIACCUYIECKON TOYKHU 3PEHUsI OHO OLMCBHIBAET JBHXKEHHE B IIEPEBEPHYTOM MoTeHIuase. B
JaJIbHENIIIeM HUXKHUN UHIEKC «F'» MBI Oy/eM omycKaTh, IIOMHSI, YTO MbI OTHBIHE pabOTaeM B MHUMOM BpPEMEHU.

Puc. 11.1: TlepsépuyTsiii («eBRINIOB» ) nByxbamubiii noreanuan —U(x). Ocu B eqununax 1 (Ox) u A (Oy)

4}IMmenHo Takne 0603HAYEHHsI IPUHATHL B « IHCTAHTOHHOM a30yKke»

5Ta.KOfI HOBOpOT B KOI\AHJ’IeKCHyIO IIJIOCKOCTBb BpeMeHI/I Ha3bIBAXOT ]E;I/IKOBCKI/II\/[7 nJjaIin «EBKJ'II/I,Z[OBBIM». HOCJ'[e,ZLHee qalie I/ICHOJ'IBByeTCH B KOHTEKCTE
PEJIATUBUCTCKON KBAHTOBOII TEOPUH IOJIsi — JEJI0 B TOM, YTO IIOCJIEe TaKOro MOBOpOoTa MeTpuka Munkosckoro 1, = diag(l, —1,—1,—1), sagaBaeMast
Tepes mHTepBAT ds? = dt? — dr?, mpespamaerca B EBKIHA0BY MeTpHUKy ., (C TOUHOCTBIO 70 3Haka) ds? = —(dr2 + dr?).

6D peitcrBuTensrOCTH K€, 1Ist MEAMOrO BpeMenu T = 3 = T~ ! 5T0 IOIPOCTy COOTBETCTBYET KOOPAMHATHON MATPHIIE IIOTHOCTH
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11.4.3 Metoa nepeBaJja

IMockosbky U(x) npejcrasisier coboii TOJMHOM Y9eTBEPTOI CTENEHH, Mbl UMEEM JIEJIO ¢ HEJIMHEHHBIM JISHCTBHEM U C HErayCCOBBIM
QYHKIMOHATIBHLIM HHTErPAJOM. BpaTh 3TOT MHTErpaj MbI OyIeM MEeTOIOM IepeBalla, KOTOPBIH COOTBETCTBYET HAXOMKJICHUIO
KAQCCUMECKUL TPACKTOPHI, MUHUMU3UPYIONIUX JieficTBHEe — U KBaJIPATUYHOMY Pa3JIOXKEeHUIO BO/IM3M HuX. JIBe TPUBHAJILHBIX
KJIACCMYECKUX TPAGKTOPHU OYEBUJIHBI — OHU COOTBETCTBYIOT MOKOAIMMCH dYacTHIaM B Toukax x(t) = +n. JleficrBue Ha HUX
PaBHO HYJIO, 8 KBAJAPATHIHOE PA3JIOKeHIe YCTPOEHO TaK ¥Ke, KaK U /IS KBAHTOBOTO MaPMOHIYECKOTO OCIUJLIATOPA; U OHN JaIyT
COOTBETCTBYIOMIMIT BKJIAJ B caeaytone dbyHKun ['puHa B COBIIAIAIONINX TOYKAX, CBI3AHHON C IMOCYUTAHHON HA IIpeIbLIyIeM
cemmHape dyHKpeli 'pura KBAHTOBOrO rapMoHnUIeckoro ocipusitopa Go(S) (¢ maccoit m = 1):

GOm,n,8) =GO (=, —n,8) =G m \f P2 (11.37)

U3 s10ro Mbl AefCTBUTE/ILHO BUAUM, 9TO B BeAyINeM HPUOJIMKEHUH UMeeTcs (IBYKPATHO BBIPOXKIEHHDIH) OCIMILISITOPHDIL
ypOBeHb 3Heprun E = w/2; HO 9TO He TO, UTO HAC WHTEPECYeT — HAC MHTEpeCyeT TyHHeNIbHOe paciieruienne! TyHHEIMPOBAHUIO
COOTBETCTBYET IEPEXOJL U3 JIEBOI sSIMBI B IIPABYIO, IIO3TOMY UMEHHO Takyio dbyHkuuio I'puna Ml Oynem canrats: Gg(n, —n, 3).

11.4.4 Jloruka

HasaiiTe BCIloMHIM, KaK MBI 6€pEéM MHOTOMEpHBIE MHTErpajbl METOIOM IepeBaJia I = f exp(—f (sc))ddac. Penent npoct: MbI

L\ 0
CIIepBa Mbl WIEM MAaKCHUMyM, pellas CeJJIoBOe ypaBHeHue (UJIM CHCTeMy yDaBHEHMHIA) ! (m(’) = 0 — m Haxojd pelleHne, TOUKY
xo. B Bemymem npubnmkxennn, 3HadeHne MHTErpaja JaéTcd 3HadeHneM (DYHKIUHA B STOI/I ‘rouke: I ~ exp(—f(xp)). 3arem MbI

2

paccMaTpuBaeM KBaJpaTHIHOe Pa3jiozKeHne Bosn3u ceiioBoil rouku: f(xo+2z) ~ f(xo)+ % %zizj; u, HAKOHeIl, 6epEéM rayccoB
iOTj

HHTErpaI:

1 1
I~ e (@) /ddzexp (—2Lijzizj) = — ¢ f@) (11.38)
4/ det i

@yHKU;HOHaJIbeIﬁ HHTErpaJi B 3TOM CMBIC/IE HUYEM HE OTJIMIAaECTCA — W MbI IIDUMEHHUM 3TOT PEIEeNnT U TYT.

11.4.5 Cegjio

Urax, HAM HY>KHO HAfTH KJIACCAYECKYIO TPAEKTOPHUIO L (T), YZIOBJIETBOPSIONIYIO SKCTPEMYMY JEHCTBUS ¢ TPAHUIHBIMHA YCJIOBH-
s 2(—B/2) = —n u 2(8/2) = 1

Sk
ox(T)

JlaHHOE ypaBHEHUE MOYKHO PEIIUTh B KBAAPATyPaX, HO MIPOIIE BCEro PENIeHHe yCTPOEHO, €CJIU Ty T CPa3y B3ATh IIpeses 3 — oo.
B TaxoM ciydae, TPaeKTOPHH COOTBETCTBYeT IIepPeKaThIBAIoNIasAcs 3a GeCKOHedHoe BpeMsl YacTHIa U3 JIEBOTO «ropba» HepeBép-
HyTOIO IHOTeHIUaJja Ha IpaBblil. IToGL HalTH 3Ty TPAEKTOPHUIO, MOYKHO BOCIOJIL30BATHCS 3aKOHOM COXPAHEHUS <«IHEPTUH»
= 2(8;x)* = U(x(7)) = const (na mameit rpackropun E = 0), Giarosapsi qeMy IOHH3UTH CTeNeHb yPABHEHNUsI JIO0 TIePBOii:

=0= 0%z =U'(x(7)) (11.39)

1
5(8733)2 =U(z(1)) = % = V2Mdr = | x4(7) = ntanh % (11.40)

Takyio TpaeKTOPUI0 — HETPUBUAJBLHBIN IKCTPEMYM HEJIMHEHHOTO MefCTBUsS B (DYHKIMOHAJILHOM HHTEIrPajie — HA3BIBAIOT
UHCTNAHTMOHOM.

Puc. 11.2: ncranronnas koudurypanus z. (7). Ocu B exuannax w (Oz) u n (Oy)

1.0
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TyT MBI cTaTKMBaeMCs C BaXKHOM OCOOEHHOCTHIO 3a1a9d. BMECTO OmHOM CeIIOBOIT TPAeKTOPUM, MBI, B AEHCTBUTETHLHOCTH,
UMeeM JIJIO € TEJBIM Ce0A08bM MHO02000pasuem Lo (T — T.), TAPAMETPU3YEMBIM BEIIECTBEHHBIM UHCIOM T, — IOJIOKEHUEM
nHCTaHTOHA. Hajmmaue 310l ¢cBOOOIHBI, KOHEYHO, CBSI3AHO C TPAHC/ISIITUOHHON MHBAPUAHTHOCTHIO I10 BPEMEHU — MbI BEeJlb B3sLIU
npesen 3 — oo! MIHCTAHTOH MMeeT XapaKTepHyIo IMUPUHY ~ w ™ ', KoTopas Mana (B 9acTHOCTH, w™ ! < (), U TIO9TOMY KpaeBble
3¢ EKTDI, CBA3aHHBIE C y/IePKAHTEM KOHEIHOTO (3, Oy/IyT 9KCIIOHEHIINAIHLHO MAJIbl Ha (POHE OCHOBHOTO PE3yJIbTaTa, U B BEIYIIEM
HOPsIZIKE OHU JeHCTBUTENILHO HE BasKHbBI. BeJIMInHa XKe T, ¢ 9TOH 2Ke TOYHOCTHIO MOXKeT I1poberaThb Bee 3Havdenusd 7. € (—5/2, 5/2).
K a70i1 cBOGOIE BHIOOpA ITEHTPA MHCTAHTOHA MBI €IIE BEPHEMCS, a MOKa JaBalTe PACCMOTPUM OJHO CEJI0 Ha 3TOM MHOTOOOpa3um,
cKazxxeM, 1. = 0.

Nrak, B IIaBHOM [OPsiJIKE 3HAYEHNE MHTErPAJIa OIIpeIelIsieTcs JeficTBieM Ha 3ToM MHCTaHToHe. [lasaiite ero BprauciuM (fis
9TOro yIA00HO BOCIIO/IH30BATHCS «3aKOHOM COXPAHEHUsI SHEPIUU» U BBHIPA3UTH YJIEH C IMOTEHITNAJBHON SHEPrueil depe3 KUHeTHIe-
CKYIO):

So :/ dr(0;10)* = gmﬁ > 1 (11.41)

—0o0

Hecitoxxno ybeanthest, 9T0 9TO IEHCTBHE TOXKIECTBEHHO COBIIAIAET C «KBA3UKIACCHIECKUM JTEHCTBHEM > f 1777 p(x)dx, koropoe
OIpeesIsyio Obl pacHIelJIEHNe B KBA3UKJIACCUIECKOM ITPHUOJINZKEHIH.

11.4.6 KsaapaTrunuHoe pa3jioKeHUe

CJIeleH JIOTUKE METO/la IlepeBaJia, HaM HY2KHO IIPOBECTU KBaJIpPaTUIHOE Pa3J/IOZKEHNE BOJIM3U MHCTAHTOHA:

1 B/2
Sg[za(r) + 2(7)] = So + 3 / dr [(0-2)* + U" (za(1))2%(7)] = So + Sa[2(7)] (11.42)
-B/2
B KBa/paTUTHOM pasIOsKEeHNN JeiiCTBHs CTONT JIHHEHAHDI oneparop L = —02+U" (x¢(T)), CIEKTP KOTOPOTO HAM IIPEJICTOUT

WCCJIEIOBATH MPU B3SITUU TayCCOBOIO MHTETPAJIa 10 KBaJIpaTudHbIM (urykTyanusam. OTBeT TeM caMbIM ¢ TOYKH 3PEHUs] METOJIA
HepeBaJia YCTPOEH CJIEIYIOMUM 00pa3oM:

=(8/2)=0
G(n, —n, B) = e‘SO/ Dlz(r)]e~ %) (11.43)
2(~8/2)=0

SIBHBII BUJ ollepaTopa CJIeTyTOIIHii:

2 3/2

U (2(7)) = 2= (3tanh® - — 1) =w? (1 — —L—— (11.44)
2 2 cosh” -

11.4.7 CuekTp omeparopa

Urax, J/1s B3ATHS TayCcCOBOTO WHTErpasa 1o z(7) HaM HeobXOIMO MCc/IeIoBaTh cBoiicTsa (crekTp) omepatopa —02 +U" (z4(7)).
3asaua Ha ero cOOCTBEHHbIE 3HAYEHHUSI €, U COOCTBEHHBIE (DYHKIMY Uy, (T) BBIVISIUT CJIEAYIOMUM 06pa3oM:

3w? /2

cosh? %

2 _ 2
—Ur = n - n - n .
0 Un(7) = (n — W) (7) (11.45)
ﬂaHHoe YpaBHeHnue BbhIIVIAAUT B TOYHOCTH KaK YpaBHCHHUE ]_Hpé,ZLI/IHI‘epa B IIOTEeHIIHAJIC m, pemenue KOTOporo naM u3BeCTHO
— OHO BbIpazKaeTCd dYepe3 I'mIIepreoMeTpruIeCKYIo (byHKILI/IIO QF 1, X MBI €ro O6Cy}K,ZLa.HI/I Ha tIGTBépTOM ceMuHape IIPOMIJIoro
ceMecTpa. BOCHOHb3yeMCH OTBETaMM U3 TOI'O CeMUHapa, B KOTOPbIC HY2KHO IIOACTaBUTH CJICAYIONIUC SHAYCHUA ITapaMETPOB:

1 2 3w?
i — - = 11.46
m 5 a , Uy 5 ( )

Bazkuabim JJIdd UCCIIETOBAHNA MMOTEHIIUAJIa OKA3bIBAIOTCA CICAYIOIINE JIBa 663paSMepHI>IX ITapaMeTpa:

Uo
u=-——-"
1/2ma?

=6, s= %(\/1+4u71) =2 (11.47)
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Hduckpernbrii cmektp Kak Mbl mOMHIM, 9HCIO § XapaKTepu3yeT KOJUIECTBO CBA3AHHBIX cocTosnmit. s smepruit F, =
€, — w? paboraer cremyomas hopMyIa:

2 2
(s—mn) w e =0
Enz—izz——(s—n)Qéensz—i—En: R (11.48)
2ma 4 € = jw
(amcio n = 0,1,... w n < s). Kpome TOro, meyble 9ucia § COOTBETCTBYIOT CIAYYAl0 603HUKHOGEHUIO B sIME CBAZAHHOTO

cocrosiHUsl (4TO O3HAYAET, YTO €CTh COCTOSHUS CO CTPOro HyseBoil sneprueii E = 0, KoTopoe, TeM He MeHee, y»Ke OTHOCHTCH K
HEIPEPBIBHOMY CIIEKTDY ).

HyneBas moma O6paruM BHHMaHUE — B 3aJ1at€ UMeETCsT HysieBas Mojia €9 = 0, COOTBETCTBYIOIIAsi OCHOBHOMY COCTOSIHUIO Ha
sI3bIKE KBAHTOBO MexaHUKH. Ero «BosHOBast (DYHKIMs» TOXKE BBINUCHIBAJIACH HA CEMUHAPEe, ¥ OHA BBINIAINT Kak (KoHcTanTa Cp
06eCcreunT HOPMUPOBKY Ha €IUHUILY; § = 2):

Co
to(T) = cosh® &

B nefictBuTespnocTn ke, HAJIMYNE HYJIEBOW MOJbI, KAK MBI CKAa3aJIU BBIIIE, CBA3AHO ¢ CBOOOMION BBHIOOpA IMEHTPA MHCTAHTO-

Ha. DTO yTBepxKaeHHe MOXKHO (opmanu3osarb: S[xc(T)] = Slxa(T + 07)], nosromy nuduHETEsMMANbHAS T COOTBETCTBYET

«upupanienuoy» z(7) = (57'(%572(7). C apyroit CTOpOHHI,

(11.49)

(11.50)

Slea(r) + +()] ~ Slza(r)] + Safo(r)] = Sloar)] + 072 - 52 | 552 |

¥ T€M CaMbIM MBI IIOHUMAa€EM, YTO % (¢ TOYHOCTBIO 710 HOPMUPOBKHU) IAET HYJIEBYIO MOy seficTtBus So. Hecnoxkuo ybeaurbes,

49TO OHA (C TOYHOCTHIO N0 KOHCTAHTHI) COBIAIAET C BBINUCAHHON TYT ¥o(7). B masbHeiiniem HaM OPUXOIUTCH HOPMUPOBAHHOE
BbIpazkeHue it Yo(7); 9TO0 MOXKHO CleJIaTh B OOIIEeM BH/IE, UCIOJIb3Ysl BbIpaykeHus s JeiicrBus Ha uncranrone (11.41). Tem
CaMbIM, MBI TIOJTyIaeM:

1 Ozy

:\/757067'

Yo (7) (11.51)

HemnpepsiBHbIil crieKTp B ToMm-2k€ 4 ceMuHape UCCIEI0BAJICH TaKXKe U HEIIPEPBIBHBIN CHEKTp oneparopa. B yacrHOCTH, nMe-
JIOCh BBIPAyKEHMe JJIsi BOJHOBBIX (DYHKIUl 3a/1a4u paccesHus (BOJIHA NAJ@AET CJIeBa HANPABO — JIIs IIOJIHOIO Habopa K HUM,
KOHEYHO K€, Hy’KHO JI00aBUTh TAKXKe PeIlleHNsl, COOTBETCTBYIOIIIE I1a/IEHUIO BOJIHBL ClipaBa HasieBo). OCoGEHHOCTHIO JJAHHOTO 110~
TEHINAJIA SIBJISIETCSI TO, YITO IPH [EJIOM S PACCESTHUST OKA3BIBACTCS 0€30MPAACAmMensHbiM, U BOJHOBAST (DYHKITHS 38/[aUU PACCESTHUS
COJIEPKUT TOJIBKO ITPOIIEIIINIA «KYCOK».

. _ K _ 2 — 2 2.
HenpepbiBublil clieKTp napaMeTpusyercst BOJHOBbIM BeKTOpoM k, Tak 4ro sueprus Fy = 5— = k* = ¢, = w* + k7; a camn
BOJIHOBBIE (DYHKIINN UMEIOT CJIELYIONUN BUJT;:
I'(1—ika)l(—ika) ike — jikz+id(k) _
) T(=ika=s)T(—ikatst1)C =€ z— —00 152
Yp(x) = < (11.52)
ikx
e, xr — +00

(6e30TpazKaTENILHOCTD PACCESHUS 0O3HAYALT, YTO AMILIATY/IA IPOXOXKICHHs CBOAUTCS K YUCTOl daze: t = 6*“5’“). Anamuruye-
CKoOe BbIpazKkeHue Jjisi (ha3bl TOXKE MOYKHO BBIIUCATD (IIOJCTABIISASA G = % us= Q)E

¢ T T(I—ika)l(—ika) (2t ika)(I +ika) 1+ i 14 2E

w

. . ‘ , ik 2ik
—isky _ U(—ika =2)I'(—ika+3) (2 —ika)(1 —ika) 1—-7 1- — exp <2i [
w w

k 2k
arctan — + arctan } > (11.53)

k 2
d(k) = 2 |arctan — + arctan —

k 0, k=0
} =37 (11.54)
w w

27, k— o

IToMuMO TAKUX COCTOSIHUI, UMEIOTCS TaKKe M KOMILIEKCHO-COIPSIKEHHBIE Pelenust 1™ (), KOTOpbIe OIMCHIBAIOT BOJIHBI, Ma-
JTAIONTNe CIIPpaBa HAJIEBO; M BMECTe OHU 0Opa3yIoT ITOTHBIN HAOOD.

7CymecTByeT MpeKpacHoe TOMOJOTHYECKOE YTBEPKICHIE, KOTOPOe HOCUT Ha3BaHue meopemvt Jlesuncona. JlanHas TeopeMa CBA3BIBAET Pa3HOCTH (a3
paccesiHUsl ¢ KOJMYECTBOM CBA3aHHBIX YPOBHEH B TPExMepHOii cdepuueckn cummerpunanoii same: §;(k — 00) — 6;(0) = —m N (umerorcs Moandukanuu:
B IpaBoil wactu nmeercs daxTop 1/2 B caydae, KOrma B siMe TOJBKO BOSHUKAET CBSI3AHHOE COCTOsIHHE Ha HyJIEBOW SHEPTUH — HAIll CIydail — a TakKe
s s-KaHaJsa paccesinusi). OHa TaKKe JOCTATOYHO IIPOCTO M 0606IIAETCs Ha OJHOMEDDE.
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Juckpernsanus HEIPEPLIBHOTO CIHEKTPa B JefiCTBUTEILHOCTH Ke TyT IOpa BCHOMHUTDL O TOM, 9TO Ha A3BIKE (DYHKIIO-
HAJILHOTO MHTErpajia Mbl PACCMATPHBAEM TPACKTOPHU HA KOHEIHOM, XOTH W OOJIBIIOM, HHTEPBAJE 3 ¢ HYJEBBIMEA 'DAHAIHLIMA
ycaoBustMu. [103TOMy HelnpepbIBHBI CIIEKTP B JeHCTBUTEIHLHOCTH ABJISETCS IUCKPETHBIM — HaM HEOOXOJUMO JIMIIL COCTABUTH
JIMHEHHYI0 KOMOUHAINIO ¥y, U ¢}, KOTOpasl 3aHy/IA1ach Obl Ha 060oux creHkax. Te k, P KOTOPBIX 9TO BO3MOXKHO, I OyLyT 1aBaTh
YPOBHH 3Hepruu €, = w? + k2. Urak, nycrs BoimoBas dbyHKIust umeer Buj ¢y, (z) = Ay (z) + Byj(x). Torna nmeercs mapa
YCJIOBUIA:

Apr(=B/2) + Byip(=5/2) =0

! (11.55)
APr(8/2) + B (8/2) =0
Takast cucrema ypasHeHuit Ha A 1 B COBMECTHA U NMEET HEHyJIeBOE PEIICHHE TOJIBKO €CJIH € OLPEIEINTEeb PABEH HyJIIO:
Ur(=5/2) W(—b’/?)’
det kY -0 11.56
W32 6)) (20
Vcronb3yst acCHMITOTHKY BOJIHOBOM (DyHKIUK Ha +00 (M3BECTHDIC U3 3319l PACCESHHS) Mbl TEM CAMBIM IIOJLY9aeM:
o~ ikB/2+i5(k)  ikB/2—i5(k) .
det GikB/2 e—ikB/2 | = 0 < sin(kB+4d(k)) =0 (11.57)
Tem campiM, nmeercst HAGOP ky,, KOTOPBIE SIBISIOTCS PEIICHAEM CJIEYIONIEro TPAHCIEAEHTHOIO yPABHEHNSL:
knf3 — 8(ky) = 0 (11.58)
O6paTnM BHUMaHMe, 4TO Cay4daio n = ( COOTBETCTBYeT TPHBHAJBHOE DEIIEHHe 3TOro, BOOOIIE IOBOPS, TPAHCIEECHTHOTO

ypasuenus: k = 0. Takas BosHOBast (GyHKIMSA — TOXKIECTBEHHBIH HOJIb, M HAC HE HHTEpecyeT. [loaToMy HyMepalus 1 HaduHACTCsT
cl.

IapaliTe uccienyeM, Kak yCTPOEHbBI PellleHus TOro ypaBHeHust. BoolIie roBopsi, HOCKOJIbKY [ > 1 — o4eHb 00JIbIIOE YHCIIO,
TO Ipu N K 3 PEIIeHust 3TOr0 ypaBHEHUsI OYeHb OJIN3KHU K K, = p, = ”7"; [ONTPABKY MOYKHO HAWTH 110 TEOPUU BO3MYIIEHUN.
C mpyroii croponsl, pu n 2 3, da3bl paccesHus yxKe BbIX0AAT Ha KoHcTaHTy d(k,) =~ 0(k, — o00) = 27. IlosTomy pererne
YPaABHEHUST YCTPOEHBI CJIEAYIONIM 00pa30M:

kn % pn+0(p) /B, pn =10/ (11.59)

11.4.8 HopmupoBka pyHKIIMOHAJIBHOI'O MHTErpaJia

Konewno, kKak MBI y¥ke 06Cy»KJaan paHee, Mepa (byHKIMOHAJILHOTO WHTerpaia D comepKuT Geckoneunyio kKouctanty N, cBs-
3aHHYIO C JUCKPETU3AIME — U T03TOMY OyKBaJIbHO BBIITICAHHBIM BBIPAXKEHUEM BOCIIOJIB30BATHCS He yaacTcs. st Toro, 9Todb
[IPUIATH TOMY BBIPAXKEHHUIO CMBICJI, HEOOXOIMMO PACCMOTPETH OTHOINEHNE ABYX (DYHKIMOHAJIBHBIX HHTEPAJIOB, B KOTOPOM 3Ta
OGeckoHedYHasT HOPMHUPOBKA COKPATHUTCH. B KadecTBe TAKOIO BBbIPAarXKeHUs Y/I0DHO MCIOJIB30BATh YK€ COCUUTAHHYIO paHee (DyHK-
nuio 'puHa KBAHTOBOI'O FAPMOHMYECKOTO OCIUJLIATOPA; YJIOOHO BBIOPATH €ro ¢ TaKOHW »Ke YacTOTON w, ITOOBI KBAIPATUIHbBIE
OIepaToOpPhl, CTOLAIINE B JIEHCTBUN OBLIN ITIOXOXKU:

2(8/2)=0 1 82 s e =
Go(B) /Z(@/z)—oD[Z(T)] exp 2/ﬁ/2 [(0:2)” + w?2?] | = 1/m (11.60)

W tem cambIM MBI, B J€HICTBUTEIBHOCTH, Oy/IeM PAOOTATDH CO CJIE/LYIONIUM BBIPAXKEHUEM:

Gl B) g o b Pl exp (=3 [707, dr [(0:2)° + U (wa(r))()] )

o) S e D) exp (—ffﬁﬁ/2 T[(afz)uwzzz])

(11.61)

11.4.9 CuekTp omeparopa (3HaMeHATEJb)

CobcrBenno, ¢ GYyHKIMOHAIBLHBIM HHTETPAJIOM, 9TO CTOUT B 3HAMEHATEJIe, MBI yXKe paboTaal — MOITOMY KPATKO O3BYUHM pe-
3ynbTaTel. B mpunmume, onepatop (—02 4+ w?), KOTOPLIil TaM CTOHT, TOXKe TOXOX Ha ypasHenue LIIpémmarepa B KOHCTAHTHOM
norerrmare U(T) = w? = const, u Toxke 06/1a/1aeT JUIIL HEIPEPHIBHBIM crieKTpoM. OJTHAKO HyJeBble TPAHUIHbIC YCIOBHS, KaK 1

. 0 .
B IPOILIBIA pa3, CIEKTP JAUCKPETU3YIOT, BOJHOBBIE (DYHKIIAN 1/),(C )(T) MIPEJICTABJISIOT CODOM CTOSIME BOJHBI, a CIEKTP MOy IaeTCs
CJICAYIOLIU:
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eV =w?+p%, p=pn=mn/B (11.62)

11.4.10 BpruucjieHue rayccoBoro MHTerpaja

Wrak, Mbl BIJIOTHYIO TPUOJU3UINCH K TOMY, 9TOOBI, HAKOHEI], IOCIYUTATh IrayccoB (DYHKIIMOHAJIbHBIN wHTerpas. Mbl meraem

0 0
pasilozKeHne B duciauTene Buaa z(7) = Y. ¢y (T) (yumThIBast qucKperTHbIl crnekTp!) u B 3HaMenarene z(T) = Y b )(T).
VuurbiBas rayccoBOCTh 0G0UX MHTEIPATIOB, MBI TIOJLY 4a€M:

G —n.B) _ -s, I J den exp(—3ency)
Go(B) o\ [ dey, exp(—%e%o)c%)

(obpaTuTe BHUMaHME, YTO HOCKOJIBKY MBI HMEEM JIEJIO, BOOOIIE MOBODsi, ¢ GECKOHEUHBIMY IIPOU3BEIEHUSIMU DA3MEPHLIL KOH-
CTAHT — IOCJIe BBIYUC/IEHUsT (PYHKIIMOHAJIBHOIO HHTEIPAJIa, — KOTOPBIE CaMU IO cebe TIJI0X0 OMPEIEesIeHbI, TO YTOOBI 3TOT HHTEIPAJT
UMeJI CMBICJI, HEOOXOJUMO JIEIUTh OYKBAJIBHO IIOYIEHHO. POBHO 9TUM Mbl M 3aHUMAJIUCH, KOTJa CUATAIN OCHULIATOD). Eciu 6b1
He OBLJIO HYJIEBOW MOJIBI, TO 3TO CIUTAJIOCH OBl CJIEIYIONM 00Pa30M:

(11.63)

12 " —-1/2
Gn,—n,B) _ _s, €n s, [(det(=02 + U"(z(1)))
G 1;[ o) = ( et (=02 + u2) > (11.64)

HyneBass moma Urak, unrerpan 1o dcp, COOTBETCTBYIOIU HyJIeBOl Mome U, (7), mpoucxomur B GECKOHEUHBIX IIPE/eiax,
BBITVISIAT KaK f dco 1 B TayCCOBOM IPHUOIMKEHNH PACXOINTCS — B TAKOM CIy9ae, KaK MPaBUJIO, HHTErPaJ HyKHO OpaTh mouHo.
Hajmmyue HyneBbIX MO, KaK IIPABUJIO, CBA3AHBI ¢ KAKONR-TO CUMMETPUEN — B JAHHOM CJIydae, TPAHC/ISIUOHHON; U B TAKOM CJIydae
UHTErpUPOBaHME OOBIYHO CBOIUTCS K 006eMY COOTBETCTBYIOMIEH IPYIIIBI CUMMETPUHU.

B narmem ciryuae, HyJieBast MOZa HAIIPSIMYIO CBSI3aHA C IIPOU3BOJIBHOCTHIO BBIOOPA KOHCTAHTHI T, B MHCTAHTOHE, KOTOPbI NMeeT
Bug (T — 7.). 3aMeruM, 9TO CMEIIEHnE BIOJIb HYJIEBOH MOIBI d¢y B TOYHOCTU COOTBETCTBYET CMEINEHUIO IEHTPa NWHCTAHTOHA:

axd
or
1 Oz

[TpupaBHuBag 3TH 1BA BbIPaXKEHUsd, U 3aMedasi, 9To Yo (1) = s, or » MBI IOTydaeM CJIeYIOIMNI BUJI MHTerpaJia 110 HYJIeBOi

d(@a(r — 7)) = Yo(T)deo,  d(wa(T —7c)) = dr. (11.65)

moze B ancmurene: [ deg = /Sy [dr. = $1/Sp. B cooTBeTCIBYIONMEM BbIPAXKEHUN B 3HAMEHATENC CTOUT CJIeLyIONHil HHTerpall
(Tam HyMmeparus n HaYMHAETCHA ¢ 1, 9TO, BUPOYEM, HE OYeHb BAXKHO — BeJb Mbl MMEEM JIEJIO C HEIIPEPLIBHBIM CIIEKTPOM, U BCe
COBCTBEHHBIE YUCJIA C MAJIEHBKUMU HOMEPAMU MaJibl):

/dcle—%f(lo)cf: EU (11.66)
eg) w2 +72/02 psoo w

/7 .
Tem cambiM, eciii BBeCTH yC/IOBHOE obo3nadenue det’ L — MHTErpas ¢ NCKIIOYEHHBIM HANMEHBIITUM COOCTBEHHBIM YHCIOM —
TO OUIITH OTIIENNB HYJIEBYIO MOJY — MbI IOy IAEM:

G(n,—n,B8) _ s, w8 So ) (det/(ag + U”(:Ccl(T)))>_1/2 (11.67)
2m .

G ¢ det’ (—02 + w?)

BosuukHoBeHUE MHOXKUTEIsI v/ S, CBSI3aHHOIO C HYJIEBOI MOJOW — yTBEp:KJE€HUE B JIEHCTBUTE/IBbHOCTH COBEPIIEHHO OOIIEro
xXapakTepa.

Huckperssbiit cuekTp [loMumo HysteBoil MOIBI, UMEETCsI TAKXKE €I OHO COCTOSHUE JIUCKPETHOrO CIIEKTPa, €7 = %wQ. Ono

. . . 0
JIACT CJIeAYIONMI BKJIa ] (OTHOPMUPOBAHHBIN HA COOTBETCTBYIONIMI BKJIAJ, eé R + 27/ [3)2 ~ w? or ocumIIATOpA:

w

3 2
‘1 _3 (11.68)

W s w4

N



I'VIABA 11. ®YHKIIMOHAJIbHBII NHTETPAJT 129

HenpepsiBHbIil cieKTp lrak, camoe CI0KHOe — BBIYUCIEHHE COCTOSHUSA HEIIPEPBIBHOIO CIIEKTPA, OECKOHETHOrO IIPOU3BE/Ie-
Hust (obpaTuTe BHUMaHWE, HyMepalus B UUCINTeNe HATMHAETCS ¢ n = 1, a B 3HaMeHaTesle — ¢ N = 3, MOCKOJIbKY IIePBBIX JBa
COCTOSIHUSI MBI y2K€ «OTIIEIUIN» IIPU PaboTe ¢ JUCKPETHBIM CIIEKTPOM ). JIjist BBIYuC/IeHus, 9T0 GECKOHEIHOE IPOU3BEJeHUE YI00HO
IpoJsIorapudMUPOBATD, & TAKYXKE BOCIIOJIb30BAThHCS IIPUO/INKEHHBIM PEIIEHUEM TPAHCIEIAEHTHOrO ypaBuenus k, ~ p, — 0(p,)/5:

det” 00 24 12 oo 2 4 2 k2 ~ 2 o
e,,:H (“‘2)"‘271 = exp Zln(':i—’_;l = exp Zln<1+2p"+2) ~ exp Zgipg-i-z ~
det oy WO P = WD — w?+p2 ., W p2,
s o0
2pn+2(kn — Pne2) 1 SN (8(pn) — 27)2Pn 42
mexp (Y TSI ) e | Y SSR SR (1169)
n=1 w +pn+2 Bn:l w +pn+2

Boobuie rosopsi, ror daxr, uro k, u p, odedb O6iausku (1o %) Ha BCEM IIPOMEKYTKE IIPON3BEJIEHNST O3HAYMAET, ITO BCE UJIECHBI

POM3BEJIEHUS O9€Hb OJIU3KK K 1, U TOJIBKO 38 CYET UX GOJIBIIOrO KOJUIeCTBa (~ [3) 9TO NPOU3BEJIECHNE OKA3LIBACTCS OTIMIHBIM

or equHuIbl (a cymma — or Hyss). st cymMmupoBaHus IUIaBHON (DyHKIuM, yI00HO 3aMEHUTH CyMMY HA UHTErPAJI, COLJIACHO
o0 o

don = Bdp o YBUJETD, 9TO [ U3 OTBETA MMOJIHOCTHIO BBITAJIAET, & OTBET — KOHEIHBI:

0 T
det” °° dp 2p(6(p) — 2m)
_ dp 11.70

det” ~ P (/0 T w?+p? ) ( :

O6parnyM BHEUMaHME, YTO IOJYUYEHHBIH TYT WieH 27 o0ecliednBaeT CXOAUMOCTh MHTErpaJa Ha 0ecKoHeuHocTH (Beab O(p —
00) — 27); B NPOTUBHOM Cjydae MHTerpas Obl jorapudmudecku pacxourcd. CamMo 9ucjio 27 $BHO CBI3aHO € KOJIUIECTBOM
CBSI3QHHBIX COCTOSHMI; HO POBHO C 9TUM ke U cBa3ana daza 6(p — 00)! — mosromy Teopema JIeBUHCOHA, O KOTOPOIi CKa3aHO B
NpUMEYaHUH, B JIEHCTBATEIHHOCTH TAPAHTUPYET CXOJUMOCTH 9TOI0 MHTerpaJia Ha 6eckoneanocTu. Ciieyromuil mar — HHTerpu-

POBAHUE IO YACTSIM:
det” w +p?
ot = &P (—/ dp— 2 ) (11.71)

IIpesiecTb 3TOr0 BhIPasKEHUS €IIE U B TOM, YTO 3TOT HEIIPUSTHLIA 27T—‘{JIeH, KOTOPBI «IIOMHUT» O KOJIMYECTBE CBSI3aHHBLIX CO-
CTOSIHMIA, B HEI'O He BXOJUT; a KpoMe Toro, ¢aza — BooOIIe roBOpsl, MHOMO3HAYHAs (DYHKIIUS, U IJIOXO OLpPeIesieHa (¢ TOYHOCTHIO
110 27n), a BOT Ipou3BozHas (a3bl olpejeseHa yzke xopoino. [Tosromy, Hanpumep, B MHCTAHTOHHO! a30yKe HE CHJIBHO «3aMOopa-
YUBAIOTCA» C ABHBIM BhIpasKeHneM it (pa3bl U OTIEJIEHAEM STOr0 27-9JIeHa, a MPUXOIAT K 3TOMY BBIPAsKEHNIO, ¢ KOTOPBIM Y¥Ke
u paboTaror.

Urax, ocraBmuiicss mHTErpaJ 06e3pasMepuBaeTcsl MOJCTAHOBKON p = wy, CUUTAETCS SIBHO U JIAET:

/Ood D142 2/md1(1+2) L 2 27 1n3 (11.72)
—In - — n = Z7r 1n .
o Pap w? o YO+t T2 ’

a BKJIaJI OT HEIIPpEPBLIBHOI'O CIIEKTPa PaBEH:

det” 1
— == 11.73
o 9 (11.73)
11.4.11 OgHOMHCTAHTOHHBIII OTBET
IBO-HepBI)IX7 TeM CaMbIM MbI IIOJIY9UJIU OTBET JIJIs1 OTHOIICHUSI JE€TCPMUHAHTOB (C HUCKJIIOYEHHOI HyJIeBOfI MO,HOfI)I
d t/( 92 9 3w?/2
O ) 3 11 (11.74)
det’(—02 + w?) 49 12

U MBI TOJLy YU CJIeYIOmuii oTBeT (B OJHOMHCTAHTOHHOM IIPUOJIMKEHNN ):

G(%—?%ﬁ) _ ,—So . i _ § wBe P
T(B)_e 5 5\/7 \[ @ _ﬂ/ﬂso e (11.75)

continuous spectrum

bound state

Zero mode

Hanwawne TyT siBHO# 3aBUCHMOCTH OT GECKOHEYHO BEJTMIUHBI 3 JIOJYKHO CMYIIATH — BEJIb MBI PACCMATPHUBAEM TIPEJIes 5 — 0.
B JefiCTBUTEIBHOCTH K€ STOT OTBET, KAK MHCTAHTOHHAS IIONPABKA, HOJIyUeH B IpeJelie, MOKya oH Mal — v/SowfBe %0 <« 1 —
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7 1o3ToMy OyKBaJbHO OeckoHedHoi# [ caesnarsh e yiaacres. C Ipyroit CTOPOHBI, OT (3 OH sIBHO 3aBUCHT He SKCIIOHEHIIHAJILHBIM
00pa3oM, IIO9TOMY ITOKa HEIIOHSTHO, KaK M3BJIE€Yb U3 HEI'O HENOCPEJICTBEHHO TYHHEJIbHOE PACIIeIlIeHue.

B J1eifiCTBUTEILHOCTH Ke HafiJIeHHbI OTBET — 9TO NEPBLI HOPSIOK Pas/okKeHns 110 e >0 . Hacrosmuii ke OTBET ycTpoeH
MIOIIPOCTY KaK

Gn. =, B) =sinh(AB), |A=w- %6730 = lw . \/wn2672””2/3 . (11.76)
Go(B) ™ VT

FI‘O7 YTO OTBET JOJI2KEeH 6I)IT]) TaKHUM, CaMO I10 Ce6e JIOCTATOYHO O4Y€BUJIHO — MBI 3HaeM, 9TO B peaﬂbHOM Bpel\/IeHI/I €CJIN II0CaJIUTH
YACTHUILy B OJIHY U3 siM, TO OHa OyJIeT UCIBITHIBATE ociuiuisiin Pabu sin(At), u A naérest Kak pas TYHHEJbHBIM PACIIeIIeHHeM
CUMMETPUIHOTO M aHTHCUMMETPUIHOTO COCTOSTHHSA. B MHUMOM K€ BPEMEHH, SKCIIOHEHIMAIbHAS 3aBUCHMOCTD BOCCTAHABINBACT-
CsT; paCCMaTPUBast PA3JIOKEHHU 110 coOCTBeHHBIM MojaM Buja G(x,y, B) = Y, ¥y (2)¢ (y)e PEn | MBI HEMe 1 IeHHO TIOHIMAEM, 9TO
B 3aj1aUe nMeeTcst mapa yposHeit sneprun E = § + A. Tem me Menee, 9TOObI HOMyYUTh 9TOT OTBET CHCTEMATHICCKH, HEOOXOIMO
yiTH 38 paMKU OJJHOMHCTAHTOHHOTO TPUOJIMKEHNS, U PACCMOTPETH MHOTOUHCTAHTOHHBIE BKJIAJIbI.

11.4.12 Pa3spe>keHHblIii MHCTAHTOHHBIIA ra3

TTomMuMO HaliIeHHO eIMHCTBEHHOI TPAEKTOPHUN X i (T ), TIPH KOTOPOH YaCTUIIA TIEPEKATHIBAETCS U3 OJTHOTO «ropOa» MepeBEPHYTOro
[OTEHIUAIA Ha APYroil, UMEIOTCSI TaKKe U TPAEKTOPUH, B KOTOPHIX OHA MHOIOKDPATHO KATAETCs «Tyla-Ciofas (CM. pHC.).

Puc. 11.3: MHorouscranTOHHAsT KOH(DUTYpaIUst

AX(T)
+1]

JlaBaiiTe BBIACHUM, KaK YCTPOEH BKJIaJ, OT TAKUX TPACKTOPHH B MPUOIUKEHUN, UTO MHCTAHTOHBI PACIIOJIOKEHDI JJOCTATOYHO
JIQJIEKO JIPYT OT APYTa (9T0 NpubinzKeHre HOCUT Ha3BaHUe IPUOJIMKEHNUs Pa3PEesKeHHOTO NHCTAHTOHHOI'O Ta3a; HUYKe Mbl BBISICHHM,
KAKOMY I[IapaMeTpy OHO COOTBETCTBYET). Bo-mepBbIX, JeiicTBre Ha TaKOil TPAGKTPUU U3 N WHCTAHTOHOB, OYEBHIHBIM 06Pa30M,
6yner paBHO S, = n.Sp, a 93OPEKTUBHBII MOTEHINA C KCIOHEHIINAIHHON TOYHOCTHIO YCTPOEH KAaK HAOOD aHAJOIMIHBIX sIM OT
KayKJIO'0 WHCTAHTOHA. VIHTYUTHBHO MOHATHO, YTO W KBaIpATUIHbIE (DIIYKTYAIINH BOJIN3U KarKJI0r0 HHCTAHTOHA (DAKTOPU3YIOTCS,
[TOCKOJIbKY MHCTAHTOHBI JIOCTATOYHO XOPOIIO PA3HECEHDI B npOCTpaHCTBeﬂ 9TO MOYKHO [TOKA3aTh U BHO. B KaxK10il u3 sim Oyer
CBO¥ HABOP COCTOSTHUI JIUCKPETHOTO CIEKTPA, IOITOMY BKJI&JI OT MOCJIeaHero dpaxkTopusyercs. HelrpepbIBHBIN XKe CIIEKTD yCTPOEH
6e30TparkaTesIbHO JIJIsi KaXKJIOr0 U3 MHCTAHTOHOB — IIO3TOMY IOJIHAsI (pa3a paccesiHus Ha BCEX MHCTAHTOHAX OYIET IHOIpPOCTY
cymmoit baz 0T Kazkaoro m3 mHcTaHToHOB, 0™ (p) = nd(p) — m3-3a Uero GaKTOPUIYETCs TAKKEe M BKJIAJT OT HEIPEPBHIBHOIO
crekTpa. Hakomerr, ¢ KaXK/IbIM 13 HHCTAHTOHOB OyJIeT CBsI3aHa CBOsI HyJieBas MOJIa — MHTEIPUPOBAHIE TI0 TIOJIOKEHUIO €ro IEeHTPA;
7 BKJIAJ[ OT HYJIEBBIX MOJI Oy/IeT YCTPOEH CJIeIyIOIINM 0O6pa3oM:

_p

dry...dr, = T (11.77)

/—[3/2<7—1<7'2<~~<7'n</3/2

ﬂJIH nepexoaa —1 — 1), TOJIBKO KOHCl)I/II‘ypaLH/II/I C HEYETHBIM KOJIMYECTBOM MHCTAHTOHOB Jar0T BKJIAJI. HOSTOI\/Iy, CyYMMHDOBaHHE
Pa3pezKEHHOI'O NTHCTAHTOHHOI'O I'a3a IPUBOAUT K CJICAYIOMIEMY OTBETY:

8y Gostee HOPMATBLHO 3TO MOYKHO GBLIO GBI TOHATH, HABEPHOE, CJEAYOmuM o6pasoM. Eciu Mekay MHCTAHTOHAME yCTAHOBHTH GECKOHETHDIE
CTEHKH, TO TAKOro poja (akTopusanus OyleT COBEPIIEHHO OYEBUIHA — KayKJbI U3 MHCTAHTOHOB OYJIET «XKUTb» B CBOEM sAlUKe. A maJblie MOXKHO
CIEKYJIMPOBAThH O TOM, UTO U3 «TEPMOAMHAMUYECKHUX»> COOOParKeHMil yCTaHOBKA CTEHOK BJAJIM OT sIM CIa00 MOAUMUIUPYIOT 331a4dy.
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2n+1

= sinh ,/gsowﬂe*SO (11.78)
o

Touno Takoe ke CyMMHUpOBaHHE MOXKHO ObLIO OBl IPOBECTHU W JIjIsI, HAIpUMEDP, 1) — 7). B TakoMm ciydae Oo4eBUIHBIM 0Opa30M
BKJI&/T IaBaJIl OBl TOJBKO KOH(MUIYPAIMH C YETHBIM KOJIMYECTBOM MHCTAHTOHOB, U B OTBETE OXKUJIAEMbIM 00PA30M IOJIYYMJICS ObI
cosh.

JlaBaiiTe BBISICHUM, [0 KAKOMY TIapamMeTpy paboTaeT Harne mpudimkenne. Mbl nmeeM €10 ¢ CyMMOit fo:o

G(nv 7777/8) _ S 1 § —So
Go(B) D oy |\ zoore

n=0

(ag)>rtt
2n+1)!
9TOrO Psijia ¢ N CHAYAJIA BO3pacTaioT (1U3-3a, BOOOIIE IroBopst, 60sbmoro Muokuress Af), a 3areM ybpiBaor (u3-3a (akropuasa
B 3HaMeHaTesie — psaJ-To cxouuTcs!). MokHO yoeruThes, 4T0 NUK IpUXoauTest Ha n* ~ Af, 1 UMEHHO TaKie NWHCTAHTOHHBIE KOH-
duryparumn Ja0T HanOOJIbIIAN BKJIaJ B CYMMY, M YCJIOBHE Pa3PEXKEHHOCTHU JOJIZKHO BBIIIOJHATHCS UMEHHO jyist Hux. C apyroi
CTOPOHEI, THINYHAA IMMPHHA KasKJIOT0 HHCTAHTOHA paBHA, KAK MbI IOMHHM, W '; TpeGOBaHME CBOIMTCS K TOMY, UTO IIMPHHA
n* WHCTAHTOHOB MOJIKHA OBITH MO-TIPEXKHEMY MAJIEHBKOI 0 CPaBHEHHUIO CO BCeil JUIMHOHN oTpe3ka (. DTOT KpUTepHii COOTBET-
crByer A < w; TEM caMbIM, Hallle Npub/IMKeHre PAbOTAET TOJIBKO IIOKY/a UHCTAHTOHHASI [IONPABKA $BJISETCH MAJECHBKOM (410

COBEPIIIEHHO OXKHUJIAEMO) — 3TO, B CBOIO OU€PE/lb, COOTBETCTBYET TYHHEJIBHOMY Hpejeny S >> 1.

. Ynenst

11.5 ®opmaausMm l'eabdanga — Ariaoma

Ha mpormiom cemunape Mbl CTOJIKHYIUCH C HEOOXOAMMOCTHIO BBIYUC/ICHUSA (DYHKIMOHAJIBHBIX JETEPMUHAHTOB OIIEPATOPOB THUIIA
[MIpémuurepa. nsa ero Beraucaenns: HaM HOTPEOOBAIOCh HANTH COOCTBEHHBIE 3HAYEHUS JIUCKPETHOTO, W BOJIHOBBIE (DYHKITUU
HEIIPEPBIBHOI'O CIIEKTPa, a 3aTeéM BbIYHUCJIATDH 6eCKOHe‘{HbIe IIpOnU3BeICHNA. B 3a/la4ve IIpOoHIjIoro ceMmHapa Mbl CMOIVIA C 3TUM
CIIPABUTHCST W3-3a HAJMYKMS TOYHOI'O PEIeHWs IMOTEHIHAJa B TepMHUHAX ruiepreoMerpudeckoit ¢pyukmuu. C Ipyroii CTOPOHHI,
B 0OoJiee CJIOKHBIX IIPUJIOKEHUSX TAKOTO PEIeHUs] MOXKET He CyIIeCTBOBATH, W BO3MOXKHO, JIETEPMUHAHT MPUIETCS HAXOIUTH
9UCJIEHHO — U JIOCTATOYHO OYEBUIHO, ITO M3JI02KEHHBI BBIIIE CIIOCOO HEIPUTOJIEH [IJTsi YNCJAECHHOrO aHan3a. B JaHHOM ceMuHape
Oy/leT U3JI0XKEH AJIBTEPHATHBHBIN U JIOCTATOYHO KPACHUBBIN CIIOCO0, KOTOPBINA MO3BOJISIET HAWTH OTBET 3HAYUTEIHLHO IPOIIIE.

11.5.1 JIuckpeTtHas (popMyJIUPOBKA M JOKA3aTEJIbCTBO

JTomyCTiM, MBI XOTUM HafiTi «xapaxrepucriueckuii muorowrens f(A) = det(H — A), rue H = —02 + U(#) — Kaxoi-10 KBas-
TOMEXaHUYIECKUI raMu/IbTOHUAH (3a0y/1eM MoK Ha BPeMs O OECKOHEYHBIX HOPMUPOBOYHBIX KOHCTAHTA U UTO CAM JIETEPMUHAHT,
BOOOIIE TOBOPS, OIPEMEJIEH II0X0). UT00BI ONpeIe/uTh 3a4a49y IIOJHOCTHIO, IOMUMO OI€PATOpa, HaM TakKyKe HeOOXOIUMO 3a-
JaTh KJace (QyHKIUE, HA KOTOPBIX OH AEHCTBYeT — Hampumep, (DYHKIMH, 33JaHHLIE HA OTPE3KE ¢ GECKOHETHBIMU CTEHKAMU
¥(0) = ¥(L) = 0. JduckperusyeM OPOCTPAHCTBO C IIANOM €; MATPHUILY H B TakoM C/Iydae MOXKHO 33JIaTh COBEDIICHHO SIBHO
(.’Ek:k~€,6:#7’¢0:0):

2+ €2U(x1) -1 0 0
-1 2+ €2U (x2) -1 0
2 n -2 n n— S 1 . .
iy = — 2t 2@ U U ), = = 0 -1 2+U(x3) : (11.79)
0 0 -1 2+ €eU(xn)

(1 331898 CTAHOBUTCS XOpOIIO onpeaeénnoi). O6osnaunm fy(\) = det(Hy — \); dyTs yuoGHee Gyger BBIHECTH € 2, KAK HA

bopmyITe BBIMIe, BEIYHCINTD OnpeenTens octasmreiica marpuisl gy (A) = €2V fy()). He myapcersys mykaBo, 1aBaiiTe pacIuimenm
OCTaBIIUICA OIPEJIeINTENb 110 IIOCTEIHEl CTPOYKe; TeM CaMbIM OH CBAXKETCS C OIpPeAeIUTEeIAMU IIOAMATPUILI HA OJUH U JIBa
pa3Mepa MeHbllle PeKYyPPEeHTHBIM COOTHOIIEHUEN

— 2gx + gn-
N f,jv INZL L (U(xns1) — Mgy =0 (11.80)

g1 = 2+ E(U(an1) = A)gny — (1) (-Dgn-1 =

Bosepamasice K HenpepblBHOMY Tpesieny gny(A) = g(z = Ne|)), Mbl HeMeJUIeHHO BHJMM HETPUBHAJIBHBIA (DakT — cam
onpedeaumensv ydosasemsopaem marxomy ypasrweruro [llpédunzepa! B sTom — cyrh Teopembr enbdannma-dArimoma, u ato yxke
XOPOINU PEIENT HAXOXKIEHUS OMPEIETUTEsT — OCTAJOCH JIUIb J00aBUTH HAYAIbHBIE YCJIOBUSA. B INCKPETHOM NIpe/CTaBIeHUN
OHU CJIeJTyIOIINe:

9C}OCTaBJ’IS{Tb TaKoOr'o poJla peKyppeHTHbI€ COOTHOIIEHUA — CTaH,ELapTHbIﬁ Ccr1ocob BBIYUCIIEHUST OHpe,ﬂeﬂHTeﬂeﬁ TpéX,ILI/IaFOHaJH)HI)IX MaTpUIL



I'VIABA 11. ®YHKIIMOHAJIbHBII NHTETPAJT 132

a(\) =24+ EU(x1) =2, ga(\) = (24 EU(21))(2 + U (x2)) — 1 = 3, (11.81)

YTO 03HAYAET, YTO B HENPEPBIBHOM Hpesesie GyHKIws (x| A) = eg(x|\) mMeeT Xopolo onpe/iejéHHbIe TPaHUYEHbIE YCIoBUs. Tem
caMbIM, B mpejiesie € — 0 3a1a1ua pernaercs eIy oM 00pa3oM:

1

O(L=Ne[A), Hi(z|]A) = x(z[), »(0]A) =0, 9.9 (0])) =1 (11.82)

Bmecro maxoxenus ecex pemennii kpaesoit 3agaun ¢(0) = (L) = 0, HamMm HEOOXOUMO PEIUTh OJHY €IMHCTBEHHYIO IBOJIIO-
[MOHHYIO 337124y (KaK B «MeTOe CTPesbObl» ) — 3T0 cyliecrBeHHoe yiponienue. Kak o6bI9HO, YTOOBI KPOMe TOrO M36aBUTHCS
OT BCEBO3MOYKHBIX OECKOHEUHBIX HOPMUPOBOUYHBIX KOHCTAHT, CBA3AHHBIX C JUCKPETU3AINEH, MBI MOXKEM PACCMOTPETH OTHOIICHHE
JBYX JIETEPMUHAHTOB — KOTOPOE YK€ OIPeJIeJIeHO XOPOIIIO:

det(f:fl -}) _ Y1(L|A)
det(Hy — A)  ¥2(L[N)

Teneps maBaiiTe 00CYIUM TIOJIYUEHHBIA PE3YabTAT. BO-1I€PBbIX, BHIOPATH IPAHUIHOE YCJIOBHUE Ozt MOXKHO A100bLM — JIAIIH
ObI J1J1s1 0O0MX BOJIHOBBIX (DYHKIIHI 1)1 o OHO OBIJIO BEIOPAHO OJMHAKOBBIM. BO-BTODBIX, ITOJIydeHHBIN Pe3yJIbTaT HENOCPEICTBEHHO
06obmaercs u Ha GoJiee CJIOKHBIE OLIEPATOPLI, HApUMep, Ha ypasHenue [[Ipéaunrepa B AByX win TpEX usMepenusx (rie omepa-
TOD, 3aIAI0MHUIl ypaBHEHUE BOJHOBYIO (DYHKIIHIO YCTPOEHO He GyKBaibio Kak —02 + U (x)). IlpeiokeHHble Ty T IpaBIono06HbIe
paccyzK/ieHns KaK BapUAHT JI0KA3aTeIbCTBa TeopeMbl lenbdamnma-Arioma He equHCTBEHHbIE — BOOOIIE TOBOPs, K TOMY K€ pe-
3yJIBTATY MOXKHO ObLIO OBl IPHHATH HHade. A MMEHHO, MOXKHO 3aMeTHTb, 410 ecau 1(0|A) = 0, To ¢(L|A) = 0 Torga n TONBKO
TOTJIa, KOTJIA A sIBJISIETCSI COOCTBEHHBIM UHCJIOM OTIEPATOPA H—a 3TO, B CBOIO OY€PE/ib, O3HAMALT, UTO HY/IU DYHKITHI det(fl =)
u P(L|\) kak ynkimn nepemenHoit A copnagaot. 113 TOKII usBecTHO, 4TO 5T (DYHKIMA B TAKOM CJIydae MOIYT OTINYATH-
CsI JIMINIb HA KAaKyIO-TO IiesiyIo (DYHKIMIO — 1 3Ta Iesas MYHKIWS JJIs YUCJIUTes] U 3HaAMEeHATe/sl OKa3bIBAeTCs OJIMHAKOBOIL,
ecJi BHIOPAHBI OJIMHAKOBbIE M'DAHUYHBIE YCJIOBUs 33Jauu «CTpesibObly O, (0|A). Tlosromy mosrydenHasi TYT CB#3b COBEPIIEHHO
HEY/INBUTEJIbHA, 1 €€ CTOUJIO OBl OKUJIATH.

(11.83)

11.5.2 IIpumep: ocusjIsiTOp

JasaiiTe paccMOTpUM B KauecTBe MPUMEPA IIPOCTON TapMOHUYECKHH OCHMILIATOP (MHUMOM BPEMEHH), ﬁl = -0 +uw’as
Ka4yecTBe 3HAMEHATessI BO3bMEM CBOOOHYIO HaCTHILY, E[Q = —02; nonoxum A\ = 0 (Takyio 3a7a4y B PeajbHOM BDEMEHH MbI
pelnajm JBa CEMUHAPA HA3al, KOTJIa TOJBKO YIUIUCH OPATh rayCCOBbI HHTErPaJIbl). PeleHus: COOTBETCTBYIOMIUX IBOJIIOIUOHHBIX
3a/1a9 3aIMCHIBAIOTCA COBEPIIIEHHO YCTHO:

(=02 + W)y (z) = 0 = 1y (1) = Sth“” (11.84)

— 02a(x) = 0= tho(7) = 7, (11.85)
W 3HAYWT, Jis (PYHKIMI, 3aJaHHBIX HA OTPE3KE JJIMHBI (3, OTHOIIEHUE ONPEICIUTENeH PABHO:

det f[l _ sinhwp

1 (11.86)
det H2 wﬂ
Tot ke pe3ysbTaT MOIYYAJICS U pAaHee C HAXOXKIEHUEM CIIEKTPa, HO TOPA3JI0 CJIOKHEE.
11.5.3 IIpumep: daykryanuu BOJIM3U MHCTAHTOHA
o o e o 2 s(s+1
Teneps mgaBaiiTe nepeiiféM K IPUMEPY CJIO2KHEe — a UMEHHO, PACCMOTPHUM OILIEPATOD I;I s =—0; — ﬁ WNmenno ¢ Takum orre-
paTopomM (S = 2) MBI UMe€EJIX JIeJI0O Ha IIPOIIJIOM CeMUHape. O6OSH&‘II/IM Takxke A = —x~. Ham HY2KHO peniaTb 3a/ia1y CTpeﬂb6bI;

cpasy 3aMeTHM, 4TO MOCKOJbKYy A < 0, To ypaBrenue IlIpéaunrepa pemraercsi Ha OTPHUIATEIBLHBIX JHEPIUSIX, [TOITOMY peIle-
HUSI HEMPEMEHHO OyIyT IKCIOHEHIMAJIBHO pacTyimuMmu. HopMmupoBaTh MBI Oy/ieM Ha OCIUJIISTOP — TAaKOH XKe Omeparop, HO C
s = 0. Hakomneri, 0oCKoJIbKY MbI paccMaTpuBaeM 3ajady Ha orpeske (—L, L), To ya06HO BOCIOIb30BATbCA CUMMeTpHEll 3a1a9u
OTHOCHUTEIFHO WHBepcuu. Kak Mbl 3HAEM, 9Ta CUMMETPHsT O3HAYAET, 9TO BCe COOCTBEHHBIE BOJTHOBBIE (DYHKITUH MOXKHO BBIODATH
Jin60 IE6THBIMU, JTHO0 HEYETHBIMU — a 3HAYUT, U B ONPEJEJINTENb OyIeT BKJIAJ KaK OT YETHBIX, TAK M OT HEYETHBIX MOJ, U TU
BKJIAIBI pag,aensnoTc;ﬂ TlosToMy U MBI TOXKEe MOKEM UCKATH OTEJIbHO OTHOIIEHNE OIpeIe/IuTe e, BBIYUCIEHHBIX 110 YETHBIM 1

10ﬂa>Ke caMa MaTpulla raMUJbTOHHAaHa, €CJIN Y2K Ha TO IIOIIJIO, B TAaKOM CJIydae mMeeT 6JT0‘IHO—,ZLI/IB‘FOHBJILHBIIQ/I BUI
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10 HEYETHBIM COCTOSIHUSIM — JIJIsl 9TOIO MOYKHO «CTDeJsiTh» He u3 & = —(3/2, a u3 nysid x = 0, u pemiarb cjeLylolue IBe 3a1a9u
(«+» U «-» COOTBETCTBYIOT YETHBIM M HEUETHBIM DEIICHUSIM ):

P (0) =1 »()(0) -0
{(%w(*) 0) =0’ {aﬂp()(o) -1 (11.87)

Hagaiite Teneps pemars ypaaenne [lIpénunrepa. Koneuno, 6e3 runmepreomerpudeckoit dpyukiuu He oboitrtucyk — YIII Bemn
.. . . N 2
OJTy9aeTcst TakuM 2Ke. JIjist oncKa Y6THBIX M HEYETHBIX PeIleHuil yo0HO BOCIOIb30BATHCS 3aMEHON epeMeHHbIX y = cosh” x,
kotopas npuBoauT YIII K cmemyronemy BuIy:

=0+ (5 -0) v - (L2 - v —o (11.58)

Hoxcranoska 1 (y) = y*+1/2x(y) mpuBOAUT €ro K THIEPreOMETPIIECKOMY BHLY:

3 s+1)% — g2
y(1—y)x"(y) + {(8 +3)—yls+ 2)] X' (y) — <(31> x(y) =0, (11.89)
OZIHaKO quI) Hpome OHO 3allMCbhIBaeTCA JJIsA Hepel\/IeHHOfI z = 1 — y = — Sil’lh2 xX.

(1= ¥ (=) + B s+ 2)] Y(2) - (W) X(2) = 0. (11.90)

CpaBHUBas IOJIyYEHHOE YPABHEHUE C YPABHEHUEM JIJIsi THUIIEPIreOMETPUYECKON (DYHKIIUU, Mbl HEMEJIEHHO TIOJIy9aeM CJIELYIOIue
3HAYEHUsI ITapaMeTpPOB:
s+1+k s+1—k 1
a= , b= , = —, (11.91)
2 2 2
a Takxke OOIIMIl BHJI PellleHns B BHIe JnHeitHol KoMmbunanmu o F (a, b; ¢; 2) u 217 By (b—c+1,a—c+1;2—c¢; z); 11 NCXOMHBIX
BYHKIMI peIlieHrs UMEIOT CJIEY IO BUL;:

’ 9

P (z) =sinhz-cosh®™ ' o o Fy (57512 a2, 3. ginh? )

(11.92)

{wm(x) = cosh™ 1. o Fy (stldn stlom Lo ginp? )

2 02

Bribpannbre Takmm 00pa30M, OHU YIOBIETBOPSAIOT HEOOXOAUMBIM I'PDAHUIHBIM YCJIOBUSM: ¢(+)(z <l)=1lm 1/1(7)(:5 < 1) =~z

Acumnrorukn (6eCKOHEYHOCTD )

MpbI XOTUM HAWTU OIPEEUTENb JIJIT CHCTEMbI CO CTEHKAMH, PACIOJIOXKEHHBIMU JOCTATOYHO Jajieko kL > 1, mostomy Ham
HEOOXOIMMO HAMTH JajéKue aCUMITOTHKHA (DyHKIUI w(i)(x — 00) (KOTOpBIe, HAIIOMHUM, JOJIKHBI OBITH IKCIOHEHIUAIBHO
BO3PACTAIONIUMU, IIOCKOJIbKY MbI MMEEM JIeJIO C JABUKEHUEM Ha OTPUIaTe/bHOM sueprun). s Toro, 9robbl HaiiTu aCUMITOTUKY
TUIIEPreOMeTPUIeCcKol (OYHKINH, HAM HEOOXOIMMO BOCIIOJIB30BATHCS OHOM M3 MHOTUX (hOPMYJI MPpeoOpa30BAHUS apryMEeHTa —
B JIAaHHOM cJlydae, 2 % (koropslit epeBoguT oo B 0, & aCUMIITOTHKA B HyJIe y2Ke XOpOIIO u3BecTHa). IIpeobpasoBanue mmeer
CJIETY IO BUJT:

L(e)T'(b—a) 1 1 L(e)T'(a—b) 1 1
F byc;z) = <o F; 1-— ;1—0 ;= <o F1(b,1 — b1 — b;—) (11.93
Camu runepreomerpudeckue byHKIuM ga0T acumMurotuky oFi(...,0) &~ 1; aua dyHkmn ) smavenme a > b, u3-3a wero
BasKHee OKa3bIBaeTCsl BTOpoe ciaraemoe; a jyist 1)) — HaoGopoT, mepsoe. ACHMITOTHKY HOJTyYalOTCs CJIE LY FOIIIMHE:
() =~ % coth®t1z - sinh® z ~ %em
F(ﬁ)F(T) QNF(?S)F(T) (11.94)
() ~ DI oth* ! g sinh® o = GG ef®

T (532 ) (T TE) 2rT(TE5 ) (15 E)

B 3namenarejie e CTOMT pellleHHe 3a]a9u B OTCYTCTBUM HOTEHIHANa («KBAHTOBBIA ITapMOHUYECKU OCIMILIIATOD» B TEPMUHAX
UCXOJHON 3aJia4u, Win cBOOOHAS YacTUlla B TepMuHax coorBercTByiomero YIII), Koropelil Mbl y2Ke BBIIUCHIBAIN DaHee:
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1/J(()+) () =coshkz~ Le” 11.95
(=) 1 : ~ 1 kx ( . )
Yy (x) = <sinhkr~ 5-e
TeMm caMBIM, OTHOIIEHUE OMPEEINTECH TPUHIMAET CJIETyTOITHIA BUT:
det(H, + £2) 20 ()T (k) 2kL(2)T (k) k2 (k) (11.96)

det(Hy+ r?) 2 T(Fg)T(55%) | oD (55522 )I(Iogte) — o211 (LEgh (55D (5221 (1558

‘Tlosry9eHHBI OTBET MOYKHO €IIE YIIPOCTUTh, UCIIOJIb3Ysl U3BECTHOE cooTHOIeHNe st ramMa~byuxmmii ['(z) D (z+1) = QEJ‘ 2x).
) 2 2
OKOHYATEIEHO, TMEEM:

det(H, + x2) B kI?(k) (11.97)
det(Hy + k2) T +s+x)I(k—s) :
IIpuMmeHeHUE K MHCTAHTOHY
Ha npormmiom cemMmHape MBI CHUTAIN CJIEIyIOIIEE OTHOIIEHUE OIIPEIe/IUTENeH:
/ 2 2 3w?/2
det (—87_ + w® — coshz(wT/Q)) (11 98)

(02 + w2
det’ (=02 + w?)
HanoMHMM, MITPUX B YMCJIATENE O3HAYAI, UTO HY?KHO «yOpaTh» HYJIEBYIO MOJY, & B 3HAMEHATeJe — 9UTO Hy?KHO yOpaTh Ham-

HU3MTYI0 MOJy. /laBaiiTe BLIYUCIMM €ro, UCIOJb3ys HaIly obmyio dopmysry.Bo-mepBbix, ITOOBI IPUBECTH €r0 K HYXKHOMY BHU/LY,
wT .

HeO6XOﬂI/IMO CcJeJIaTb 3aMEHY T — PR

det’ (“’7 [—07 +4 - ﬁ]) B det/(Ha + 4)
dot’ (5 [-02 +4)  det'(Ho +0)

(11.99)

Bo-BTOpBIX, IOCKOIBKY 00a OIPEIesInTels «IITPUXOBAHHBIE», TO KOHCTAHTHI MOXKHO COKPATUTH (CODCTBEHHBIE UUCJIA JIEJIATCS
JPYT Ha JIpyra IOMapHO W 9TH KOHCTAHTHI MOMAPHO YK€ COKPAINAITCS — B MPOTUBHOM CJIyYae, CKaXKeM, JJisi OTHOIIIEHUsI BUIA
det’ / det, Takast KoHCTaHTa MOTJTA GBI «BBICKOYHTH» B OTBET); 3HAYUT, MbI HEMEJIJIEHHO MOTydaeM § = 2 i k = 2. Ecym mojcrasuTs
9TH IapaMeTpbl OYKBAJIBHO B II0JIy9€HHYIO Bbilie hOpMyILy, Mbl HOJLyIuM HOJIb (10cKOJIbKY ['(k — s) B 3HaMeHarese obpariaercs
B GECKOHEYHOCTH), YTO OXKHIAeMO — B (opMmyJie mTpuxu crodr Hectupocra. B dopmanusme Tenbdanna-drioma BboGpocuTh
HYJIEBYIO MOJIy MOXKHO JIOCTATOYHO IPOCTO: JIABANTE IyTh-IyTh CMECTUM A M PACCMOTPUM OTHOIIEHUE OIpeIe/InTeei det(ﬁo +
4+¢€)/ det(H 0+4+e€). B rakom cityuae, HyseBas MOJIa CTAHET MAJION U PABHOH €; OCTAJIBHBIE YK€ MOJIbl H3MeHsTCsl ciabo. Jobasus
TaK¥Ke «BBIOPOINEHHYI0» HAMMEHBIIYIO MOJY «4» B 3HAMEHATeje, 9T00bl yOpaTh IITPUX U OTTY/A, MbI [IOJIyIaeM:

det’ (Hy + 4 L det(Hy +4
At d) _ g, ety +4+¢) (11.100)
det'(Ho+4) <=0 Ldet(Hy+4+e¢)

Tenepb MBI TOTOBBI cunTaTh. [logacrasasgem k2 = 4 + ¢ = k = 2 + €/4 u noyvaem:

Hy+4 212 (2
det(Hy +4+¢) ( ) _ (11.101)
det(Ho +4+¢) e<1 T(5)I(]) 48
det'(Hp+4) _ 1
det’(Ho+4) ~ 127

n TeM CaMbIM MBI BOCITPOU3BOJUM OTBET, HO.Hy‘IeHHBIIU/I paHee:

11.6 VHcTaHTOHBI: paciia MEeTaCTAOMNJILHOTO COCTOSTHUS

Ha stom cemmnrape Mbr pazdepéMm emé ofHy 3a/1ady KBAHTOBON MEXaHUKU, KOTOPAsi TOYXKE PEIIaeTCs IIPU ITOMOIN WHCTAHTOHOB U
KOTOpasl TOXKe UMEET TYHHEJIbHYIO IIPUPOY. Pedb naér o 3ajaue paciaia MeTacTabuILHONO COCTOSHUS (CM. ceMUHAp 8 IPOIILIOro
ceMecrpa). XOTsl TeXHHMYECKH ITa 3ajada OYeHb [I0XOXKA HA 3aJady O TYHHEJHHOM DACIIEILICHUH B JABYXbAMHOM I[IOTEHIIUAJIE,
B Hell eCThb HECKOJIbKO KpaifHe BayKHBIX MECT, KOTOpbIe CTOUT 06CyuTh oT/esnabHo. CaMa 3a7ada HGOpMYIUPYETCs CIIETYIONIM
obpazom. Hacrura Macchl m = 1 ONUCBIBAETCS CJIEJYIONUM TaMUAJILTOHHAHOM:

. 1
H= —§a§+Am2(n—x) (11.102)
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B okpecrroctn x = 0 mMeercss JOKAILHBII MUHUMYM, & CaM MIOTEHIIHAJ UMeeT BUJ OCHUIISTOPA C YACTOTOU w = +/2An.
Ecau 651 3TOT MUHEUMYM OBLT OBI TVIOOAJIBHBIM, TO JJIsT HI3KOJIEXKAINX YPOBHEH mMerach Obl cepusl CTAITMOHAPHBIX CBSI3aHHBIX
cocrosiauit B, = w(n + %) OpHako B Halllell 3ajlade HUKAKUX CTAIMOHAPHBIX COCTOSHUI HET, MMEETCs TOJIBKO HelPepPbIBHbIM
CIIEKTP — ITO3TOMY €CJI YACTHILY [TOMECTUTb HA OJINH U3 9TUX OCIULISTOPHBIX YPOBHEN SHEPTrUM, TO PAHO WJIU MO3IHO JACTUIA
IpOTYHHEUPYeT Yepe3 6apbep (KOTOPBIA Mbl CIMTAEM JOCTATOYHO BLICOKUM, YTOOBI KBA3UCTAIMOHAPHOE COCTOSIHIE OBLIO XOPOIIO
ompegesénnbiM). Kak Mbl o6cy2Kamu paHee, Takoil mpoiece hboOpMaabHO IKBUBAJIEHTEH MHUMOI 100aBKEe K yPOBHSIM HEPIUU
E, — z'FZ"U TaK 9TO OOBIYHAsI YHUTAPHAS BOJIONUSI JJIT TAKUX COCTOSIHWIT Oy/IeT MPUBOJIUTH K IKCIIOHEHITUAJIBHOMY 3aTYXaHUIO
BEPOSITHOCTH €O BpeMeHeM 1, o< e~ {(En=iln/2t = |y 12 o g~ Tt

Hagaiire ciepsa hoOpMaIBLHO TIOBTOPUM HHCTAHTOHHOE BBIYUCJIEHUE, IPOITYCKAasl BaYKHBIE MOMEHTHI — a B CAMOM KOHIIE 00CY M
ux.

11.6.1 ®PyHKIMOHAJbHBIN WHTErpaJl

WTtax, MBI XOTHM HccaenoBaTh byHKImo ['pruHa, JAIONIyio BepoaTHOCTH octathea B ame, (G(0,0,t) = (0| e~ H1|0). B mmmmom
BpeMeHH t = —i3, B 9Ty BeIMYUHY OyJeT JaBaTh OCHOBHOM BKJIaJ OCHOBHOE COCTOSTHU U MBI TTOJIY YMM:

Gp(0,0,8) ~ Y [(0fn)[* e #EnFiBT/2 & | (0| = 0)[* ¢ PFoF AT 0/2 (11.103)

C npyroit croponsl, mist EBkuaoBoit byrkimu ['pruHa MOXKHO 3anucarh cjieayonuii (OyHKIMOHAJIBHBIN WHTErpaJ:

2(8/2)=0 82
G (0,0, ) = / Da(r)e=5%, Sp = / dr (10,2 + U@) (11.104)
2(~5/2)=0 —g/2 \2

Kak o6nran0, EBK/IMIOBO sieiicTBUE TIpeCcTaBIisieT coDOi OOBITHOE [eiiCTBUNE, HO B MIEPEBEPHYTOM HOTeHHHaHﬂ AMEIOIIM
BUJI, n300PaKEHHBIN HA PUCYHKE.

Puc. 11.4: Ilepesépuyoiit morerrman —U(z). Ocn B equuumax n (Oz) n w (Oy).
0.15

010

0.05

NMucranTon

Curestysi NpORJEHHOMY paHee ILyTH, HaM HeOOXOJUMO HailTu MHCTAHTOH (B mpejese 3 — 00) — CeJIOBYIO TPAEKTOPHIO, JAIONLYI0
sxcTpemyM geiictBust Sg. Kak 00bran0, MBI Oy1eM 9TO /1eJ1aTh, UCIOJIB3Ys IEPBBI HHTETrPAJT:

O2r =U'(x) = \x(2n —3z), FE= %(8753)2 —U(z) =0= 0,z = /2U(x) (11.105)

Nmerorcst TpuBraibable Tpaekropun & = 0 (KOTOpast IaCT HAM OCIUJUISITOPHBIE YPOBHU SHEPIUH) U T = %77 (koTOpast BoobIe
SIBJIAIETCS JIOKAJIBHBIM MaKCUMYMOM U HE MHTEPECHA), & TAKXKE HETPUBUAJIbHASI TPACKTODPUS — UHCTAHTOH:

11370 mepBEIil BayKHbIH MOMEHT — BeIb HHKAKOTO OCHOBHOTO COCTOSTHHSI HET, MBI HMEEM JIEJIO C KBA3UCTAIMOHAPHBIM COCTOSTHUEM — C TOUKH 3PEHHUST
CIIEKTPaJIbHBIX CBOMCTB raMUJ/IbTOHHAHA, B 3aJlade €CTh TOJIbKO HEIIPEPbIBHBIN CIEKTD.

12Bropoii cymecTBeHHBIH MOMEHT — HOTeHIHAT U (z) HeorpaHuYeH CHU3Y, IIOITOMY, BOOOIIE FOBOPSI, UMEIOTCH TPACKTOPUH CO CKOJIb yTOJHO GOJIBIINM
ompuyamenvroim EBKIHMIOBBIM JefiCTBUEM, KOTOPBIE JAIOT CKOJIb YIOAHO OOJIBIION BKJIAJ B 9TOT (PYHKIMOHAJIBHBIA HHTErpaJl. Byay4n 3anucaHHbIM
Tak — oH pacxomurcsi! VcxonHblil »Ke MHTerpaJ, 3allMCaHHbI B PeajJbHOM BPEMEHH, KOHEYHO, OIPE/IEJIEH XOPOIIIO U HUKAKUX TAaKUX PACXOMMOCTEN He
COZEPKUT — TPAEKTOPHUHU C GECKOHETHO GOJIBIIMM MOJIOXKUTEIHHBIM KakK M OTPUIATEIbHBIM ASHCTBIEM CHIBLHO OCIUJUIMPYIOT (U3-3a TOrO, 9TO BEC HMEEeT
Buy e’ ), ¥ IpaKTUYECKU He JAIOT BKJaJ B (DyHKIIMOHAIBHBIA HHTErpaJl.
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d
Y —dr= () = U

11.106
2U (x) cosh® &~ ( )

Dra TpaeKTOpus — «OTCKOK» («bounce trajectory»), Ha Heil YaCTHIA «CKATHIBAETCA» C JOKAJILHOrO MakcuMyMa © = () BIpaBo,
3aKaTBIBACTCHA HA TOYKY OCTAHOBKU X = 1], & 3aT€M CKATHIBAETCS 0OpATHO U OIsTh 3akarbiBaercd Ha r = (. Cama TpaekTopust
n300pazkeHa Ha PUCYHKe:

Puc. 11.5: Uncrantonnas Tpaektopus Ty (7). Ocu B euanmax w— ! (Ox) u n (Oy).

—

10

Kak 00BbIYHO, IEHTP MHCTAHTOHA MOXKET OBbITh BBIOPAH NPOU3BOJNBHBIM: Lo (T — T¢), 7. € (—f5/2,8/2) — ¢ 4em, KaK 0ObIU-
HO, Oy/IeT CBS3aHO HAJWYUE HYJIEBOW MOJIBI B 9TOM (DYHKIMOHAJBHOM wWHTerpaJje. /leficTBrue Ha 5TOM HWHCTAHTOHE CUYUTAETCS
TPUBUAJILHO, UCIIOJIb3Ys 3aKOH COXPAHEHUHA SHEPIUU:

o0 > sinh? z 8
SO = /7 (8—,—$Cl)2d7' = 20}772/; mdz = Ean >1 (11107)

KBagparuunsie diryKkTyanumn

Mper mestaeM pasJioxkeHue BOJIM3M HWHCTAHTOHA, W mojtydaeM Sg|xq(7) + 2(7)] & So + Sa[z(7)] m

1
Safe(r) % 5 [ #0)(-02 + U (walr)))a(r)ar (11.108)
Kak ob6prano, Mbl umMeeMm Jieji0 ¢ orepaTopoM Tumna «ypasuenus: IIIpémunrepas L = —02 + U"(24(7)). «IloTenmuambhast
SHEPrusi» 9TOTO yPABHEHUS CJIE YOI
3
1 _ 2
Ulwalr) =w™ (1- — 500 o (11.109)

IMorenmasn onars umeer sux Hemnua-Teseps (~ m), MMO3TOMY JJId 9TON 3aJa9M OMSATH MOXKHO HAWTH aHAJTUTHIECKOE
pemrenne. Ham omsiTh HE0OXOMUMO penraTh 331a9y MOUCKa CIIEKTPa OIepaTopa:

Lipn(7) = enthn(7) (11.110)

YV omeparopa mMeeTcs HyJIeBasg MOJA, CBSI3aHHAS C MPOU3BOJIHLHOCTHIO BHIOOPA MEHTPA WHCTAHTOHA, U OHA YCTPOEHA AHAJIO-

TMYHO:
1 6md

VSO 87’

TyT BO3HUMKAaeT TpeTuil BayKHBII MOMEHT, KOTOPBIIl OTJIMYAETCs OT PACCMATPHUBAEMOIO PaHee JIBYXbSIMHOIO IOTEHIIHAJIA.

Tpaekropusi x.(T) UMeeT MAKCHMyM, [O3TOMY HyJeBas Mojga umMeer yseqa. OHa He MOXKET JaBaTh BOJHOBYIO (DYHKIMIO OC-

HOBHOI'O COCTOSIHUSI — & TOJIBKO IIEPBOT'O BO30YKJIEHHOI'0. DTO O3HAYAET, YTO OCHOBHOE COCTOSIHUE JAGT OMPUyamesvHyro mody
., ., 1.2 .,

€0 = —|eo| < 0, u TayccoB unTerpas 1o Hell, yCTPOEHHBIN Kak f degezle=1l — pacxommres! Tem He Menee, TaBaiiTe 3aKpOEM TIa3a

P1(7) (11.111)

¥ Ha 9TO, W BOCIOJB3yEeMCsl CTAHIAPTHOM (hOPMyJI0ii, rOBOPsIIIEl, YTO STOT WHTErPAJI PABEH ”2?: = +3 % HeitcTBUTETBHO,

IIOCKOJIBKY MbI OKHJIa€M HaJIMIe UMEHHO MeTACTaAOUIBLHOIO COCTOSHUSI C KOMILIEKCHOI aHeereﬁ, MHUMBIH BKJIaJ[ — 39TO KaK
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pas3 To, YTO HAM CJIeJlyeT OKHUJIAThH! (BeIleCTBeHHBIN BKJIa O3HAYAJl Obl JIHIIb, YTO YPOBEHb SHEPIUU KAK-TO U3MEHUJICS — U 9TO
He TO, 9TO HAM WHTEPECHO). MucTudaeckuM o6pa3oM, TOCTyIAas Tak, Mbl TEPSIEM JBOWKY — M 9TO UETBEPTHI BAYKHBI MOMEHT,
KOTOPBINt MBI OOCYJIUM HUKE.

Oriiemnisisi ”HTErPUPOBAHUE IO HYJIEBOI MOJIe, KOTOPOE YCTPOEHO TOYHO TakK K€ U JIaéT %wﬁ , U YIUTBIBad ITY «IOTEPsAH-
HYIO» JIBOIIKY, MBI IIDUXOJUM K CJIEJIYIOIIEMY OTBETY:

!/ / - /2
G(0,0,8) o1 S ( det/ (=92 + U’ (zd(f)))> !
-+ 0 = 11.112
Go0,0,5) _ Tle g 3P det' (=02 + w?) ( )

OTHomenne onpe e IuTeNelt Ipollle COCINTATh, UCHoIb3yd MeTo, [enbdanga-Arioma; oHO OKa3bIBAETCS PABHBIM
det' (=02 + U (xo (T 1
det’ (=02 + w?) 60

(KaK U CJIeJI0BAIIO OXKUJIATH, U3-33 OTPUIATEJLHON MOJBI OIIpeesIuTe/b ToXKe orpunaresiet). Hakoner, cymmupoBanue pas-
PEKEHHOT'0 MHCTAHTOHHOI'O Ta3a TaK»Ke TPUBUAIBHO — KOJIUYECTBO TPACKTOPHUI-OTCKOKOB MOYKET OBITH NIPOU3BOJIBHBIM N =

0,1,..., 1 MHCTAHTOHHBI} ra3 JACT IMOIPOCTY IIPEBPATHT HAfileHHOe HAMU YncJ0 (BKJIaJ ¢ n = 1) B 9KCIIOHEHTY OT HEro e
S (il B/2)™ = exp(+ilo3/2). Cobupast Bcé BMecTe, MBI IOy 9aeM CJIe/IyIONuil OTBeT:
Gg(0,0,8) s 1 /308,
o [ je—So k w 11.114
Go0,0.8) 7 2 ’ (i

CpasnauBas ¢ oxugaeMbiM orBeToM exp(il'gf/2), Mbl IOHUMAaEM, 9TO HEOOXOIUMO BLIOPATH 3HAK «-+» M OTBET JaéTCs:

305 4
Lo =wy/ 0e=50 =~y \Jwn2e 8en*/15 (11.115)
7T N

11.6.2 O06cyxK/ieHne BOIIPOCOB

Nrak, K 9TOMy MOMEHTY y BHAMATEJBHOI'O YUTATEJSI MOIJIO HAKOIUTHCS IOPSAIOYHOE KOJIMYECTBO BOIIPOCOB, KOTOPhIE MBI CTa-
pasimch oTMedaTh 1o xojy Tekcra. OCHOBHOI BONPOC, KOHEYHO, MOXKHO COPMYIHPOBATH CJIEIYIONIUM 00Pa30M: Kak Mbl 6epém
paczodawutica (sic!) sewecmeennoli unmezpan, u noayuaem Koneurol u mrumoid (sic!) omeem?!

OtBer KpoeTcs B MPOIELypPe aHATUTUIECKOrO Mpomosikenns. Vcxomubrii pyHKIIMOHAIBHBIN HHTErpaJjl XOPOIIO OIMPEIe/IEH 1
SABJISIETCS] AHAJMTUIECKON (DyHKIMe Ha BemecTBeHHON ocu BpemeHu t € R. Mbl cTpoMM €ro aHaJATHYIECKOE IIPOJIOJIZKEHNE B
KOMILJIEKCHYTO IIJIOCKOCTh, U PacCMaTpUBaeM ero Ha MHUMOI ocu t = —if3. K coxasienuto, ecjm OyKBaJIbHO IOJACTABUTH MHAMOE
BpeMs B (PYHKIIMOHAJIBHBIN HHTEI'PAJI, Mbl IECTBUTEIBHO ITOJIyYaeM PACKXOIANIUNCT HHTEIPAJl — U 9TO O3HAYAET, YTO IIPOIEIypa
TaKOI'0 aHAJIUTUYECKOI'O IIPOJOJIKEHNUSI YCTPOEHA UyTh CJIOXKHEe; HIKe MBI 00Cy/INM, KaK MMEHHO.

C Jpyroit CTOPOHBI, B MHUMOM BPEMEHUM WHCTAHTOHHAsI TPAEKTOPHUS — BEIEeCTBEHHAsI, YTO oueHb xoporro! Jljis B3arus coor-
BETCTBYIOIIEr0 NHTErPAJIa Mbl MOXKEM IOJIb30BATHCS OOBITHBIM BEUECTNEEHHbIM METOIOM IIEPEBAJIA, IJIs KOTOPOrO Y HAC NMEETCst
XOPOIIIO Pa3BUTAsA MHTYHUIUs. B TepMUHAX MCXOIHOIO MHTErpPaja — y HErO TOXKe, KOHEYHO, UMEETCs CEJJI0, HO OHO KOMNAEKCHOE
— ¥ 3HAYUT, HaM TpeGyeTcss KOMILIEKCHBIH MeToJ1 IepeBasa (fJ1s1 MHOTOMEPHOTO KoMILIeKcHoro nHterpasal). Bosee Toro, kom-
IIEKCHBIX CEJleJI B JIeHCTBUTEILHOCTH OUY€Hb MHOI'O, U 33Ja4a OlIpe/lesIeHusI TeX, KOTOPble BCE-TaKU Jal0T BKJIAJ B UHTeIrDaJl —
HETpUBHAJIbHAS 3a,uaqﬂ Nmenno mosroMy MbI eiaeM BUKOBCKUiT TOBOPOT — OH 3HAYMTEJIBHO YIIPOIAET HAM KU3Hb. [leHa,
KOTOPYIO IIPUXOJIUTCS 3AILIATUTH 38 ITO yIPOIIEHNE — HEOOXOMMMOCTh AHAJUTUIECKOrO MPOIO/KEHUS — B JI€HCTBUTEILHOCTH
HEBEJINKA.

IIpouenypa ananutudeckoro npogoszkenusi (popmanbao) PopMATBHO TAKYIO MPOLELYPY MOXKHO YCTPOUTD CIIEY FOIIUM
obpazom. Pacemorpum yHKIMOHATIBHBIN HHTErpaJ KaK aHAJIATHIECKYIO (DYHKIMIO TPEX napamerpos A, 7),t. [Ipu stom (A, n,t)
COOTBETCTBYET UCXOAHOMY (DYHKIHOHAIBLHOMY MHTErpady, a (A, n, —i3) — EBKanoBoMy, KOTODBIH MBI canTaeM. IIpocienm, Kak
MeHsieTcst JieficTBIe TPy Bpalenun ¢ = |t|e™%:

: /2 1 _
iS[x(T), A\, n, [t|e™*?] = / dr 56’5+w(67x)2 — e 2T\ () — ) (11.116)
—7/2

13 Ta>ke B OJJHOMEDPHOM CJIy¥ae Hy»KHO I€PTHTH JIUHUH MOCTOSHHOM (Das3bl, U T.I. —a WX XOTHh MOYKHO HApHCOBaTh! B MHOTOMEDPHOM CIIydae MBI HMeEEM
JeJI0 C TUIIEPIIOBEPXHOCTSIME IOCTOSHHOI (a3bl B PyHKIMOHAIBLHOM IIPOCTPAHCTBE, U JINHUY HAUCKOPEIIIIEero CIIycKa IMPHHAJIeXKaT STUM IUIIEPIOBEPX-
HOCTSM. BbIOOp, Ha KaKyio U3 JUHUN MOXKHO Ie(pOPMUPOBATHL KOHTYD MHTETPUPOBAHUS — BOOOIIE TOBOPsI, OYUEHDb CIOXKHAA 33a1atda.



IVIABA 11. ®YHKIIMOHAJILHBIN HHTEI'PAJI 138

IIpu compoBozKIaiomeM Bpamennn A = |\|e’? unTerpan GyeT ocTaBaThbes CXOAATMMCS (T.K TPAEKTOPHH ¢ GOMbImME (T)
JIAIOT OCIUJIIUPYTOTTHiA BKJIAT), TIO9TOMY aHAJHTHIecCKoe mpojoskerue (A, 1,t) — (|A|e n, [t|e” ) mpoucxoauT TpuBHAIBHO,
HCIIOJIB3Ys MCXO/HOe Bhipazkenue. [Ipu TaKoM aHAIMTHYECKOM HPOJIOJIKEHHH HPH ¢ = 5 MBI IOJy4daeM EBKImmoso jeiicTsue
(B MHMMOM Bpemenu), HO ¢ napamarpoM iX: Gg (i, 1, 3). HerpusnaibHoit ocTaéres Ipolerypa aHAJIRNTAIECKOTO TPOIOJIZKEHUS
A — —i\, IOTOMY 4TO IIpH OYKBAJIBHO TAKOH IIOJCTAHOBKE B MHTEIPAJ OH TepseT CBOIO CXOAMMOCTH. 10, KaK yCTPOECHO TaKOe

AHAJIUTUIECKOE IIPOJIOJIZKEHIE, MBI IIPOJIEMOHCTPUPYEM Ha MOJEJILHOM (OOBIYHOM) HHTErPAJIE.

MoaenpHbIiT THTErpaJ

Komeuno, mj1s GyHKITMOHAIEHOTO HHTETPAJIA IPOIIELYPY AHAJATHIECKOTO ITPOIOIKEHNS B IBHOM BHUJIE IIPEIOCTABUTD JOCTATOTHO
TSI2KeJIO — HO KJIIOYeBble 6 MOMEHTDI (BKJII0Uasi «MUCTUIECKYIO JIBOHKY» ) MOKHO YXBATUTH HA IPOCTOM MOJEJIHHOM OJHOMEPHOM
uHTerpaje. PaccMorpum cieyromuiit nHTErpaJ:

00 2
I(9) = / dx - exp (_a; + igm3> (11.117)

—00

IMonyuennas dbyHknus aHamutuaHa npu g € R (aHamor «BemecTBeHHOr0 BpeMeHn» ). C Ipyroit CTOPOHBI, €CIM MBI HONBITA~
eMCd «HAMBHO» €€ MPOJOJ/IKUTL B ¢ — Fig (QHAJOr HAIIEr0 «MHUMOIO BPEMEHHU» ), Mbl HEMEJICHHO MOJIYYUM DPACXOISIANACS

o . [e%¢] 2
UHTerpaJi, KOTOPbIM JazKe BHEIIHE ITOXOXK Ha HaIIl: I(:tlg) >~ f—oo dzx exXp (—% + g(E3> Tem ne MeHee, npoueaypy aHaJuTu4e-

CKOI'O IIPOJOJIZKEHUsT MOXKHO HOCTPOUTH JOCTATOYHO IIPOCTO. 3aMETHM, YTO IPU KOMILIEKCHOM ¢ = |g|e ™", uHTerpaJ cXouurcs B
KOMIIJIEKCHOH IIJIOCKOCTH B CJIEIYIOMMUX CEKTOPaX KOMILIEKCHOH IIJIOCKOCTHU:

s came<ies
Im(gz3) > 0 %“4—% Sargr <m+ % (11.118)
Fif sars¥eg

ITpu ¢ = 0 nam unTerpas I(g) NpOXOAUT 110 KOHTYDY, KOTODBIl JIEXKUT B IIEPBOM CeKTOpe (BelecTBeHHasl 0Ch). 1losToMy
€CJIM TIPU yXOJle § B KOMILIEKCHYIO IJIOCKOCTh MbI OyJleM BpallaTh COOTBETCTBYIONIMM 00PAa30oM KOHTYD MHTerpajia (4Tobbl OH
OCTaBaJICA B MEPBOil 06IACTH), TO MOJyIeHHBIH HHTErPa OyJIeT CXOIUTCS, & TAKKE OYJIET SBJIATHCI aHAJMTUIECKON (QhyHKIneit
g- Tem caMbIM, aHATATHYIECKOE TTPOIOKeHns wHTerpana I(g) cTponuTes caeayromum o6pazoMm:

a? TP
I(g) = [ drexp|—— +iga®), C:{argxe [—;f—i——}}, p=—argg € (—m,m) (11.119)
c 2 3’3 3
(HampuMep, MBI MOXKEM TOTIPOCTY BPAIATH KOHTYD TaK, 9TOOBI arg x = %gp — W WHTETpAJ BCET/IA OCTABAJICS OCIIAJIIAPYIOIINM ).

Teneps MOKHO IPUCTYIUTH K MCCJIEIOBAHUIO aCUMITOTUK OJIyY€HHON aHAINTIIeCKON pyHKImu IpHu g < 1, /1151 9ero MOYXKHO
MIPUMEHUTh METO/T TlepeBaJia. ¥ WHTErpaJsia UMEIOTCs JIBe CEJIOBBIX TOUKM:

2 —0 0 -
p(a) = =% +ige®, ¢(a) =~z +3iga® = T pa)y=4, ™ (11.120)
To = 5= r = T2

"(z) = =1 + 6igz = 11.121
'

) €T = T2

1. TlepBasi ceqyioBasi TOYKa & = T — TPUBUAJIBHAS, OHA SIBJISIETCS] AHAJIONOM HAIIIEr0 TPUBUAJIBHOI'O «OCIMJLISITOPHOTO» CEJIJIa
— tpaektopun o = 0. OHa Bcerya BelecTBeHHAs, X BKJIAJ, OT HEE HE 3aBUCHUT OT ¢. HampaBiieHne HAMCKOPEHIEero Crycka
HA Heil COOTBETCTBYET JIEHCTBUTELHOM OCH, U ITO CEeJJIO BCera JaéT BKJIa ] B mHTerpas. CaM BKJIAJ YCTPOEH CJIELYIOIM
obpazom:

I (g) gv,/ e 24y = /21 (11.122)

2. Bropas cenjioBasg TOYKa — HAIl «<MHCTAHTOH». [lJist nHTErpasa B «peajibHOM BpeMeHu» (g € R) oHa KOMILIEKCHA, U ecyiu Obl
MBI HE 3HAJIM HIYEro O KOMILIEKCHBIX YUCIAX — MbI OBl €€ TIOMPOCTY YIyCTH/IA. BTopas MpOu3BOIHAS B HEH MTOJIOXKUATETbHA
— [O9TOMY C TOYKH 3PEHUsI OOBIYHOIO ['ayCccOBOro MHTErpHpOBaHUs, MHTErpaj 10 Hell pacxomuiicsd Obl (~ ffooo dwew2)
— BIIPOYEM, MBI 3HAEM,YTO B JIEHCTBUTEJHLHOCTH 3TO O3HAYAET, YTO HAIIPABJIEHHE HAUCKOPEMIIero CIryckKa Ha Heil HJeT
napaJjuresbuo MHUMOMN ocu. C y48TOM 3TOro, BKJIaJ OT BTOPOTO CEJIJIa OKA3BIBAETCS CJIE/LYIONTHIi:

I(g) ~ +iv2mel/549” (11.123)
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B «MEEMOM BpemeHu» g = =i|g| ceyio CTAHOBUTCA BEMIECTBEHHBIM Ty = qiﬁ, a BKJIaJ, OT HEero — 3KCIIOHEHIIUAJIbHO
MaJ o< exp (—1 /54| g|2), a TaKyKe OH YMCTO MHUMBI (XOTs, HAIIOMHUM, IOJBIHTErPAIbHOE BLIPAYKEHHUE BBINVIAIUT YUCTO

2 3
BEIIECTBEHHBIM |, ce” /2+gz dx). Tak win MHAUE, AHAJIOTUS TYT HPAKTUIECKHU TIOJHASL.
Jlyist Toro, 9TOOBI TOHSITH, KAK YCTPOEH BKJIAJL ITOM CeII0BOI TOYKM, MOYKHO ITPOCJIEIUTh YCTPOUCTBO TOMOJIOI I KOMILIEKC-
HOM ILIOCKOCTH IIPH Bpammenun g — ge ™/2 (cmorpu pucynkn).

Puc. 11.6: CrpyKTypa KOMILUIEKCHOMH IIJIOCKOCTH & NPHU PA3jIMYHBIX 3HadeHusix argg u upu |g| = 0.1. CuHue juHUM — JMHIM
MTOCTOSTHHOM ba3bl It 000UX CemJIOBbIX TOodeK. 2Kénrast MuHMS — MCXOMHBI KOHTYp MHTerpupoBaHus. Lomybas obyactb —
obnacts Rep(z) < Rep(z1). Kpacnas obnacts — Rep(x) < Rep(xz).

(a) argg =10 (b) argg = —0.27 (c) argg = —0.497 (d) argg = —7% (e) argg = —0.51

Kaxkott BeBoJ cTOUT clenath us pucynka? Ilpu ¢ < 7, BKJIaJI IPUXOJUT TOJIBKO OT TPUBUAIBHOTO CEJIJIa U HHTErPAJl OIICHUBACTCS
KaK

; 7r
I(lgle™) = I1(g) = V2m, 0<p< 5 (11.124)
B TO BpeMs KaK IIPH ¢ > 5, BK/IaJ JaéT TakKe I BTOpOe Ceyio (IPUIEM HAIpaBJIeHHe HANCKODEHINero CIycKa +%5, mosToMy

srak ImI(g) > 0) u oleHKa [OIYyYaeTCs CIIeLyOIeH:

I(lgle™) ~ I (g) + Io(g) ~ V2r(1 + ie'/549%), 7> o> g (11.125)
B jeficTBUTENIBHOCTH MBI TYT MMeeM Jies0 ¢ siBieHneM Ctokca. Y dbyukuuu I(g) MHUMAas och (a MMeHHO OHa Hac wHTepecyer!)
1/541g)°

— 910 juHus CTOKCa, HA KOTOPOi MHOSIBJISIETCS SKCIIOHEHIMAJBHO MAaJIblii BKJIAJ € Ha GoHe «BOJIBIIOro» BKJIAJA OT
0CHOBHOTO cejia. OBBIMHO 9TO O3HAYAET, 9TO Ha camoil uHri CTOKCa SKCIOHEHIIHAILHO MaJIblil BKJIAJ, ILJI0X0 OIIPE/IE/IEH — Beb
¢ «GonpmmM» BKIaAOM I1(g) CBA3AH aCHMITOTHYECKHUN Psijl, HOIPEIIHOCTH KOTOPOro GOJIbIE YKCIOHEHINAILHO MAJIOro BKJIAIA
I5(g). Onnaxo B nanHOM ciaydae (Kak U B (yHKIMOHAILHOM HHTEIPAJe) SKCIOHEHINAJBHO MAaJIblil BKJIAJ BBIIEIUTH BCE-TAKN
BO3MOKHO, TIOTOMY YTO TOJIBKO OH — MHHUMBIH (B 9TOM cMbicie B ImI(g) Mbl cpaBauBaeM He |I2(g)| ¢ |11(g)], a ¢ Hyném — Takoe
CpaBHEHNE BIIOJIHE 3aKOHHO).

Yro ke nponcxonut Ha camoii muaun Crokca? [Uisis Ha pUCYHOK MBI BUM, YTO MBI JJOJIPKHBL 1e(hOPMUPOBATH KOHTYD TAKIM
06pa3oM, ITO MBI IIPOXOJUM 10 BEIIECTBEHHONH OCH {Yepe3 NEepBOe CEJI0, JOXOJUM A0 BTOPOro (HO BIOJIb JIMHUA HAUCKODPEHiero
BO3pacTanus!); a 3aTeM HA BTOPOM Cejjle HauMHAEM JBUIAThCs BIOJb JIMHAU HAMCKOPEHIIEro CIycka, KOTopas HapaJiiebHa
MHIMOIi OCH — TeM CaMbIM, BTopoe ceJ1y1o crporo Ha juani Crokca ga8t noaosumnmovd Bkian 515(g):

TmI(—ilg|) ~ %12@) (11.126)

BeiBoapr Hamr MosenpHBII HHTErpas okasaJcs KpaiiHe 1mojie3ubiM. Ha HEM MBI TOHSIIM CMBICJI OTPUNIATEIBHON MOJIBI, 1 3aKOH-
HOCTBb HAIIIero Crocoba paboThl C HEl, POBHO KaK M IIPOUCXOXKIEHUE MHOXKUTEJIS % B dyHKIIMOHAIEHOM HMHTErpaJie Mbl TaK¥Ke
umeeM jieio ¢ spiaeauneM Crokca (Kak aHAJIATUYeCKOH MyHKIMU aMIUIUTY/IbI TIOTEHIUAJA, WK, 9YTO IKBUBAJIEHTHO, TYHHEJIHHOIO
JeficTBUS) — ACUMITOTUYECKUH DsJl, CBA3AHHBIA C aH2aPMOHUSMOM OCHIILIATODA (% — 9TO0 JIMNIb HYJIEBOH nopsanok!) mmeer
9KCIIOHEHITHAJIHHO MAJIYIO IOTPETHOCTH, KOTOPas cpaBHUMA ¢ mupunoii yposus ['. Ilocaesmsss, Tem He MeHee, XOPOIIO OIpeIea,
IIOCKOJIbKY SIBJISI€TCA YUCTO MHI/IMOFE (Ha caMoM jiesie, TOUHO Takoe ke siBieHne CTOKcaA MIPOUCKOIUT U B 33/a9e O TYHHEJIbHOM
pacmeniernn). JlanbHeiimee anamnTiaeckoe npojoszkenne (A, 1, —i3) — (A, 7,t) B KOHETHOM HTOTe COXPAHNT 9TY 5, MOCKOJIBKY

MbI BCE BpeMsi ocTaéMcs Ha Jimann CTOKCca IO MEPEMEHHONH \; TO9TOMY KOHEYHbBI OTBET UMEHHO TaKOii.

14T3,Kaﬂ AHAJIUTUYIECKasd CBA3b MEXKAY 3TUMU aCUMIITOTUYECCKUMHU PAJaMU UMeeT JaJIeKO UAYIUE IIOCIeICTBUA, KOTOPBhIE BBIXOAAT 32 PpaMKHU Kypca.
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MeracTabuabHbie cocTossHUS JIpyroit Bompoc OBbLI CBA3aH € TeM, KAK Mbl HHTEPIPETUPOBAIA METACTAOMILHBIE COCTOSTHUST —
B YaCTHOCTH, PACKJIABIBAJIICH IO HUM, KaK OyATO OHE 00pa3yior H6asnc. Pasiokenne, KOHETHO, TPABUIILHO ITPOBOJANTH 110 BCEM
COCTOSTHUSIM HEIIPEPBIBHOIO CIleKTpa. TeM He MeHee, KBA3UCTAIIMOHAPHBIE COCTOSIHUS IIPOSIBJISIIOT Ce0sl KaK ITOJIFOCA, AMILIUTY/IbI
paccesiausi — S-MATPUIBI — PaCIOJIOKEHHbIE BOJIM3U BemecTBeHHON ocu. [Ipu BBIYUCIEHUN PA3/IMIHBIX WHTEPAJIOB 10 Helpe-
pbIBHOMY crieKTpy (Hy, Hanpumep — dbyukimyu ['puna) UMEHHO 9TU COCTOsAHUs OyayT JaBaTh HAUOOIbINUI (OIOCHON) BKIIAIL.
[Tosromy, XOTh pazjioxkeHue OYKBAJLHO HE 3AIUINETCS B HY>KHOM BHJE, HO B JIEACTBUTEIHLHOCTH C XOPOIIEi TO‘{HOCTB ITa
dopmyita Bcé-Taku paboTaeT:

G(0,0,t) = Y " [(0[n)[* e Ent=Tnt/2, (11.127)

n

15KonKpeTHo, 9TO 3aBUCHT OT BPeMeHH t. A MMEHHO, SKCIOHEHIMAJIbHBI 3aKOH HADYIIACTCH Ha CAMbIX MAJIEHLKHX BpeMeHax t < %, a TakXKe Ha
caMbIX GOJIBIIMX BpeMeHax t > %ln % O6cy X ieHne KOHKPETHBIX TOHKOCTEH, CBA3aHHBIX C JUHAMUKON METacTabHJIbHBIX COCTOSIHUiL, & JIIOOOIBITHOrO
9UTATENsT MBI IOPEKOMEH/IYeM JIOTIOJHUTEIbHYIO JuTepaTypy (cM., nanpumep, Base, [1. 6 «KBasucranmonapuble cocTosHus», §5 «3aKOH paJInOaKTUB-
HOTO pacuazay ).
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